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ABSTRACT: Jacobi permutations, introduced by Viennot in the context of Jacobi elliptic functions, are counted
by the Euler numbers F,, appearing in the series expansion secx + tanx = ZZO:O E,z"/n!. We conduct a
systematic study of pattern avoidance in Jacobi permutations, achieving a complete enumeration of Jacobi
permutations avoiding a prescribed set of length 3 patterns. In the case of a single pattern restriction, we
obtain refined enumerations with respect to several permutation statistics: the number of ascents (or descents),
the number of left-to-right minima, and the last letter. Bijections involving certain subfamilies of binary trees
and Dyck paths, as well as generating function techniques, play important roles in our proofs.
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1. Introduction

Let S be a finite set of positive integers. A permutation m = myme -« -7, of S—where n = |S|—is a linear
arrangement of the elements of S. For example, 7 = 3174 is a permutation of S = {1,3,4,7}. We think of
permutations as words over the alphabet S without repetition, so the 7y, are called letters of m and n the length
of 7. Let |7| denote the length of 7, so that |7| = |S| whenever 7 is a permutation of S. If S is the empty set,
then the only permutation of S is the empty word e. The symmetric group of permutations of [n] := {1,2,...,n}
is denoted by &,,.

The Euler numbers E,,, defined as the coefficients in the series expansion

(oo} fL‘n
secx + tanx = Z Enﬁ,

n=0
have many combinatorial interpretations, including several interesting families of permutations. We say that
m is up-down alternating (or simply up-down) if m; < w9 > w3 < w4 > ---. Let i, be the set of up-down
permutations in &,. It is a classical result of André [1] that |U,| = E, for all n > 0. By symmetry, E,
also counts down-up (alternating) permutations m € &,,, which instead satisfy m3 > mo < w3 > my < - -+
Additionally, the Euler numbers are known to count André permutations [6], a variant of André permutations
called simsun permutations [26], as well as the subject of the present paper: Jacobi permutations [28].

Given a permutation 7 of S and a letter x of 7, let p(x) be the maximal consecutive subword of 7 consisting

of letters immediately to the right of & which are all larger than . As an example, Table 1 shows p,(x) for
each letter of m = 417926.

Table 1: The subwords p.(z) for the permutation = = 417926.

We say that 7 is Jacobi if |pr(x)| is even for all z € S. Observe that m = 417926 is not Jacobi because
lox(7)] = |p=(2)| = 1, but m = 416972 is Jacobi.
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Jacobi permutations can also be defined recursively [28, Lemme 4] in the following way. First, the empty
permutation is Jacobi. If S is nonempty, then let y = min S be the smallest element of S, and let us decompose
a permutation 7 of S as m = ayf; here, a is the subword of letters to the left of y and S is the subword of
letters to the right of y. Then, 7 is Jacobi if both a and S are Jacobi and |5] is even. We will use these two
definitions of Jacobi permutations interchangeably.

Let J,, denote the set of Jacobi permutations in &,,. See Table 2 for all permutations in J, up to n = 5.

Jo J1 J2 Js J4
e | [t [2t] [321 132] 4321 2431 4132 3142 2143

~

J5
54321 35421 52431 42531 32541 54132 53142 43152
52143 42153 32154 15432 13542 15243 14253 13254

Table 2: Permutations in J,, up ton = 5.

The standardization std(m) of a permutation 7 of length n is the permutation in &,, obtained by replacing
the smallest letter of = by 1, the second smallest by 2, and so on. For example, we have std(417926) = 315624.
Note that 7 is Jacobi if and only if its standardization std(7) is Jacobi, a fact that we will tacitly use throughout
this paper.

Jacobi permutations were introduced by Viennot [28] in the context of Jacobi elliptic functions.* Viennot
studied a sequence of polynomials .J,, (k?) appearing in the series expansions of the functions sn, cn, and dn, giving
them a combinatorial interpretation as encoding the distribution of a certain statistic over Jacobi permutations.
He gave two proofs that Jacobi permutations are counted by Euler numbers, including one utilizing a bijection
between Jacobi and alternating permutations. However, unlike alternating, André, and simsun permutations,
very little seems to have been done with Jacobi permutations since their introduction.

Pattern avoidance in permutations has received widespread attention in recent decades, and a major theme
within its study is the enumeration of special families of pattern-avoiding permutations. There is a sizable
literature on pattern-avoiding alternating permutations—see, e.g., [2,12-15,29]—and pattern avoidance has also
been studied in simsun permutations [3]. We pursue a variation of this theme by studying pattern avoidance in
Jacobi permutations.

1.1 Pattern avoidance and permutation statistics

Given permutations ¢ and 7, an occurrence of o in 7 is a subword of m whose standardization is o, and we
say that 7 avoids o (as a pattern)—and that 7 is o-avoiding—if m does not contain an occurrence of o. For
example, 164 is an occurrence of o = 132 in m = 315624, but m = 315624 avoids o = 321.

Let 6,,(0) denote the set of permutations in &,, which avoid 0. As seen above, we have 315624 € Gg(321).
More generally, given a set II of patterns, let &,,(II) denote the set of permutations in &,, which avoid every
pattern in II. It is well known that for all 0 € &3 and all n > 0, the number of permutations in &,,(o) is
the nth Catalan number. The systematic study of pattern-avoiding permutations was initiated by Simion and
Schmidt [19], who enumerated &,,(IT) for all length 3 pattern sets II C &3.

Let J,(IT) denote the set of Jacobi permutations in J, which avoid every pattern in II, and let j,(II) :=
|3, (IT)|. We achieve a complete enumeration of the Jacobi avoidance classes J,, (II) where II C &3. A summary
of these results is provided in Table 3.

En passant, we find that all permutations 7 in J,(213), J,(231), and J,(312) are doubly Jacobi: both 7
and their inverse 7~ ! are Jacobi. This leads us to study doubly Jacobi permutations in the other single-pattern
Jacobi avoidance classes. Notably, 123-avoiding doubly Jacobi permutations are counted by secondary structure
numbers (see Theorem 6.5).

Furthermore, we study the distributions of several permutation statistics over Jacobi avoidance classes. For
the following definitions, let 7 be a permutation of length n.

e We say that k € [n — 1] is an ascent of 7 if mp < w41 and a descent of 7 if mp, > 741 Let asc(m) denote
the number of ascents of 7, and des(7) the number of descents of 7.}

e We say that 7y is a left-to-right minimum of 7 if m, < m; for all ¢ < k. Let lrmin(x) denote the number
of left-to-right minima of 7.

*See also Viennot’s survey [27].

tWe exclude from Table 3 pattern sets IT for which 4, (IT) < 1, aside from the singleton IT = {132}.

tSince asc(m) + des(7) = n — 1, the value of asc determines that of des and vice versa, but in some cases it will be easier to work
with one statistic over the other.
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e Let last(m) := m,, the last letter of 7.

For example, if m = 315624, then the ascents of 7 are 2, 3, and 5, the descents of 7 are 1 and 4, the left-to-right
minima of 7 are 3 and 1, and the last letter of 7 is 4. Thus, we have asc(r) = 3, des(7) = 2, Irmin(7) = 2, and

last(m) = 4.

I Jn(ID) Reference OEIS [20]
213 1 3n . ‘e
21} 2n +1 (n )’ if n is even, Theorem 4.1
{312} A0A7749
1 3n+1 . .

S , if m is odd.

{231} 2n+1\n+1 Theorem 5.3
/2l ko
{123} 3 " " Theorem 6.1 A101785
= 2k +1 k 2k
{132} 1 Corollary 7.1 A000012
{321} C|n2) (Catalan numbers) Corollary 7.2 A000108
{123,213} fn—1 (Fibonacci numbers) Theorem 8.1 A000045
123,231 12
{ ) 1+ {(" 41) J Theorem 8.2 A033638
{123,312}
{213,231} - .
eorem o.

{213,312} 2l(n=1)/2] A016116
{231,312} Theorem 8.4
{123,213,231} - .

n eorem 8.

— A
{123,213, 312} {QW 065033
{123,231,312} Theorem 8.6
{213,231, 312} 1, ifn > 2is even, Th 8.7 A000034

eorem o.

{123,213, 231,312} 2, ifn2>3isodd.

Table 3: Summary of results on the enumeration of Jacobi avoidance classes.

We determine the distributions of asc/des, Irmin, and last over J, (o) for each o € &3, as well as over the
full set J,, of Jacobi permutations. (The only exception is the distribution of last over J,,(123), which is left as
an open problem.) See Table 4 for an abbreviated summary of our results in this direction. Most of these take
the form of a formula for the numbers

Jne(@) i ={menlo):st(m) =k} and g :=[{meJn:st(n) =k}

(where st is one of the above statistics) or a generating function for these numbers.
The general techniques used here are also applicable to related statistics, such as the number of right-to-left
minima, but we shall restrict our attention to the above statistics to keep the scope of this paper manageable.

1.2 Outline

The structure of this paper is as follows:

e We begin in Section 2 by establishing a collection of basic facts about Jacobi permutations which will be
used later in this paper, and then we determine the distribution of asc, Irmin, and last over J,,.
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o asc/des Irmin last
none Theorem 2.1 Theorem 2.2 Theorem 2.3
213 Theorem 4.2 Theorem 4.3 Theorem 4.4
312 Theorem 4.5
231 Theorem 5.4 Theorem 5.5 Theorem 5.6
123 Theorem 6.4 Theorem 6.3 open
132 trivial trivial trivial
321 Corollary 7.3 Corollary 7.4 Theorem 7.2

Table 4: Summary of results on distributions of statistics over J, (o).

e Permutations in &,(213), 6,(312), and &,(231) are in bijection with binary trees. In Section 3, we
introduce Jacobi trees and dual Jacobi trees, which are obtained by restricting these bijections to Jacobi
permutations.

e We prove our results for the avoidance classes J,(213) and J,,(312) in Section 4, while we study J,(231)
in Section 5. Jacobi and dual Jacobi trees are used throughout.

e Section 6 focuses on the avoidance class J,,(123). Our main tool here is a variant of a bijection due to
Krattenthaler [11] from 123-avoiding permutations to Dyck paths.

e The avoidance classes J,(132) and J,(321) are studied in Section 7, although these turn out to be less
interesting: there is only one permutation in J,(132) for each n > 0, while the permutations in J, (321)
are 321-avoiding down-up permutations when n is even, and are in bijection with 321-avoiding down-up
permutations when n is odd.

e In Section 8, we enumerate all J,, (IT) where IT C &3 contains at least two patterns.
e We conclude in Section 9 by presenting open problems and conjectures for future study.

We give a few remarks on notation and terminology before continuing. Throughout this paper, S represents
a finite set of positive integers. We will write &g for the set of permutations of S, and notations such as Jg,
$lg, and Gg(II) are defined in the analogous way. We occasionally use the term “permutation” to refer only to
standardized permutations—i.e., permutations in &,,—but at other times more generally to permutations of a
set S; which one we mean should always be clear from context.

When decomposing permutations, we use lowercase Greek symbols for subwords and lowercase Latin symbols
for letters. For example, if we write 1 = az7yS, then = and y are letters of 7, while « is the subword of all
letters appearing before x, 7 is the subword of all letters appearing between = and y, and 3 is the subword of
all letters appearing after y.

Finally, given a specific pattern set II, we will omit the curly braces enclosing the elements of IT when writing
out J,(IT) and similar notations. For example, we write J,(123,213) as opposed to J, ({123, 213}).

2. Jacobi permutations without restrictions

Before imposing any pattern avoidance restrictions, let us prove some basic facts about Jacobi permutations
and study the distributions of the statistics asc, Irmin, and last over J,.

2.1 Basic facts about Jacobi permutations

Lemma 2.1. Let m = mymy -7, € Jg.
(a) Any suffiz of ™ is Jacobi. That is, TpTgy1 - - Ty 18 Jacobi for each k € [n].
(b) Ify is larger than every element of S, then yr is Jacobi.

(¢) Ifm =y 7Wyor@ ooy 7™ where yy, yo, . .., ym are the left-to-right minima of w, then 7V 72 7(m)
are Jacobi permutations of even length.

(d) If n > 2, then mp—1 > .

ECA 7:1 (2027) Article #S2R2 4
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n\k | 0 1 2 3 4
0 1

1 1

2 1

3 1 1

4 1 4

5 1 11 4

6 1 26 34

7 1 57 | 180 | 34

8 1 120 | 768 | 496

9 1 247 | 2904 | 4288 | 496

Table 5: The numbers j5*% up to n = 9.

By iterating Lemma 2.1 (b), we see that the decreasing permutation n - --21 is Jacobi for every n > 1.

Proof. Let 8 = mpmpq1 - mn. We have pg(m;) = pr(m;) for each k < i < n, and since 7 is Jacobi, all of these
pr(m;) have even length. Therefore, § is Jacobi, which proves (a).

To prove (b), let 7 = ym. Then p,(y) = & because y is larger than all letters of 7, whereas p,(m;) = pr(m;)
for each i € [n]. Again, all of these p,(m;) have even length, so 7 is Jacobi.

For (c), fix k € [m]. Since yi1,¥a, ..., Ym are the left-to-right minima of 7, we have that p.(yx) = 7® and
px(x) = prao (z) for each letter x of 7). Because 7 is Jacobi, the former implies that 7(*) is of even length,
while the latter implies that 7(%) is Jacobi.

Finally, if 7,_1 < m,, then we would have p,(m,_1) = m, which is of length 1; this contradicts = being
Jacobi. Thus, (d) is proven. O

Lemma 2.2. Let m = ayf where y is a left-to-right minimum of w. If o and yB are Jacobi, then 7 is Jacobi.

Proof. Let x be an arbitrary letter of 7. If x is in «, then p,(z) = po(z) because y is a left-to-right minimum
of m. Otherwise, pr(x) = pys(x). Since o and yf are Jacobi, po(x) has even length for every letter z in «, and
pys(x) has even length for every letter x in y3. Hence, p,(x) has even length for every letter x of 7. O

Mirroring the definition of left-to-right minimum, 7y is called a right-to-left minimum of = if 7, < m; for all
1> k.

Lemma 2.3. Let m = ayf where y is a right-to-left minimum of 7. If ay and B are Jacobi and B is of even
length, then w is Jacobi.

Proof. Since ay and 3 are Jacobi, pay(x) has even length for every letter « in ay, and similarly with pg(x).
Now, let z be an arbitrary letter of m. Consider the following cases:

e If x is in 3, then p.(z) = pg(x), which has even length.
e If x =y, then because y is a right-to-left minimum of 7, we have p,(z) = 8, which is of even length.

e If p,, () contains y, then pr(x) = pay(z)B because y is a right-to-left minimum of 7. Since pqy(x) and 5
are both of even length, the same is true of p,(x).

e Otherwise, if z is a letter in a and pay () contains y, then pr(x) = pay(x), which has even length.

Therefore,  is Jacobi. O

2.2 Ascents

We now study the distribution of several statistics over J,, beginning with the number of ascents. Let

Jasc t, .f Z Z tasc(ﬂ' ZZ Zsz ki.

n=07m€J, n=0 k=0

be the bivariate generating function for Jacobi permutations with respect to ascents. See Table 5 for the
coefficients of this generating function up ton = 9.
2(e™ —1)

h =1-2t.
L+r+(r—1)e=’ where

Theorem 2.1. We have J*°(t,xz) =1+
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Proof. Let
Jeasc Jasc t, .’,E — Z Z tasc(ﬂ' and Jgsc Jasc t, 1, — Z Z tasc(ﬂ'
n=01EJan ! n=071EJ2n+1

We claim that J2%¢ and JZ%¢ satisfy the following system of differential equations:

e

ax — Jgsc + thSC(J:SC _ 1) (1)
aJaSC
T i (1), 2)
ox

To see why these equations hold, first note that every nonempty Jacobi permutation of even length can be
written as m = «alf where o and ( are Jacobi, « is of odd length, and f is of even length. When 3 is
empty, we have asc(m) = asc(a), so this case contributes the term J2*¢ to (1). When S is nonempty, we have
asc(m) = asc(a) + asc(8) + 1, which results in the contribution ¢J25¢(J3%¢ — 1). Thus we have (1), and (2) is
obtained using the same reasoning except that both a and g are of even length.

Solving the above system with the initial conditions J2°¢(¢,0) = 1 and J2%°(¢,0) = 0, adding the solutions,
and simplifying yields the desired expression for J2¢(¢, x). O

The generating function J2¢(t, x) has appeared in an equivalent form in the study of André permutations and
André polynomials. Following Foata and Han (7], André permutations (of the first kind) are defined recursively
as follows. First, the empty permutation is André. If 7 € &g where S is nonempty, then write 7 = ayf where
y = min S; then 7 is André if both o and § are André, and if the largest letter in the concatenation a3 is a letter
of 5. Several equivalent definitions of André permutation can be found in the literature, e.g., in [7, Definitions
2.1 and 2.2]. Let 2, be the set of André permutations in &,,.

Foata and Schiitzenberger [6] introduced a family D,,(s,t) of polynomials—called André polynomials—whose
s = 1 evaluation has exponential generating function

1 — wem™

an(u)% _ r(+we™) (3)
n=0

where r = /1 —2t and w = (1 —7)/(1 + r). In particular, they showed that these polynomials count André

permutations by descents:
Do(1,4)= 3 g (4)
TEUn

for all n > 1. In fact, because

1 (r(l—i—we”) - 1) 2T

t\ 1—wee 1+7+(r—1)e=’

it follows from Theorem 2.1, Equation (3), and Equation (4) that asc has the same distribution over J,, as des
does over 2,,. We state this as a corollary below.

Corollary 2.1. For all n > 0, the distribution of asc over J, is equal to the distribution of des over 2.

2.3 Left-to-right minima
Our next statistic of interest is the number of left-to-right minima. Let
o0 :L’n
Jlrmin(t7 l’) — Z Z tlrmin(w)i Z Zjlrmmtk:
|
n=07EI, w n=0 k=0

see Table 6 for the first several coefficients. This generating function has a remarkably elegant expression which
we state below.

Theorem 2.2. We have J™™1(¢, ) = (secz + tanx)t.

While this theorem can be proven by solving a system of differential equations as we did for ascents, we
shall instead take a more direct approach utilizing the exponential formula [24, Section 5.1].

ECA 7:1 (2027) Article #S2R2 6



Alyssa G. Henke, Kyle R. Hoffman, Derek H. Stephens, Yongwei Yuan, and Yan Zhuang

n\k 0 1 2 3 4 5 6 7 8 9
0 1
1 0 1
2 0 0 1
3 0 1 0 1
4 0 0 4 0 1
5 0 5 0 10 0 1
6 0 0 40 0 20 0 1
7 0 61 0 175 0 35 0 1
8 0 0 768 0 560 0 56 0 1
9 0 1385 0 4996 0 1470 0 84 0 1

Table 6: The numbers ji{f,‘;in up ton =9.

Proof. Recall from Lemma 2.1 (c) that every 7 € J,, can be written as
7=t Wyer@ oy 77

where y1,92, . .., Ym are the left-to-right minima of 7 and 7(V, 7). 7(™) are Jacobi permutations of even
length. Conversely, we can uniquely obtain all permutations 7 € J,, with exactly m left-to-right minima in the
following way:

1. Partition [n] into subsets By, Ba, ..., By, of odd size, where the subsets are listed in decreasing order of
their smallest element.
For example, taking n = 9 and m = 3, we can take B; = {8}, By = {3,4,6,7,9}, and Bs = {1,2,5}.
2. For each k € [m], let yx be the smallest element of By, and choose a Jacobi permutation 7() on the
remaining elements of By.
Continuing the example, we have y; = 8, yo = 3, and y5 = 1, and take 7(1) = ¢, 7(®) = 6974, and 7(®) = 52.
3. Take m =y, 7Wyor® .oy 7 (M),
Continuing the example, we have m = 836974152.

By construction, the left-to-right minima of 7 are y1, v, . . . , ¥m. Moreover, for all k € [m], we have p, (yp) = 7
and pr(x) = p,w (x) for each letter = of 7(F). Since the 7(®) and p,u (z) are all of even length, 7 is indeed
Jacobi. This gives us a decomposition of permutations in J,, into “irreducible” factors.

Because sec x is the exponential generating function for even-length Jacobi permutations, it follows that

/ secu du = log(secx + tan x)
0

is the exponential generating function for the irreducibles, so we have

Jimin e ) = exp(tlog(sec x + tanz)) = (secz 4 tan z)!

by the exponential formula. O

2.4 Last letter

The Entringer number E,, j [4] is defined to be the number of up-down alternating permutations 7 € &, with
m = k. In other words, by introducing the statistic first(m) := 71, the Entringer numbers give the distribution
of first over U,,. It can be shown bijectively that these numbers satisfy the recurrence

En,k = En—l,n—k + En,k+1

foralln>2and k& > 1.

Entringer numbers capture the distribution of various other statistics over objects counted by Euler numbers.
For example, E,, ;. is also the number of André permutations = € 2(,, with m; = k, as well as the number of
m € Ay, with m,_1 =n —k [7, Theorem 1.1]. Our next result shows that last has the same distribution over J,,.

Theorem 2.3. For alln,k > 1, we have ]Las,’ct = E, . Consequently, the distribution of last over J,, is equal to
the distribution of first over i, or 2A,.

ECA 7:1 (2027) Article #S2R2 7
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n\k 1 2 3 4 5 6 7 8
1 1
2 1
3 1 1
4 2 1
5 ) 5) 4 2
6 16 16 14 10 5
7 61 61 96 46 32 16
8 272 272 256 224 178 122 61
9 1385 | 1385 | 1324 | 1202 | 1024 800 544 272

Table 7: The Entringer numbers E,,  up to n = 9.

For the proof of this theorem, we will need the notion of the complement w¢ of a permutation 7, which is
obtained by (simultaneously) replacing the ith smallest letter of 7 with the ith largest letter of 7 for all i. For
example, given m = 319754, we have 7¢ = 791345. Note that 7 is up-down if and only if 7¢ is down-up.

Proof. We provide a bijection ®: Jg — $lg—which is a variant of a map due to Viennot [28, Section 3]—such
that, for all m € Jg, the first letter of ®(m) is equal to the last letter of w. (This condition is vacuously satisfied
for S = (), since the empty permutation has no first or last letter.) Specializing to S = [n] then implies the
result.

We define ® recursively as follows. First, ® sends the empty permutation to itself. Otherwise, if 7 is
nonempty, then

B(m) = (B)y® ()

where m = ayf and y = min.S. We use induction to show that ® has the desired properties.

Assume that whenever |S’| < n, the map ® is a bijection from Jg/ to s such that first(®(7)) = last(7)
for all 7 € Jg. Now, let m be a Jacobi permutation of a set S of size n, and write 7 = ayf as described
above. In particular, we know that 3 is of even length because 7 is Jacobi. Then by the induction hypothesis,
both ®(a) and ®(B) are up-down permutations on their respective letter sets—so ®(a)¢ is down-up—and
first(®(8)) = last(B) if B is nonempty. Since ®(B) is up-down of even length, ®(«)¢ is down-up, and y is
smaller than all letters in ®(8) and ®(«)°, it follows that the concatenation ®(7) = ®(S8)yP ()€ is an up-down
permutation on S. Also, we have

first(®(m)) = first(P(B)) = last(B) = last(n)
if 8 is nonempty, and
first(® (7)) = y = last(m)

otherwise. Finally, if 7 € {g with 7 = Bya, then ®~1(7) = ®~1(a®)y®~1(3). Thus, ®: Js — s is a bijection
satisfying first(® (7)) = last(r) for all 7 € Js. O

3. Jacobi permutations and binary trees

Our study of 213-, 312-, and 231-avoiding Jacobi permutations will extensively use tree representations of these
permutations, based on classical correspondences between permutations and increasing/decreasing binary trees.
The purpose of this section is to recall these correspondences and their relevant properties, and to examine their
restriction to Jacobi permutations.

3.1 Binary trees and traversals

A binary tree is a rooted tree in which each node has at most two children, which are distinguished as the left
child and the right child. Each node of a binary tree has a left subtree and a right subtree, both of which are
(possibly empty) binary trees. As such, binary trees have a simple recursive decomposition: a binary tree is
either the empty tree, or it consists of a root with a left subtree and a right subtree. The number of nodes of a
binary tree T is called its size, which we will denote by |T|.

A binary tree can either have labeled nodes or unlabeled nodes. A binary tree on S is a binary tree of
size | S| whose nodes are labeled with the elements of S. Such a binary tree is naturally associated with three
permutations of S, each of which is obtained by a depth-first traversal of the tree but with nodes read in a
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pre-order traversal: 147923658

in-order traversal: 497163528

post-order traversal: 974653821

Figure 1: A binary tree T" and its three associated permutations. Since T is an increasing binary tree, we have
T = O(w) where m = 497163528.

different order. Each of the three traversals is defined recursively, starting at the root. In an in-order traversal,
we do the following:

(1) Recursively traverse the current node’s left subtree.
(2) Record the label of the current node. (The node is said to be wvisited at this step.)
(3) Recursively traverse the current node’s right subtree.

In a pre-order traversal, the order of steps (1) and (2) are swapped, whereas in a post-order traversal, the order
of steps (2) and (3) are swapped. See Figure 1 for an example of a binary tree on S = [9] and the permutations
obtained via each of these three traversals.

From this point forward, we will identify nodes with their labels when working with labeled binary trees.
That is, if a node is labeled x, then we will refer to the node itself as x.

An increasing binary tree on S is a binary tree on .S such that x < y whenever y is a child of x. For example,
the binary tree in Figure 1 is increasing. Decreasing binary trees are defined analogously.

The classical bijection © between permutations on S and increasing binary trees on S is defined as follows.
If 7 is the empty permutation, then O(x) is the empty tree. Otherwise, let y = min S, and write 7 = ayp.
Then we define O(7) as the increasing binary tree obtained by taking y as the root, attaching ©(«) as the left
subtree of y, and attaching ©(8) as the right subtree of y. Note that 7 is precisely the permutation obtained
from O(7) upon performing an in-order traversal; see Figure 1 for an example.

3.2 Permutation statistics and tree statistics

Given a permutation statistic st, one can often find a statistic st on binary trees for which st(m) = st’(0(n)).
Here we examine such correspondences for the permutation statistics studied in this paper.

We define the left branch of a binary tree recursively as consisting of the root along with the left child of
each node on the left branch; the right branch is defined in the analogous way. For example, the left branch of
the tree in Figure 1 consists of the nodes labeled 1 and 4, whereas the right branch consists of the nodes labeled
1, 2, and 8. Observe that 1 and 4 are precisely the left-to-right minima of 7 = 497163528.

Proposition 3.1. Let 7 € &g. Then x € S is on the left branch of ©(w) if and only if x is a left-to-right
minimum, of .

Proof. Suppose that x is on the left branch of ©(m). Observe that, in an in-order traversal of O(m), the nodes
which are read before x are precisely those in the left subtree of z, so these are the only letters that appear
before z in 7. Because O(7) is an increasing tree, x is smaller than every node in its left subtree, so z is a
left-to-right minimum of .

For the converse, we will use the fact that every node of ©(7) is either on the left branch of ©(w) or is in
the right subtree of a node on the left branch. So, assuming that x is not on the left branch of ©(x), we have
that x is in the right subtree of a node y. This means that the letter x appears after y in 7, and also that y < x
because O(m) is an increasing tree. Therefore, x is not a left-to-right minimum of . O

Let us call the letter 7 of a permutation m a descent bottom if k — 1 is a descent of m. (In other words,
7 is the “bottom” of a pair of letters corresponding to a descent of w.) For example, the descent bottoms of
m = 497163528 are 7, 1, 3, and 2, which are precisely the nodes with left children in the tree O(7) displayed in
Figure 1.
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Figure 2: The increasing binary trees O () and ©(7) for the 213-avoiding permutation 7 = 645132 (left) and the
312-avoiding permutation 7 = 324165 (right), along with their corresponding unlabeled binary tree 7' (middle).

Proposition 3.2. Let 1 € Sg. Then x € S has a left child in O(w) if and only if x is a descent bottom of m.

Proof. Suppose that x € S has a left child in O(7), i.e., the left subtree of z is nonempty. Then, in an in-order
traversal of ©(m), the node read immediately before x is in the left subtree of z, and this is the letter which
immediately precedes x in w. Because O(7) is an increasing tree, this letter is larger than z, so x is a descent
bottom of 7.

Conversely, suppose that € S does not have a left child in ©(x). If z is on the left branch of O(r), then
this means that z is the first letter of 7, in which case it is not a descent bottom. If x is not on the left branch
of ©(m), then the node read immediately before x in an in-order traversal is an ancestor of x, which is less than
x by virtue of O(r) being an increasing tree. Since this is the letter immediately preceding x in 7, it follows
that x is not a descent bottom of 7. O

Let lbrch(T) denote the number of nodes on the left branch of a binary tree T', and define rbrch(7) in the
same way but for the right branch. Later, we’ll refer to lbrch(7T') as the size of the left branch of T', and similarly
with rbrch(T"). Also, let 1¢(T") denote the number of left children in 7'. Then the following is immediate from
Propositions 3.1-3.2.

Corollary 3.1. Let m € &g. Then
(a) lrmin(m) = lbrch(0(n)) and
(b) des(m) =1c(O(m)).

While permutations in Gg are in bijection with increasing binary trees on S, the 213-avoiding permutations
in 65 and the 312-avoiding permutations in Gg are each in bijection with unlabeled binary trees on |S| nodes.
For example, notice that the permutation m = 645132 is 213-avoiding, and performing a post-order traversal
of its corresponding tree O(r) yields the decreasing permutation 654321. Similarly, performing a pre-order
traversal of the tree corresponding to the 312-avoiding permutation 324165 yields the increasing permutation
123456. (See Figure 2.) In fact, it can be verified that a permutation 7 of S is 213-avoiding if and only if a
post-order traversal of ©(m) yields the elements of S in decreasing order, and that = is 312-avoiding if and only
if a pre-order traversal of ©(7) yields the elements of S in increasing order. Thus, if we know in advance that
7 is 213- or 312-avoiding, then we can remove the labels of ©(7) and still be able to recover 7 by traversing the
tree appropriately.

The next proposition allows us to determine the last letter of a 213- or 312-avoiding permutation in &,, from
its tree. The result for 312-avoiding permutations 7 involves the number of nodes in a certain subtree of O ()
which we shall now define. Given a nonempty binary tree T', the terminus of T is the bottommost node of the
right branch of T', and the undergrowth of T is the left subtree of its terminus. For example, the undergrowth
of the tree in Figure 1 is the empty tree, whereas the undergrowth of the tree in Figure 2 consists of a single
node, labeled 3 in ©(7) and 6 in O(7).

Proposition 3.3. Let m € &,,.
(a) If 7 is 213-avoiding, then last(m) = rbrch(©(r)).
(b) If w is 312-avoiding, then last(m) = n — |U|, where U is the undergrowth of ©(w).

Proof. Suppose that m € &,, is 213-avoiding, and let k& = rbrch(6(w)). The last letter of 7 is the last node
visited in an in-order traversal of ©(m), which is the terminus of O(7); call this node z. On the other hand,
in a post-order traversal of ©(m), the only nodes visited after = are the other nodes on the right branch; in
other words, z is the k-to-last node visited. Recall that a post-order traversal of ©(m) necessarily yields the
decreasing permutation n - - - 21. Therefore, we have x = k, which proves (a).
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Figure 3: The bijection A.

For (b), suppose that 7 € &,, is 312-avoiding, and let k = |U|. As above, let z be the terminus of O(rw),
which is the last letter of m. In a pre-order traversal of ©(r), the only nodes visited after x are those in the
undergrowth U, so z is the (n — k)th node visited. Because a pre-order traversal of ©(r) yields 12---n, it
follows that z = n — k, and we are done. O

3.3 Jacobi trees

All of what has been discussed so far holds for permutations in general. Let us now describe the trees that
correspond specifically to Jacobi permutations.

We say that an increasing binary tree T on S is a labeled Jacobi tree if T' = O(7) for some Jacobi permutation
mof S. An unlabeled Jacobi tree is an unlabeled binary tree obtained by taking a labeled Jacobi tree and removing
the labels. We will usually be working with unlabeled Jacobi trees (as opposed to labeled ones), so we simply
call these Jacobi trees from this point forward. Let 7, denote the set of Jacobi trees on n nodes. From the
discussion earlier in this section, applying © and removing the labels gives us a bijection between J,,(213) and
Jn, and between J,,(312) and J,.

Observe that Jacobi trees are precisely unlabeled binary trees in which every right subtree is of even size.
Equivalently, we have the following recursive decomposition for Jacobi trees: every nonempty Jacobi tree consists
of a root whose left and right subtrees are both Jacobi trees and the right subtree is of even size.

The enumeration of Jacobi trees is closely related to that of (unlabeled) ternary trees, which are defined in
the same way as (unlabeled) binary trees, except that each node has three subtrees, distinguished as the left
subtree, middle subtree, and right subtree. It is well known [20, A001764 and A006013] that, for all n > 0, there
are 2n1+1 (‘37:’) ternary trees on n nodes and 2n1+1 (?jll) pairs of ternary trees with n nodes in total. As shown
below, these numbers also enumerate Jacobi trees of even and odd size, respectively.

Theorem 3.1. For all n > 0, we have

1 (3n 1 (3n+1
= d |Fonst| = ——— .
[Tonl 2n—|—1<n> and | Jzn+1] 2n+1<n+1>

Of course, Theorem 3.1 directly translates to an enumeration for the Jacobi avoidance classes J,(213) and
Jn(312); this will be stated explicitly in Theorem 4.1.

Proof. To prove the result for even-sized Jacobi trees, we give a recursive bijection A\ between [Ja, and ternary
trees on n nodes. As the base case, A sends the empty tree to the empty tree. Now, let T be a nonempty Jacobi
tree of size 2n. The root v of T" must have a left child w, or else the right subtree of T" would have odd size. Let
L denote the left subtree of w, let R denote the right subtree of w, and let V' be the right subtree of v. Note
that L, R, and V all have even size; after all, R and V are right subtrees, and T would have an odd number
of nodes if |L| were odd. Thus, we may define A(T) to be the ternary tree whose root has left subtree \(L),
middle subtree A(R), and right subtree A(V); see Figure 3 for an illustration. Since A(L), A(R), and A(V') have
half as many nodes as L, R, and V, it follows that A(T) is a ternary tree on n nodes.

Now, let T € Jon+1, and let L and R be the left and right subtrees of its root. By similar reasoning as
above, both L and R must have even size, and A(L) and A\(R) have n nodes in total. Then T — (A(L), A(R))
is a bijection between Ja,+1 and pairs of ternary trees with n nodes in total; this yields the enumeration for
odd-sized Jacobi trees. O

Later, we will make use of another recursive decomposition for Jacobi trees that we call the undergrowth
decomposition: every nonempty Jacobi tree T either consists of a root with a left subtree U and an empty right
subtree, or can be obtained by taking a nonempty Jacobi tree T’, attaching a new node as the right child of the
terminus of 7", and attaching a Jacobi tree U of odd size® as the left subtree of this new terminus. See Figure
4 for an illustration of this decomposition. We call this the “undergrowth decomposition” because the tree U
in the decomposition is precisely the undergrowth of T'.

$Note that U must have odd size, or else the terminus of T/ would have a right subtree of odd size in T
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Figure 5: The decreasing binary tree ©(r) for the 231-avoiding permutation 7 = 126354, along with the
corresponding unlabeled binary tree T'.

Recall that the proof of Theorem 2.2 utilized a unique factorization of Jacobi permutations into “irre-
ducibles”, whose first letters were the left-to-right minima. There is an analogous factorization where the last
letters of the irreducibles are right-to-left minima, and all irreducibles other than the first are of even length;
this factorization corresponds to the undergrowth decomposition defined above.

3.4 Dual Jacobi trees

While Jacobi trees are useful for studying 213- and 312-avoiding Jacobi permutations, we will need a different
model for Jacobi permutations avoiding 231. To that end, let O be the bijection from permutations on S to
decreasing binary trees on S, defined in the same way as © except that we take y = max S (as opposed to
y = minS). As with ©, an in-order traversal of é(w) recovers the permutation m. It is readily checked that
a permutation 7 of S is 231-avoiding if and only if a post-order traversal of (:)(77) yields the entries of S in
increasing order, which implies that 231-avoiding permutations of S are in bijection with unlabeled binary trees
of size |S|. See Figure 5 for an example.
The next proposition is proven similarly to Proposition 3.3; we will not give the details.

Proposition 3.4. If T € 6,,(231), then last(r) = n — rbrch(6(x)) + 1.

Let us now restrict to Jacobi permutations. We say that a decreasing binary tree T on S is a labeled dual
Jacobi tree if T = ©(w) for some 7 € Jg. An unlabeled binary tree is called an (unlabeled) dual Jacobi tree if
it can be obtained by taking a labeled dual Jacobi tree and removing the labels. Let 7, denote the set of dual
Jacobi trees on n nodes. Then applying O and removing the labels gives a bijection between J,(231) and T

Later, we will show that J,(312) and J,,(231) are in bijection, which induces a bijection between 7,, and
T This, along with Theorem 3.1, will imply the following.

Theorem 3.2. For alln > 0, we have

~ 1 3n = 1 3n+1
n|l = ——— d n = .
[Tnl 2n+1<n> and | Jon+1] 2n—|—1(n—|—1)

Our goal for the remainder of this section is to develop a recursive decomposition for dual Jacobi trees which
we shall use when studying 231-avoiding Jacobi permutations. We begin with two lemmas.
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Lemma 3.1. Let m € Gg(231), let x € S, and let T = O(r).
(a) If x has a right child in T, then pr(x) is empty.

(b) If = does not have a right child in ©(w), then x is a right-to-left minimum of 7, so px(w) consists of all
subsequent nodes visited in an in-order traversal of ©(m).

Proof. Suppose that z has a right child in ©(7). Then, the letter immediately following z in 7 is a node in the
right subtree of z, and this node must be smaller than = because é(w) is a decreasing binary tree. Therefore,
px(x) is empty, which proves (a).

For a contrapositive proof of (b), suppose that x is not a right-to-left minimum of 7, so there exists a letter
y < x appearing after z in m. Due to their relative positions in 7, we see that y is visited after x in an in-order
traversal of ©(7). Recall that a post-order traversal of O () where 7 is a 231-avoiding permutation returns the
letters in increasing order; since y < z, this means that y is visited before x in a post-order traversal of é(w)
The nodes visited after z in an in-order traversal but before x in a post-order traversal are precisely those in
the right subtree of . Thus, the right subtree of x is nonempty, so x has a right child in (:)(w) O

Lemma 3.2. If T is a dual Jacobi tree, then the undergrowth of T is empty.

Proof. Let T be a dual Jacobi tree and m the corresponding 231-avoiding Jacobi permutation. Suppose instead
that the undergrowth U of T' is nonempty, and let = be the terminus of U. By Lemma 3.1 (b), pr(x) consists
of a single letter—the terminus of T—which contradicts 7 being a Jacobi permutation. O

Proposition 3.5. Let T’ be a nonempty dual Jacobi tree with terminus u, and let T" be a dual Jacobi tree of
odd size. Moreover, let T be the tree obtained from T’ by attaching T" as the left subtree of u, and attaching a
new node v as the right child of u. Then T is a dual Jacobi tree.

Note that we are implicitly using Lemma 3.2 in the statement of Proposition 3.5, as it guarantees that u
does not have a left subtree prior to attaching T".

Proof. For convenience, if 7 is the 231-avoiding permutation corresponding to T, then let us write pr in place
of pr. We wish to show that pr(z) has even length for every node z in 7', and we will do this through cases,
appealing to Lemma 3.1 in each one.

e Note that pr(u) is empty because u has a right child, and that pr(v) is empty because it is the last node
visited in an in-order traversal of T'.

e If x # wis a node in 77 and pr/(z) is empty, then pr(z) is empty because we did not remove any right
children in constructing T'.

e If x is a node in T and pp~ () is empty, then pr(x) is empty for the same reason as above.

e If z is a node in 77 and p7/(x) is nonempty, then pr(z) contains every node in pr/(z) along with all nodes
from 7" and v, as these are the nodes visited after z in an in-order traversal of T'. It follows that

lpr(2)] = |pr ()| + T"| + 1,
which is even because |pr/ ()| is even and |7 is odd.

e If z is a node in T and pp~(x) is nonempty, then for the same reason as above, pr(z) contains every
node in pr~(x) along with v and v. So, we have

lpr(2)| = |pr (2)] + 2,
which is even because |pr ()] is even. O
We will omit the proofs of the next two propositions as they are similar to that of Proposition 3.5.

Proposition 3.6. Let T' be a dual Jacobi tree, let u be the terminus of T' (if T’ is nonempty), and let T" be
a dual Jacobi tree of even size. Moreover, let T' be the tree obtained in the following way:

o If T" is nonempty, attach a new node v as the right child of u, attach T" as the left subtree of v, and
attach a new node w as the right child of v.

o IfT' is empty, let v be the root of T, attach T" as the left subtree of v, and attach a new node w as the
right child of v.

Then T is a dual Jacobi tree.
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Proposition 3.7. Let T be a dual Jacobi tree with at least 2 nodes on its right branch, let v be the terminus
of T, let u be the parent of v, and let T" be the left subtree of u. Moreover, let T' be the tree obtained in the
following way:

o IfT" is of even size, remove u, v, and T from T to form T'.
o IfT" is of odd size, remove v and T" from T to form T'.
Then T and T" are dual Jacobi trees.

Propositions 3.5-3.7 justify the following recursive decomposition for dual Jacobi trees: Every nonempty
dual Jacobi tree either consists of a single node, consists of a root with a left dual Jacobi subtree of even
size and whose right child is the terminus, or is built up from dual Jacobi trees in the way described in these
propositions. See Figure 6 for an illustration. This decomposition can be thought of as an analogue of the
undergrowth decomposition for (ordinary) Jacobi trees, although here 7" is not the undergrowth of 7.1

o
1 )
7’ \\—' 7’ Ay
/,~\, /¢~\/ \\
' ) ' ) PN
Ve . N Ve T Q
-~ N
’ S .
! ) \\ \\
N T Q N
A
T= QO or or L= 2 or
4 N
- - 4 N -
Rl RN N 2T
T ) T O T )
\ ’ AY 7 AY ’
~_- ~_- N
(even) (odd) (even)

Figure 6: Recursive decomposition of a nonempty dual Jacobi tree T.

4. 213- and 312-avoiding Jacobi permutations

This section focuses on the Jacobi avoidance classes J,,(213) and J,(312). We begin by restating Theorem 3.1
as an enumeration for J,(213) and J,(312).

Theorem 4.1. For alln > 0, we have

1 3n 1 3n+1
jon (213) = j9,,(312) = d  Jon+1(213) = jon,+1(312) = .
Jon(213) = jan(312) 2n+1(n) and - Jjon+1(213) = jon11(312) 2n+1(n+1>

Using results from Section 3 relating certain permutation statistics to tree statistics, we can determine
the distributions of these permutation statistics over J,(213) and J,(312) by studying distributions of the
corresponding statistics over J,. We shall take this approach in this section to count 213- and 312-avoiding
Jacobi permutations by the number of descents, the number of left-to-right minima, and the value of the last
letter. |

n | 0o | 1 ]2 | 3|4 |5 |6 | 7] 8|9 10|10
1 3

Table 8: The numbers j,(213) = j,(312) up to n = 11.

10One might instead call T” the penundergrowth of T.

I'While it is possible to prove the results in this section by working directly with permutations, we found it easier to formulate
our bijections using Jacobi trees. (Some of our bijections do not seem to have simple descriptions in terms of the permutations
themselves.) Another advantage of this approach is that it allows us to prove most of our results simultaneously for J,(213) and
In(312).
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n\k 0 1 2 3 4 5 6 7 8
0 1
1 1
2 0 1
3 0 1 1
4 0 0 2 1
5 0 0 2 4 1
6 0 0 0 5 6 1
7 0 0 0 5 15 9 1
8 0 0 0 0 14 28 12 1
9 0 0 0 0 14 56 56 16 1

Table 9: The numbers jg?2(213) = jg?,i(SlQ) up ton =9.

4.1 Descents

Counting Jacobi trees by the number of left children will allow us to achieve a refined enumeration of 213- and
312-avoiding Jacobi permutations by the number of descents. Our goal is to prove the following.

Theorem 4.2. We have

.des des 1 n 2n
]Sn,k(213) = ]gn,k(312) = <k: _ n) (k: N 1> for alln >1 and k > 0;
1 n+1\/2n
-des -des
.72n+1,k(213) = J2n+1,k(312) = i (k B n) ( k) for alln,k > 0.

Define the generating functions

o0

F, = F.(t,x) := Z Z {1e(T) g2n and F, =F,(t,x) := i Z o) g2n+1,

n=0T€Jan n=0T€Jan+1

which count even- and odd-sized Jacobi trees, respectively, by the number of left children. The next lemma
provides several functional equations satisfied by these generating functions.

Lemma 4.1. We have

a) Fy=1+t2*(1 —t)F? + t22%F3,
1
b F=—_
) ¢ 1—tzF,’
F,

c)
Q) F,

2Fe + te(Fo — 1)F,, and
z+ (t — D)ta®F, + 2taF? — 22 F3.

(
(
(
(

Proof. We first prove (c). Let T be a Jacobi tree of odd size. Then T consists of a root whose left subtree L
and right subtree R are both Jacobi trees of even size. The case where L is empty contributes the term zFy,
since le(T') = le(R). If L is nonempty, then 1¢(T) = lc(L) + le(R) + 1, so this case contributes tz(F, — 1) Fe.
Summing these two terms yields (c).

To prove (a) and (b), now let T be a Jacobi tree of even size. The case where T is empty contributes the
term 1. If 7" is nonempty, then 7" consists of a root whose left subtree L is a Jacobi tree of odd size and whose
right subtree R is a Jacobi tree of even size. In particular, L is nonempty, so lc(T) = lc(L) + lc(R) + 1. Thus,
this case contributes txF, F,, and we have

F,=1+taF,F,. (5)

Solving for F, in (5) yields (b). Furthermore, substituting (c¢) into (5) and simplifying results in (a).
Finally, (d) can be obtained from substituting (b) into (c¢) and performing some routine algebraic manipu-
lations. O

In order to obtain formulas for their coefficients, we will relate F, and F, to two generating functions which
have previously appeared in the literature. Let U = U(t,z) and V = V (¢, z) be the unique formal power series
solutions to the functional equations

U=1+taU)(1+2U)*>  and (6)
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VA1 —-2V)? =1+ (t- 1)V, (7)

respectively. The coefficient of t*2™ in U counts ternary trees on n edges with k middle children—as can be
seen directly from (6)—and these coefficients are given by the formula

wetv- (1) )

[20, A120986]. The coefficients of V', on the other hand, count a certain family of Feynman diagrams refined
by the number of fermionic loops [17], and are given by

e ()
[20, A286784).

Lemma 4.2. We have

(a) Fo(t,x) = 1+ tz?U(t,t2®) and

(b) Fo(t,x) = aV(t, tz?).

Proof. To prove (a), first we replace each instance of z with tz? in (6) to obtain
Ul(t, ta?) = (1 4+ 222U (t, tz?)) (1 + t2?U (¢, tz?))% (10)

Let U = U(t,x) := 1 + tx?U (¢, tx?). Substituting U (¢,tz?) = (U — 1) /tx? into (10) gives us

~ ~ - 2
U-1 U-1 U-1
= (142 —— 14 ta? .

Multiplying both sides by tz2, adding 1 to both sides, and simplifying yields

U=1+tz?(1—t)U?% 4+ t>22U3,

comparing with Lemma 4.1 (a), we conclude F,(t,z) = U = 1 + t2?U (¢, tx?).
Next, we prove (b). We make the substitution x — tz? in (7), giving us

V(t, ta?)(1 — t2®V (¢, t2?))? = 1 + (t — DtV (¢, ta?). (11)
Let V = V(t,z) := 2V (t,t2?), so that V(¢,tx?) = 27'V. Then (11) becomes
V(1 —taV)? =2+ (t — 1)t2?V. (12)
Expanding the left-hand side of (12) and rearranging yields
V =+ (t— Dta®V + 2taV? — 22273,
which proves F,(t,x) = V = xV (t,tx?) upon comparing with Lemma 4.1 (d). O
We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2. Using Lemma 4.2 (a) and Equation (8), we obtain

e~ 1 1\ /2(n+1
Fo(t,z) = 1+ t22U(t, tz%) = 1 + ZZ (n—i- )( (n+ ))t'rL+k+1x2n+2

n:Ok:0n+1 k n—=k
© 11 /n 2n
f 3 () ()
<>o2n—11 n 2,
=1 — tk 2n
#323 () ( )
n=1 k=n
S S () (13)
a e k—n/\k+1 ’
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n\k 0 1 2 3 4 5 6 7 8 9
0 1
1 0 1
2 0 0 1
3 0 1 0 1
4 0 0 2 0 1
5 0 3 0 3 0 1
6 0 0 7 0 4 0 1
7 0 12 0 12 0 5 0 1
8 0 0 30 0 18 0 6 0 1
9 0 %) 0 55 0 25 0 7 0 1

Table 10: The numbers jgﬁfc‘i“(213) = jgffc‘i“(312) up ton =9.

Similarly, by Lemma 4.2 (b) and Equation (9), we have

e~ 1 AN 20\ ok o
Fo(tvx)xV(t,t$2)Zzn+1( 1 )<n+k)t +kCC2 +1

n=0 k=0

Moreover, we have
oo (213) = jor(312) = [t*a®"] Fu(t, x)

and
Goseen 1 (213) = G35 1 (312) = [tF2? | Fo(t, )

from Corollary 3.1 (b); combining these with (13) and (14) completes the proof. O

4.2 Left-to-right minima
Our next result counts permutations in J,(213) and J,,(312) by the number of left-to-right minima.

Theorem 4.3. For alln >k > 1, we have

-1rmin(213) _ -lrmin(312) _ 2k y
jn,k - jn,k - 3n —k n

if n and k have the same parity, and j}ff’,;in(213) = jgf}c‘m(312) = 0 otherwise.

From Table 10, the reader may notice a pattern captured by the following recurrence.
Proposition 4.1. The numbers jiff,’gin(213) = jgf,rg‘i“(312) satisfy
Tk (213) = 41 (213) + 4, (213)
foralln >k > 1.

In fact, Theorem 4.3 follows readily from an induction argument using Proposition 4.1. We will omit the
details of this induction, and instead focus our attention on proving Proposition 4.1.

Proof. For convenience, let 7, denote the set of trees in [J,, that have a left branch of size k. By Corol-
lary 3.1 (a), it suffices to construct a bijection ¥: Tk — Tn—1k—1 U T k+2-

Given T' € Jp .k, let u denote the bottommost node in its left branch. If the right subtree of u is empty, then
WY(T) € Tp—1,k—1 is defined to be the Jacobi tree obtained from T upon removing wu.

Now, suppose the right subtree of u is nonempty. Let v denote the right child of w. If v does not have a left
child, then u would have a right subtree of odd size (consisting of v and the right subtree of v), a contradiction.
So, let w denote the left child of v; also let L be the left subtree of w, let R be the right subtree of w, and let
V be the right subtree of v. By a similar argument, L must have even size or else the right subtree of u would
have odd size. We construct ¥ (7T") from T in the following way:

1. Remove v and all its descendants from 7.
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2. Add a new node v’ as the left child of u, and a new node w’ as the left child of v’.
3. Attach L, R, and V as the right subtrees of w’, v’, and u, respectively.

See Figure 7 for an illustration. Observe that we have increased the size of the left branch by 2, and that (T
is a Jacobi tree because L, R, and V all have even size. Therefore, ¢(T') € T, k42 in this case.

e Y ~ -
d N -~
v ’ A
4
4 [\\ ')
Y
PARR
1 )
\\—/
Y
\4‘\
v V1 (even)
A\ 7’
e Y ~ -
-~ NP
’ A ’ A
[ T R
\\‘ \\‘,
(even) (even)

Figure 7: The bijection .

Now, suppose that T' € J,—1,x—1 U Jn k+2. We can recover the corresponding tree in 7, , by either adding
a node to the bottom of the left branch if T € J,,_1 r—1, or by reversing the steps in the above procedure for
T € Jnk+2.- We conclude that 1 is a bijection. O

4.3 Last letter

Our last two theorems of this section give the distributions of last over J,,(213) and J,(312).

Theorem 4.4. For alln >k > 1, we have

2k 3n—k 2k —1 n—k—-1
-last -last
‘7271’]6( ) 3n—k < 2n > " J2n 1’k( ) n—k—1 ( 2n —1 >

Theorem 4.5. For alln >k > 1, we have
(3k—3) (3n—3k+1)

k—1 n—k+1
(2k —1)(2n — 2k + 1)

(52 Crzt )

(2k —1)(2n— 2k + 1)

-last

and Jon+1,2k (312) =

jézs,tzk—1(312) =

In addition, we have

1 3n
-last

12) =

92n+1,1(3 ) o+ 1 (n>

for allm >0 and, unless k =1, jifﬁ;(312) = 0 whenever n and k have the same parity.

See Table 11 for the numbers 7,27(213) and j}*3*(312) up to n = 9. Comparing the j,?(213) with the
Jain(213) = jpin(312) from Table 10 reveals that they are shifts of each other, which we prove below.
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Ji (213) T (312)
k| L[ 2] 3475 k] 1L ]2 ]3] 4]5] 6] 7]38
1 |1 11
2 | 1 2 | 1
3 | 1| 1 3 1 |1
4 [ 21 4 2101
5 | 3] 3 1 5 | 3] 20| 2
6 | 7 | 4 |1 6 | 710203
7 |12 12] 5 | 1 7 |12 7 0 | 4]0 7
8 | 30| 18| 6 8 [3 0|7 06| 012
9 | 55|55 2 | 7 | 1 9 [ 55130 | 0 |14 0|14 030

Table 11: The numbers 7,%°(213) and j}?3¥(312) up to n = 9.

Proposition 4.2. For alln > k > 1, we have

jiiit@l?’) _ {j%{z{(ﬂi’)), an 215 even,
Inok1(213), if n is odd.

Proof. By Corollary 3.1 (a) and Proposition 3.3 (a), it suffices to construct a recursive bijection ¢: 7, = Jn
satisfying Ibrch(T") = 2rbrch(o(T')) when n is even and lbrch(7T') = 2rbrch(¢(T)) — 1 when n is odd.

Let us first define ¢ for when n is even. As the base case, ¢ sends the empty tree to the empty tree. Now,
let T € J, with lbrch(T) = 2k for some k& > 1. Let u denote the bottommost node on the left branch of T,
and let v denote its parent (the second bottommost node on that branch). Moreover, let U denote the right
subtree of w and V' the right subtree of v; both have an even number of nodes. Remove the nodes u and v (and
their right subtrees) from T to form the Jacobi tree T, which has an even number of nodes because we have
deleted an even number of nodes from T'. Then p(T”) is a Jacobi tree whose right branch has k — 1 nodes. We
construct ¢(T') with the following steps:

1. Take the Jacobi tree ¢(7”) and add a new node v to its right branch.
2. Add a new node v as the left child of «'.
3. Attach U as the left subtree of v/, and V' as the right subtree of v'.

Note that v" along with its subtrees U and V form the undergrowth of ¢(T') as defined in Section 3. See Figure
8 for an illustration.

T/ . ~ . ~- . ~ QO(T/)
v’ N~ -~ N
. ’ N ’ S S
L’ 1 ) 1 ) Sa
\ P \ 2,
o e
7’ Ay 7’ Ay
,/ \,4 N /4 \/ \\
L’ 1 ) 1 ) >
L S o? QO Seo? AN
7’ ; N
N
v
V) (even)
A\ v’
\\4~ i -~ /, \\f‘
’ N ’ A ’ A
v U ) v U ) [N VAR
’ A v A v

Figure 8: The bijection .
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Given that ¢(7”) is a Jacobi tree and that U and V each have an even number of nodes, it is evident that
©(T) is a Jacobi tree as well. Furthermore, since the right branch of ¢(7”) has k — 1 nodes, the right branch of
©(T) has k nodes, so lbrch(T') = 2rbrch(¢(T)) is satisfied. Finally, we see from the undergrowth decomposition
that every nonempty Jacobi tree of even size is of the form depicted by the rightmost tree of Figure 8, with
both U and V of even size. Thus, ¢ is a bijection when n is even.

Next, let us define ¢ for when n is odd. As the base case, let T' be any tree in 7, whose left branch has
a single node—mamely, the root of T. Then T corresponds to a Jacobi permutation 7 that begins with the
letter 1: 7m = lmams---m,. We shall define ¢(T) so that it is the tree corresponding to moms - m,1: remove
the right subtree of the root of T, and attach it back as the left subtree. Then ¢(T') is a Jacobi tree because
moms -+ - Tpl is a Jacobi permutation, and ¢(T') has a single node on its right branch as desired. For T' € 7,
with lbrch(7T") = 2k — 1 where k > 2, we define ¢(T") in the same way as the even case. Observe that ¢ restricts
to a bijection between trees in J,, whose left branch has a single node and those whose right branch has a single
node. Additionally, by similar reasoning as the even case, the Jacobi trees whose right branch has at least two
nodes are all of the form of the rightmost tree of Figure 8, and it follows that ¢ is a bijection when n is odd. [

Theorem 4.4 is obtained by combining Theorem 4.3 with Proposition 4.2. Let us now move on to the proof
of Theorem 4.5.

Proof of Theorem 4.5. Let

Ge(z) = Z | Ton 2 and Go(x) := Z | T2n+t1] 2l
n=0 n=0

be the ordinary generating functions for Jacobi trees of even and odd size, respectively, and let G(z) :=
Go(x) + Go(z). From Theorem 3.1, we have

oo

1 3N\ o, _ 1 Sn+1\ a41
Ge(z) = E 2n+1(n>x and Go(x) = E 2n—|—1<n+1>x .
n=0 n=0

To determine the numbers jlaSt (312), we shall derive an expression for the generating function

Jhst t, @ 312 Z Z tlast(ﬂ')xn _ szlast 312 tk n

n=17reJ,(312) n=1k=1

By Proposition 3.3 (b), we seek a weighted count of Jacobi trees such that each node of the undergrowth
contributes a weight of x and each other node contributes a weight of tz. Using the undergrowth decomposition,
we have

JBst (¢ 2:312) = taG(z) + to(G(tz) — 1)Go(x)

= txGe(x) + tzGo () + taG(tx)Go(x) — taGo(x)
= teGe(x) + tzG(tz)Go(x)
0o (n—k)+1
B 1 3N\, oni1 ( )(3n k+1 ) 2k+1,.2n+2
_;QnJrl( )t +;)kzo St en-k+1) "

(3k+1)( (n— k)+1)

k+1 n—k+1 2k+2 2n+3
+ t x ,
>3 e T

from which the desired result follows. O

5. 231-avoiding Jacobi permutations

Through Jacobi trees, we saw that J,(213) and J,(312) are in bijection, and that the statistics des and Irmin
each has the same distribution over J, (213) as it does over J,,(312). In this section, we shall show that J,,(231)
has the same enumeration and the same distributions of des and Irmin as these two Jacobi avoidance classes,
and we will then use dual Jacobi trees to obtain a formula for counting permutations in J,(231) with respect
to the last letter.

Inverses of permutations will play an essential role in this section, so let us start by recalling some relevant
properties of the inverse.
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Figure 9: The arrays of m = 253641 (left) and its inverse 7~! = 613524 (right).

5.1 Permutation arrays and inverses

A permutation 7w € &,, is displayed diagrammatically by plotting each of the points (k, ) in an n-by-n grid,
where the first coordinate indicates the column and the second indicates the row, with columns numbered 1
through n from left to right, and rows numbered 1 through n from bottom to top. The resulting diagram is
called the array of .

Let 7! denote the inverse of 7 € &,,. We adopt the convention that the inverse of the empty permutation is
itself, and that if 7 € &g, then 7! is the unique permutation of S whose standardization is equal to std(7) L.
For instance, we have (72485)~1 = 45827. Inverses of permutations in &,, have a nice description in terms of
their permutation arrays: the inverse of m € &,, is the permutation whose array is obtained by reflecting the
array of m about the main diagonal. See Figure 9 for an example.

We will need a couple of facts about the inverses of certain kinds of permutations, which are most conveniently
expressed using the terminology of direct and skew sums. Given o € G,,, and 8 € G,,, the direct sum o ®
and the skew sum a © 3 are defined to be the permutations in &,,4, whose letters are given by

A, 1f1§k:§m,
Bi—m +m, ifm+1<k<m+n,

(a® B = {

and
ap+mn, ifl1<k<m,
Bi—m, ifm+1<k<m-+n.

(@SB = {

For example, if & = 132 and § = 21, then a ¢ [ = 13254 and a © § = 35421. We note that a @& 8 can
more intuitively be described as the permutation whose array is obtained by juxtaposing the arrays of o and 8
diagonally, and similarly with a & 5 except that they are juxtaposed antidiagonally.

The next two lemmas, well known in the permutation patterns literature, are best explained using permu-
tation arrays. We provide a visual depiction of these lemmas in Figure 10 in lieu of proofs.

Lemma 5.1. If r=a® 3, thena ' =a '@ p1L.
Lemma 5.2. If r=a6 8, thenm '=8"10a"" .
The following two facts, also readily seen through permutation arrays, will be useful later.

Lemma 5.3. A letter my is a left-to-right minimum of m € &,, if and only if k is a left-to-right minimum of
-1
T

Lemma 5.4. A permutation © avoids o if and only if 7' avoids o~ 1.

Lastly, when a direct sum a @ /3 is Jacobi, the next lemma provides some information about its summands
«a and B.

Lemma 5.5. Suppose that m = a ® B is Jacobi.
(a) If « is nonempty, then 8 has even length.
(b) The permutation o is Jacobi.

Proof. Let 8’ denote the permutation obtained from /3 by adding |a| to every letter, so that  is the concatenation
T =af.

Note that (b) is trivial if « is empty, so assume that « is nonempty for both (a) and (b). Let y be the last
letter of a. Since y is smaller than every letter of 5’, we have p,(y) = 8. Then p,(y) = B’ has even length
because 7 is Jacobi, and we have shown (a).
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adf= (a®dpB)~t=

ﬁ_l
o f = (@op)™ =

Figure 10: A direct sum, a skew sum, and their inverses.

Now, let  be an arbitrary letter of a other than the last letter y. Suppose that y is in p,(z). Because every
letter of /3’ is larger than z, we know that p,(x) is the concatenation p(z) = ps(x)3’. Since pr(z) and 5’ both
have even length, it follows that p,(x) has even length as well. In the case that p,(z) does not contain y, we
have p, () = pr(z), which is of even length. Thus, (b) is proven. O

5.2 213-, 231-, and 312-avoiding Jacobi permutations are doubly Jacobi

Because 312 and 231 are inverses, we know from Lemma 5.4 that 7 € &,, avoids 312 if and only if 7~! avoids
231. Perhaps surprisingly, the inverse preserves the Jacobi property on these two avoidance classes.

Theorem 5.1. For all n > 0, a permutation © € &,(312) is Jacobi if and only if 7= € &,(231) is Jacobi.
Consequently, 7 +— 71 is a bijection from J,(312) to J,(231).

Throughout this proof and the next one, we adopt the notation 7 for the standardization std(r).

Proof. We proceed by induction, with the base case (n = 0) being true by convention. Suppose that the result
holds for all lengths less than n.

Let m € J,(312). We write m = a3, so that o and S are 312-avoiding Jacobi permutations, 5 is of even
length, and every letter of « is smaller than every letter of 3. In fact, we can write m as the direct sum
7 = (al) @ 3, where both summands al and 3 are Jacobi. Let us consider two cases:

e Suppose that 3 is nonempty, so that the lengths of al and B are both less than n. By the induction
hypothesis, both (a1)~! and 37! are Jacobi. Recall that 77! = (al)"* @ 87! = (al1)"!5~! by Lemma
5.1. Taking y to be the last letter of (a1)™!, we see from Lemma 2.3 that 71 is Jacobi.

e If B is empty, then 7 = @S 1, so we have 77! =15 a ! = na~! by Lemma 5.2. Moreover, because a1l
is Jacobi, o and thus & are Jacobi as well. The induction hypothesis then tells us that @~ is Jacobi, so
7! =na~?! is Jacobi by Lemma 2.1 (b).
Now, let 7 € J,,(231). Writing 7 = anf3, we have that a and 8 are 231-avoiding permutations with every letter
of a being smaller than every letter of 3. Thus, we can write 7 = a @ nf3. By Lemmas 2.1 (a) and 5.5 (b), nj3
and « are Jacobi. Dividing into cases again:

e If o is nonempty, then o and n3 have lengths less than n, so the induction hypothesis tells us that a~!
and (nB)~! are Jacobi. Moreover, n3—and consequently (n3)~!—have even length according to Lemma
5.5 (a). Similar to before, we have 77! = a=1 @ (n3)~! = a~1(nB)~! by Lemma 5.1, and taking y to be
the last letter of a~1, Lemma 2.3 implies that 77! = a~!(n3)~! is Jacobi.
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e If a is empty, then we have 1 =nf =16 3,0 77! = 71 ©1 = 711 by Lemma 5.2. We know that (3
is Jacobi because of Lemma 2.1 (a), so from the induction hypothesis, 37! is Jacobi as well. Therefore,
71 = 8711 is Jacobi. O

Recall that Jacobi trees are the unlabeled trees corresponding to the increasing binary trees of 312-avoiding
Jacobi permutations, and that dual Jacobi trees are those corresponding to the decreasing binary trees of
231-avoiding Jacobi permutations. It is not obvious from their definitions that Jacobi and dual Jacobi trees
are in bijection, but Theorem 5.1 shows that the inverse induces a bijection between 7, and J,, justifying
Theorem 3.2.

In analogy to the notion of doubly alternating permutations—studied, e.g., in [9, 10, 18,21]—let us call a
permutation 7w doubly Jacobi if both 7 and 7~ are Jacobi. Then Theorem 5.1 implies that all permutations in
J,(312) and J,(231) are doubly Jacobi, and the next result tells us that the same is true for J,(213).

Theorem 5.2. For all n > 0, the permutation 7! is Jacobi whenever ™ € J,(213).

Proof. We follow the same inductive approach as the proof of Theorem 5.1. Again, the base case is trivial, so
assume that the result holds for all lengths less than n. Let 7 € J,,(213), and write 7 = @18 where « and § are
213-avoiding Jacobi permutations, 3 is of even length, and every letter of « is larger than every letter of 5. In
other words, 7 is the skew sum 7 = & © (15). Note that 13 is Jacobi because § is Jacobi and has even length.

e If o is nonempty, then both & and 13 have length less than n, so @~! and (13)~! are Jacobi by the induction
hypothesis. Because the first letter of @~! corresponds to a left-to-right minimum of =% = (18)"tc a1,
it follows from Lemma, 2.2 that 7! is Jacobi.

o If a is empty, then 77! = 1@ 3! = 1571, Observe that 37! is Jacobi due to the induction hypothesis,
and because 87! is of even length, 7! = 187! is Jacobi. O
5.3 Enumeration, descents, and left-to-right minima

The fact that J,(312) and J,,(231) are in bijection allows several of our results for J, (312) to directly translate
over to J,(231).

Theorem 5.3. For alln > 0, we have

. 1 3n . 1 3n+1
J?n@?’”:an(n) and 32n+1<231>:2n+1<n+1>~

Proof. This follows immediately from Lemma 5.4 along with Theorems 4.1 and 5.1. O
Theorem 5.4. We have

1 n 2n
-des
231) = — >1 > 0;
Jom 1 (231) n(kn)(k+1) for alln >1 and k > 0;
i 1 n+1\ /2n
-des
Jomy1,k(231) = 1l <k B n) < k ) for alln,k > 0.

Proof. Tt is known that des(m) = des(n~!) for any 7 € &,,(312); see, e.g., [25, Corollary 3.2]. The desired result
follows from this fact, Lemma 5.4, and Theorems 4.2 and 5.1. O

Theorem 5.5. For alln >k > 1, we have

) 2% 3n—k
Jimin(231) = ( : )

3n—k\ n
if n and k have the same parity, and jgf};in(231) = 0 otherwise.

Proof. Lemma 5.3 implies that Irmin(7) = lrmin(7—1) for all 7 € &,,. The desired result follows from this fact,
Lemma 5.4, and Theorems 4.3 and 5.1. O

5.4 Last letter

Unlike des and lrmin, the distribution of last over J,,(231) does not translate nicely from its distribution over
Jn(213) or J,(312). Instead, we will prove the next result using dual Jacobi trees, which we recall are in
bijection with 231-avoiding Jacobi permutations.

ECA 7:1 (2027) Article #S2R2 23



Alyssa G. Henke, Kyle R. Hoffman, Derek H. Stephens, Yongwei Yuan, and Yan Zhuang

n\k 1 2 3 4 ) 6 7 8
1 1
2 1
3 1 1
4 1 1 1
) 1 2 2 2
6 1 2 3 3 3
7 1 3 5 7 7 7
8 1 3 6 9 12 12 12
9 1 4 9 16 23 30 30 30

Table 12: The numbers j1%3¥(231) up to n = 9.

Theorem 5.6. For alln,k > 1, we have

n—1
k— -1 -—m-—1 k—1
T S e G I

m=0 n+k—1 k—2m—1 m
n—1
last nt+k—3m—-1/ n—m n+k—1
231) = 1 '
Jana1,k(231) 7;) n+k—1 k—2m—1 m

Our first step in proving Theorem 5.6 is to establish the following expression for the generating function

Jlmbt t, a; 231 Z Z tlast(w)xn _ Z Z last 231 tk n

n=17eJ,(231) n=1k=1
in terms of the generating function for even-sized dual Jacobi trees.
Proposition 5.1. We have

tx(l + 2Ge(tz))

T3 231) = T (tz) (1 + tG(t))

where Ge(z) = Y0 2n1+1 (3:’)x2" is the generating function for dual Jacobi trees of even size (equivalently,

Jacobi trees of even size, or 231-avoiding Jacobi permutations of even length).
Proof. Let
o0 _ 00 i
= Z | Ton|2?" and Go(z) := Z | T[22+

n=0 n=0

be the generating functions for even- and odd-sized dual Jacobi trees, respectively. By Proposition 3.4, we have

oo o0
Jlast(t7$; 231) — Z Z tn—rbrch(T)-i—lxn — Z Z xrbrCh(T)—l(tx)n—rbrch(T)-‘rl
n=lrej, n=lreg,

we can interpret this as a weighted count of dual Jacobi trees where each node on the right branch, except the
root, contributes x to the weight and all other nodes each contributes tx to the weight. From the recursive
decomposition for dual Jacobi trees (see Figure 6), we obtain

JESU(t 2;231) = ta + taGe(tr) + xGo(tx) J¥4(t, x5 231) + 22 Go(tx) J (¢, x; 231),
whence

tr + tr2Ge(tx)
1 —2Go(tz) — 22Go(tz)

JEst(t 25 231) = (15)
Since dual Jacobi trees are in bijection with (ordinary) Jacobi trees, let us now interpret Ge(z) and G, (z) as
being generating functions for the latter. Then G,(x) = 2G(z)?, because every Jacobi tree of odd size consists
of a root whose subtrees are both of even size. Substituting Go(tz) = txGe(tx)? into (15) yields the desired
formula. O
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We prove Theorem 5.6 from Proposition 5.1 by extracting coefficients from the generating function
Jast(t, ;3 231).

Proof of Theorem 5.6. We first expand the expression for .J'%(¢, x; 231) given in Proposition 5.1, with the help
of the binomial theorem, to obtain

te(l + 2Go(tz))

Jlast( 231) 1—22G, (tz) (1 + tGe(tx))

= tz(1 4 zG,(tz)) i 22 Ge(tx) (1 + tGe(ta))’

=0
— - i i+l4l,.2i
= ta(1 + 2G(tx)) ;_:0 (z) Go(tz)Hil e
Z () tac z+l+1tl+1 242 | Z () ( m)i+ltl+1x2i+1. (16)

= i,l=0

It is well known that the k-fold convolution of the sequence { L (3")} - is given by

2n+1\n
k n+k .
3n+k n n>0
see, e.g., [8, Section 3.3]. That is, we have
oo
o(tx)k = <3m + k) 2m gp2m
— m

for all k > 1. Substituting this expression, for the appropriate values of k, into (16) yields

TS (4, 23 231) = Z (z) i+1+1 (3m +i+1+ 1) A2mA ) 204 2me-2

iy l)3m+i+1+1 m
i (= m4+i+1\ , ;
t t+2m+1 21+2m+1. 17
+$+“%:_O(l>3m+i+l< m ) v (17)
410

We take the right-hand side of (17), make the substitutions n =i+ m + 1 and k =14 2m + 1 in the first sum,
and substitute n =4+ m and k =1+ 2m + 1 in the second sum to get

+k—-3m—-1/n—-m-1 n+k-—1

Jlastt 231 n tk 2n

s n;u;:o n+k—1 k—2m—1 m .
n—1

n+k—3m-—1 n—m n+k—1\ 1, oni1

DI P | T

n,k=1m=0

Extracting coefficients completes the proof. O

6. 123-avoiding Jacobi permutations

Next, we study 123-avoiding Jacobi permutations, whose enumeration is given by the following.
Theorem 6.1. For alln > 1, we have

L(n—1)/2]

in(123)= Y %1+1<n—11;— 1) (2@

k=0

These numbers appear in [20, A101785], where it is stated that the entries also count Dyck paths of semilength
n whose descents are all of odd length. We will prove Theorem 6.1 by showing that a certain bijection between
123-avoiding permutations and Dyck paths restricts to a bijection between 123-avoiding Jacobi permutations
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1 °

1 2 3 4 5 6 7
Figure 11: The Dyck path x(5762143) = UUUDDDUUUDUDDD, drawn in both ways.

and Dyck paths with all descents odd. Furthermore, we will determine the joint distribution of left-to-right
minima and ascents over J,(123) by counting these Dyck paths with respect to certain subword statistics.

n | o | 1 | 2 | 3 | 4| 5 | 6 | 7 | 8 ] 9 | 10 | 1
m(123) | 1 | 1 | 1 | 2 | 5 | 12 | 30 | 79 | 213 | 584 | 1628 | 4600

Table 13: The numbers j,(123) up to n = 11.

6.1 Dyck paths and 123-avoiding permutations

A Dyck path of semilength n is a lattice path in Z2*—consisting of 2n steps from the step set {(1,1),
(1, —1)}—which starts at the origin (0,0), ends at (2n,0), and never traverses below the z-axis. The steps
(1,1) are denoted by U and called up steps, whereas the (1, —1) are denoted by D and called down steps. Thus,
Dyck paths can be represented as words on the alphabet {U, D} subject to certain restrictions.

Let D,, denote the set of Dyck paths of semilength n. We shall define a bijection from &,,(123) to D,, for
which it will be convenient to illustrate Dyck paths as instead having steps from the step set {(0,—1),(1,0)},
beginning and ending on the antidiagonal line y = —z, and never traversing above this line. We can identify
these paths with the Dyck paths defined earlier by swapping the “south steps” (0, —1) with up steps, and the
“east steps” (1,0) with down steps. We will draw Dyck paths in this latter way (with south and east steps),
while still thinking of them using the original definition (with up and down steps).

Define x: 6,,(123) — D,, in the following way. Given 7 € &,,(123), we first draw the array of 7 (as defined
in Section 5.1). Then, x () is the Dyck path drawn from the upper-left corner to the lower-right corner of
the array which leaves all of the points (k, ) to its right but remains as close as possible to the antidiagonal.
Equivalently, if m;, > m;, > --- > m;  are the left-to-right minima of , then

X(ﬂ,) — Un+1771'1'1 DiZ*'L.l []7Ti1 —Tig Di37i2 . Uﬂ'im_l—ﬂ'im Dn+17im' (18)

See Figure 11 for an example.

A factor of a Dyck path refers to a factor (i.e., a consecutive subword) of the corresponding word. Given
a Dyck path p and a word « on the alphabet {U, D}, let occ,(p) denote the number of a-factors in p, that
is, occurrences of « as a factor of p. For example, if p is the Dyck path in Figure 11, then occyp(p) = 3 and
occypp(p) = 2.

To see why x is a bijection, first note that every 123-avoiding permutation is a shuffle™ of two decreasing
subwords: one consisting of its left-to-right minima, and one consisting of all its other letters. The U D-factors
of x(m) correspond precisely to the left-to-right minima of 7. So, given a Dyck path u, we can recover the
permutation 7 for which u = x(m) by first identifying the left-to-right minima of 7 using the UD-factors of
x(m), which then determines the rest of 7 as the remaining letters must be placed in descending order.

The bijection x is a slight modification of a bijection due to Krattenthaler [11]. Krattenthaler’s original
bijection is defined in the same way, except that the points (k, ) are to the left of the path (as opposed to
the right), and the path never goes below (as opposed to above) the antidiagonal. As such, the U D-factors
correspond to right-to-left maxima (as opposed to left-to-right minima).

**Given permutations o and 8 on disjoint sets of letters, we say that 7 is a shuffle of « and S if |7| = |a| + |3| and both « and
B are subwords of 7.
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We use our bijection y in lieu of Krattenthaler’s because there is a nice characterization of the Dyck paths
corresponding to Jacobi permutations under x. A descent in a Dyck path is a maximal consecutive subword of
down steps. For example, the Dyck path in Figure 11 has 3 descents; read from left to right, the descents have
lengths 3, 1, and 3. Notice that the permutation in Figure 11 is Jacobi, which is not a coincidence.

For convenience, we say that a descent is odd if its length is odd.

Proposition 6.1. Let m € 6,,(123). Then 7 is Jacobi if and only if x(w) has all descents odd.

Proof. Because 7 avoids 123, it is a shuffle of two decreasing subwords, one consisting of the left-to-right minima
of m, and one consisting of all other letters of m. Let m;, > m;, > --- > m; denote the left-to-right minima of
m, and let 4,11 = n+ 1. Then |pr (7, )| = ik41 — ik — 1 for all k& € [m], and |p-(z)| = 0 whenever z is not a
left-to-right minimum of 7. Thus, 7 is Jacobi if and only if g1 — 4 — 1 is even—or equivalently, i1 — if is
odd—for all k € [m], and we see from (18) that this condition is equivalent to x(7) having all descents odd. O

We are ready to prove Theorem 6.1.

Proof of Theorem 6.1. Proposition 6.1 implies that the bijection x restricts to a bijection between J,(123) and
the subset of paths in D,, with all descents odd. Since the latter is counted by > IE(:n(;l)/ 2 (7 () 120,
A101785], it follows that j,(123) is equal to this number. O

The next lemma allows us to translate left-to-right minima and ascents in 7 to occurrences of UD- and
UDD-factors of x(m).

Lemma 6.1. Let m € 6,,(123). Then:
(a) Irmin(7) = occyp(x(7)), and
(b) asc(m) = occypp(x(T)).

Proof. We have already seen why (a) is true. For (b), notice that m; < m;11 precisely when =; is a left-to-
right minimum of 7 and m;11 is not a left-to-right minimum of 7. The left-to-right minimum 7; corresponds
to a UD-factor in x(7), and the fact that the next letter is not a left-to-right minimum means that this
U D-factor is followed by another down step. Hence, each ascent of 7 corresponds to a UD D-factor of x(w).
The converse—each UD D-factor of x(m) corresponds to an ascent of m—is true by similar reasoning, and (b)
follows. O

One can also show that des(m) = occpy(x (7)) + occppp(x(7)), but it is easier to count Dyck paths by
U D D-factors than by DU- and DD D-factors simultaneously. For this reason, we will work with ascents as
opposed to descents in 123-avoiding permutations.

6.2 Left-to-right minima and ascents

So far, we have only studied distributions of individual statistics, but it turns out that we can find the joint
distribution of lrmin and asc over J,,(123) without much added difficulty. To that end, let

j(“m’“ aSC)(123) {7 € J3,(123) : Irmin(7) =i and asc(m) =k }|.

n,i,k

.(Irmin,asc)

Equivalently, Tnik (123) is the number of Dyck paths of semilength n with all descents odd and exactly 4
U D-factors and k UDD-factors.

Theorem 6.2. For all n, i, and k satisfyingn > i >k >0 and k < (n —1)/2, we have

.(Irmin,asc) 1 n+1 n+l-—k n2—z
12 _— 1
jnzk: ( 3) +1< k >( i—k k-1 (9)

if n and i have the same parity, and ](lrmm ELSC)(123) = 0 otherwise.

The Dyck path interpretation of the numbers ](lrrmn aLSC)(123) will be essential to the proof of Theorem 6.2.
We will also need to consider Dyck paths with last descent even and all other descents odd. Note that the
empty path is excluded from this family of Dyck paths since the empty path does not have a last descent, but
is vacuously a Dyck path with all descents odd.

Define the generating functions

)
P = P(s,t,x) Z Z goccun (1) goccupp (1) om0 and
D )
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Q = Q(S’ t, 1’) = Z Z SOCCUD(M)tOCCUDD(M)l-n’

n=1uen?
where ’D,gl) is the set of Dyck paths of semilength n with all descents odd, and Dg) is the set of Dyck paths of

semilength n with last descent even and all other descents odd.
Lemma 6.2. The generating function P satisfies the functional equation
P =1+szP — 2?P? + (2? + stz — s2®) P>, (20)
Proof. We first establish the system of functional equations
P=14szP+zPQ (21)
Q = stx?P? + xP(P — 1 — sz P). (22)

To do so, we will use the last return decomposition of Dyck paths: every nonempty Dyck path p can be uniquely
written in the form p = vUnD where v and n are Dyck paths.

Let p € D). The empty path contributes 1 to (21), so now assume that p is nonempty. Then p = vUnD
where v has all descents odd, and 7 is either the empty path or has all descents odd except for its last one. The
case where 7 is the empty path contributes szP to (21) as

occyp(p) =occyp(v)+1 and occypp(p) = occypp(v),

whereas if 7 is nonempty, then

occyp(p) = occyp(v) +occyp(n) and  occypp(p) = occypp(v) + occypp(n),

so this case contributes zPQ to (21). Hence, (21) holds.
To prove (22), let u € Dg). Then p = vUnD where both v and n have all descents odd and 7 is nonempty.

If n ends with a U D-factor, then
occyp () = occyp(v) + occyp(n) and  oceypp(p) = occypp(v) + occupp(n) + 1;
the generating function for these 7 is sz P, so this case provides the contribution stz?P? to (22). On the other

hand, if  does not end with a U D-factor, then

occyp(p) = oceyp(v) + occyp(n) and  oceypp(p) = occypp(v) + occypp(n);

these n have generating function P — 1 — sz P, thus accounting for the (P — 1 — sz P) term in (22). Therefore,
(22) is proven.

The desired equation is obtained by substituting (22) into (21) and performing some algebraic manipulations.

O

We now use Lemma 6.2 to prove Theorem 6.2.

Proof of Theorem 6.2. 1t follows from Lemma 6.1 that

j(lrmin,asc)(123) _ [sithn} P;

n,i,k

we will determine this coefficient using the Lagrange inversion formula [8]. In doing so, it will be helpful to
define P := x P, so that we seek the coefficient [s’t*2"+1] P. Multiplying both sides of (20) by  and performing
some algebraic manipulations gives us
— — stP3
pP= 1+ sP+——
T < + s+ 1= P2> s

so P = xR(P) if we take R(u) := 1+ su+ stu®/(1 —u?). Applying Lagrange inversion, along with the binomial

theorem and the well-known identity
1\ & (1+k-1
— - 1
(=) =x ()

stud \"1!
itk: n 1
[s u]< +su+1_u2>

yields

[sith"+1] P=—
n+1
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n+1
1 ik n+1 stu
— zt n 1 n+l—k
771—&—1[5 E ( i )(1—u2) + su)

k=0 m=0

1 . n n+ln+l—k oo n+1 n+1—k
-t 2 () (M

k=0 m=0 [=0

k=0 i=k =

k-1
-1

1

e S (L)L) Eee(
)

1 [sitkun]”“”“i n+1\ (n+1-k\[(l+k—1
Cn+1 1—k k—

> sm+ktkum+2l+3k

) Sztkuz+2l+2k )

We have j(lrmm ,asc) (123) = 0 whenever n and ¢ have opposite parity, as in that case i + 2l + 2k cannot equal n.

n,i,k

Assuming that n and i have the same parity, note that i + 21 4+ 2k = n is equivalent to I = (n — ¢ — 2k)/2, so

rmin, 1 1 1
]Szk asc)(123) <7’L-]: > (n+

n+1

7 —

)

k-1

if0<k<i<nand (n—1i—2k)/2 > 0; the latter inequality is equivalent to k < (n —14)/2.

O

The distributions of the individual statistics lrmin and asc over J,(123) are given by the following two
theorems, which can be proven by either summing (19) over ¢ or k, or by setting s = 1 or ¢ = 1 in (20) prior to

performing Lagrange inversion.

Theorem 6.3. For alln >k > 0, we have

1 n+1
-lrmin 12 _
i (A8) =225y

if n and k have the same parity, and jgﬁ?i“(w?)) =0 otherwise.

Theorem 6.4. For alln > k > 0, we have

n+1 k

n+k

2
k-1

[(n—3k)/2]
Jdb]‘i(123): 1 Z <n+1><n—k+1

=0

v)

i) (

1+ k-1
k—1

)

n\k 0 1 2 3 4 5 6 7 8
0 1
1 0 1
2 0 0 1
3 0 1 0 1
4 0 0 4 0 1
) 0 1 0 10 0 1
6 0 0 9 0 20 1
7 0 1 0 42 0 35 0 1
8 0 0 16 0 140 0 56 0 1
9 0 1 0 120 0 378 0 84 0

Table 14: The numbers jilrf{c’i“(123) up ton =9.

Unfortunately, we do not have a formula for the distribution of the last letter statistic over J, (123). Unlike
with left-to-right minima and ascents, which correspond to UD- and UD D-factors, the last letter of m does
not seem to correspond nicely to a feature of the path x(m). The value of the last letter does translate to the
height of the last U D-factor under Krattenthaler’s original bijection, which can be used to find the distribution
of last over the full avoidance class &,,(123). However, we were unable to adapt this approach to the Jacobi
permutation setting, as we do not have a simple characterization of the Dyck paths corresponding to Jacobi

permutations under Krattenthaler’s bijection.
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n\k | 0 1 2 3
0 1

1 1

2 1

3 1 1

4 1 4

5 1 11

6 1 26 | 3

7 1 57 | 21

8 1 [ 120 | 92

9 1 | 247 | 324 | 12

Table 15: The numbers j% (123) up to n = 9.

6.3 123-avoiding doubly Jacobi permutations

Recall from Section 5.2 that all permutations in J,(213), J,(231), and J,(312) are doubly Jacobi. The same is
not true for J,(123), but the doubly Jacobi permutations in J,(123) have a nice enumeration.
Define the numbers s,, by

n—1

Sn+1 = Sn + E SkSn—1—k
k=1

for all n > 0, with initial term sy = 1. The s, have been called secondary structure numbers in the literature
(e.g., in [3]), as they count certain graphs which are used to model secondary structures of RNA molecules.

Table 16: The secondary structure numbers s, up to n = 11.

An ascent of a Dyck path is a maximal consecutive subword of up steps, and an ascent is odd if it has odd
length. Another combinatorial interpretation for s,,, which we shall use for our proof of the next theorem, is
the number of Dyck paths of semilength n with every ascent and descent odd [20, A004148].

Theorem 6.5. For all n > 0, the number of doubly Jacobi permutations in J,(123) is equal to the secondary
structure number s,,.

Proof. Let m € J,(123), so that x(m) has all descents odd (Proposition 6.1). It suffices to prove that 7=! is
Jacobi if and only if x(7) has all ascents odd.

Let m;, > m, > --- > m;, be the left-to-right minima of m, so that i,, > --- > iy > i; are the left-to-right
minima of 7~ by Lemma 5.3. Also, set ip = 0 and 79 = n + 1. By the same reasoning as in the proof of
Proposition 6.1, 7=1 is Jacobi if and only if 7;, , — m;, is odd for all k € [m], but observe from (18) that this
is precisely the condition under which x () has all ascents odd. O

One can study the distributions of Irmin and asc over 123-avoiding doubly Jacobi permutations by counting
UD- and U D D-factors in Dyck paths with all ascents and descents odd, but we will not do this here.

7. 132- and 321-avoiding Jacobi permutations

The two remaining single-pattern Jacobi avoidance classes that we have yet to enumerate are J,,(132) and
Jn(321). In this section, we shall find that J,(132) = {n---21} for all n > 1, and that the permutations in
Jn(321) are alternating.

7.1 132-avoidance

Proposition 7.1. The only permutation in Js(132) is the decreasing permutation of S.

Proof. Any decreasing permutation is clearly Jacobi and 132-avoiding, so it suffices to show that any nonde-
creasing Jacobi permutation has an occurrence of 132. Let m be a nondecreasing Jacobi permutation, and let
k be its largest ascent. Then, by Lemma 2.1 (d), we know that 41 is not the last letter of 7. Since k is the
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largest ascent of 7, we have 741 > 7r4o. In addition, we have m; < mgy2 or else pr(mg) = M1 which is of
odd length. Therefore, 77T 117k12 is an occurrence of 132 in . O

Corollary 7.1. We have j,(132) =1 for allm > 0.

7.2 321-avoidance: enumeration, ascents, left-to-right minima

The theorem below completely characterizes 321-avoiding Jacobi permutations.
Theorem 7.1. Let m € G5(321), n =|S|, and y = min S.

(a) If n is even, then w is Jacobi if and only if ™ is down-up alternating.

(b) If n is odd, then 7 is Jacobi if and only if 7 is up-down alternating and m = y.

Our proof of Theorem 7.1 will require two lemmas. Together, these lemmas tell us that an even-length
321-avoiding Jacobi permutation must have its smallest letter in its second position and its largest letter in
its penultimate position, and that an odd-length 321-avoiding Jacobi permutation must begin with its smallest
letter.

Lemma 7.1. If 7 € Js(321) where |S| =2n >0, y =min S, and z = max S, then ma =y and ma,_1 = 2.

Proof. Write m = ayf3, so that a and g are 321-avoiding Jacobi permutations and S is of even length. Observe
that o cannot be empty, or else 7 = y8 would be of odd length. On the other hand, if @« = ajas - - - ay, Where
m > 2, then a;,_1a,;,y would be an occurrence of 321 in 7; see Lemma 2.1 (d). Therefore, & must have length
1, which implies mo = y. The fact that m9,_1 = z is also a consequence of Lemma 2.1 (d); 7 cannot end with
z because 7 ends with a descent, and there cannot be more than one letter in 7 after z, or else z and the last
two letters of m would form an occurrence of 321. O

We omit the proof of the next lemma because it is very similar to that of the above.
Lemma 7.2. If 7 € Js(321) where |S| =2n+1 and y = min S, then m = y.
We now prove Theorem 7.1.

Proof of Theorem 7.1. We first prove the forward direction of (a) using induction, with the base case (n = 0)
being trivial. Let m be a 321-avoiding Jacobi permutation of even length n, and suppose that the forward
direction of (a) holds for all even lengths less than n. By Lemma 7.1, 7 = my8 where 3 is a 321-avoiding Jacobi
permutation of even length. Then 3 is down-up according to the induction hypothesis, so 7 = myf is down-up
as desired.

Conversely, suppose that 7 is a 321-avoiding down-up permutation of even length. Because 7 is down-up, we
have |pr(m)| = 0 for all odd k € [n]. On the other hand, if k € [n] is even, then 7y is a right-to-left minimum of
m; otherwise, if there is a letter x appearing after m;, which is less than 7y, then 75 _ 172 would be an occurrence
of 321 in 7. Thus, pr(7g) = Tk417Tk42 - - 7y for all even k € [n], and these subwords are all of even length. It
follows that 7 is Jacobi, and we have proven (a).

To prove the forward direction of (b), let m be a 321-avoiding Jacobi permutation of odd length n. Then,
by Lemma 7.2, we have m = yf where § is a 321-avoiding Jacobi permutation of even length. Then, applying
part (a) of this theorem, we have that 8 is down-up. Hence, 7 =y is up-down.

Finally, let m be a 321-avoiding up-down permutation of odd length n with 71 = y. Also, let 8 = momg - - - T,
so that m = yB. Observe that £ is a 321-avoiding down-up permutation of even length, so £ is Jacobi by part
(a). Then pr(m) = ps(mi) is of even length for all 2 < k < n, and pr(y) = B is of even length as well. We
conclude that 7 is Jacobi. O

C = 1 <2n>
n+1\n

denote the nth Catalan number. We have the following corollary to Theorem 7.1.

Let

Corollary 7.2. For alln >0, we have j,(321) = C|;, /2]

Proof. Tt is known [23, Bijective Exercise 146] that C,, is the number of down-up permutations in &2, (321), so
Jon(321) = C,. In addition, the up-down permutations in &a,,41(321) beginning with 1 are in bijection with the
down-up permutations in &2, (321): simply remove the first letter and standardize the resulting permutation.
Thus, jon+1(321) = C,, as well. O

The next two corollaries are immediate consequences of Theorem 7.1.
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n\k 1 2 3 4 ) 6 7 8
1 1
2 1
3 0 1
4 0 1 1
) 0 0 1 1
6 0 0 1 2 2
7 0 0 0 1 2 2
8 0 0 0 1 3 ) )
9 0 0 0 0 1 3 5 5

Table 17: The numbers j123¥(321) up to n = 9.

Corollary 7.3. For alln > 1 and 7 € J2,-1(321) U J2,(321), we have asc(m) =n — 1.
Corollary 7.4. For alln > 1 and 7 € J,(321), we have
. 2, if n is even,
Irmin(7) = S
1, ifn is odd.

7.3 321-avoidance: last letter

While the distributions of asc and lrmin over J,(321) are not very interesting, it takes more work to prove the
next theorem, which gives the distribution of last over J,(321).

Theorem 7.2. For alln > 1, we have

n —

2n—k (k—1
st ”< ) ifn<k<2n-—1,
Jamk(321) = n 1
0, otherwise,

and
2n—k—|—1<k—2

]é?f—ti-l (321) = n n—1
0, otherwise.

), ifn+1<k<2n,

One may notice from Table 17 that the j52% (321) and ji*%, ; (321) are each a shifted version of the ballot
numbers By, 1, defined by

By R EL (n + ’f)

n—+1 n

for all n > &k > 0 [20, A009766].
We first state a few lemmas needed for the proof of Theorem 7.2.

Lemma 7.3. Letn > 1.
(a) If m € Jan(321), then n < ma, < 2n — 1.
(b) If m € J2n4+1(321), then n+ 1 < mwopq1 < 2n.

Proof. Every 321-avoiding permutation is a shuffle of two increasing subwords, and because 7 is down-up, the
odd-indexed letters form one increasing subword and the even-indexed letters form the other. If 7w has length
2n, then we have g, > n because mo, is the nth term of an increasing subword of length n, and we also know
from Lemma 2.1 (d) that 72, # 2n or else 7 would end with an ascent. The same reasoning holds when 7 has
odd length. O

Lemma 7.4. For alln >2 andn < k <2n — 1, we have

Jom(321) Z Jont 2 (321).
l=n—1
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Proof. Let 35‘% (321) denote the subset of permutations in J,(321) with last(r) = k. We provide a bijection

J: |_|;:;71 Jgst 5 1(321) — J54 (321). Given 7w € J§st, (321), define §() to be the permutation obtained from
7 by increasing every letter at least k by 1, and then appending the letters 2n and k to the result. For example,
if n =4 and k =5, then §(415263) = 41627385.

To see why 0 is well-defined, first recall from Theorem 7.1 (a) that 7 is down-up. By construction, ()
is necessarily a down-up permutation in s, that ends with k. Suppose to the contrary that o(w) has an
occurrence of 321. Then the last letter k£ must correspond to the “1”—i.e., there exist two letters z and y in
d(m) for which zyk is an occurrence of 321. Because z,y > k, they correspond to the letters z — 1 and y — 1 in
m, neither of which is the last letter [ of © because | < k. It follows that (x — 1)(y — 1)l is an occurrence of 321
in 7, a contradiction. Thus, 0(r) is a 321-avoiding down-up permutation, so §(x) is Jacobi by Theorem 7.1 (a),
and therefore §(r) € 5t (321).

The inverse of § is as follows: given 7 € Jlﬁffk(?)ﬂ), we remove the last two letters of m, and then decrease
every letter greater than k& by 1. The result—call it 7'—clearly remains a 321-avoiding down-up permutation.
Also, because 2n is the penultimate letter of m (Lemma 7.1), it was removed and therefore 7’ is a permutation
on the letters 1,2,...,2n — 2.

The last letter 75, _, of 7’ is at least n—1 by Lemma 7.3 (a); it remains to show that 75, _, < k—1. Suppose
instead that 75, _, > k. Since 7’ is down-up and of even length, we have 7}, _5 > 7h, 5, SO Tap_3 > Top_2.
Then 79,_3m2,_2k would be an occurrence of 321 in 7, a contradiction. Hence, 7’ € 312"1;1271(321) for some
n—1<17<k—1. Since § has a well-defined inverse, we conclude that it is a bijection. O

Lemma 7.5. Foralln>1and n+ 1<k < 2n, we have
5ty 5(321) = j5h 1 (321).

Proof. Tt is clear that the bijection from Jo,,+1(321) — J2,,(321)—removing the initial letter 1 and standardiz-
ing—decreases the value of the last letter by 1. O

We are now ready to prove Theorem 7.2.

Proof of Theorem 7.2. The ballot numbers B, j satisfy the recurrence

k
Bn,k = E anl,i
=0

for all n > 1 and 0 < k < n, along with initial term By = 1 [20, A009766]. Comparing this recurrence with
that for j§ (321) given in Lemma 7.4, we find that

. 2n—k (k-1
Jéis,tk(wl) =Bh_1k—n= ( )

n n—1

for all n > 2 and n < k < 2n — 1.1 Moreover, we know from Lemma 7.3 (a) that j;‘:ffk(?ﬁl) = 0 if k£ does not
satisfy n < k < 2n — 1.
The formula for j5% , , (321) follows from that for j3*% (321) along with Lemmas 7.3 (b) and 7.5. O

7.4 321-avoiding doubly Jacobi permutations
Finally, we prove that for all n > 0, there is exactly one doubly Jacobi permutation in J,(321).
Lemma 7.6. Let n > 1. If m € J2,(321) is doubly Jacobi, then w1 = 2.

Proof. The result clearly holds for n = 1, so assume n > 2. Let m € J2,(321) be doubly Jacobi, and suppose
for the sake of contradiction that m; # 2. By Lemma 7.1, we know that m; # 1, so m; > 3. This means that
there are at least two letters preceding 1 in 7~ !'—i.e., if 7r,;1 = 1, then £ > 3. Notice that we must have
77,;_12 > 7r,;_11 because 7! is Jacobi; otherwise, we would have p,r_l(w,;_12) = w,;_ll, which has odd length. But
then 7r,;127r1;1177,;1 is an occurrence of 321 in 7!, which is impossible because 7 being 321-avoiding means that

71 is 321-avoiding as well (Lemma 5.4). Therefore, 71 = 2. O

Proposition 7.2. If m € J2,(321) is doubly Jacobi, then

T=21®21® - @21 =2143---(2n)(2n — 1).

n copies

tIn the case of n = 1, the formula for jg:ftk(321) can be verified directly.
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Proof. We induct on n, with the base case (n = 0) being trivial. Taking n > 1, suppose that the only doubly
Jacobi permutation in Jo,-2(321) is 21 ®21 @ --- @ 21, and let # € J2,(321) be doubly Jacobi. Lemmas 7.1

n—1 copies
and 7.6 tell us that 7 = 21 @ 3 for some 8 € J2,,_2(321), which implies 7! = 21 @ =1 by Lemma 5.1. Then,
because 7! is Jacobi, we know from Lemma 2.1 (a) that 8! is also Jacobi. Hence, 3 is doubly Jacobi, and
we conclude from the induction hypothesis that

T=2104=2102l9216 - 021)=21021 - § 2L O

n—1 copies n copies

Proposition 7.3. If 7 € Jo,41(321) is doubly Jacobi, then

=10 21321 @ - ®21) = 13254--- (2n + 1)(2n).

n copies

Proof. We know from Lemma 7.2 that 7 = 1 & § for some S € J2,(321). The same reasoning used in the
previous proof shows that § is doubly Jacobi, and the result follows from Proposition 7.2. O

Corollary 7.5. For all n > 0, there exists exactly one doubly Jacobi permutation in J,(321).

Notice that 2143 ---(2n)(2n — 1) and 13254 - -- (2n + 1)(2n) are involutions, that is, they are self-inverse. In
fact, 2143 --- (2n)(2n — 1) is the only involution in Ja,(321) and 13254 - - - (2n + 1)(2n) is the only involution in
Jon+1(321), so 7 € J,,(321) is doubly Jacobi if and only if 7 = 7~1.

8. Multiple restrictions

We have, as of this point, enumerated each of the Jacobi avoidance classes J, (o) where o is a single pattern
of length 3. In this section, we shall enumerate J,, (II) for all subsets II C &3 of size at least 2. Unlike before,
we will only determine j,,(II) for each of these IT; we will not study the distribution of any statistics over these
avoidance classes.

8.1 The trivial cases 132 € II and 321 € I1

If II C &3 with [II| > 2 contains 132 or 321, then j, (II) < 1. We consider these trivial cases here before turning
our attention to more interesting results.

Proposition 8.1. If 132 € II C &g, then for all n > 3, we have

. 0, if321 €1l
1, otherwise.

Proof. Immediate from Proposition 7.1. O
Proposition 8.2. Suppose 321 € I1 C &3 and |I1] > 2.

(a) IfII contains 123, 132, or 213, then j,(II) = 0 for alln > 5.

(b) Otherwise, j,(II) =1 for each n > 0.

Proof. The case 123 € II is an immediate consequence of the Erdds—Szekeres theorem [5], whereas the case
132 € II follows from Proposition 8.1.

Suppose that 213 € II, and let 7 € J,,(II) where n > 4. If n is even, then Lemma 7.1 implies that 7o = 1,
and in fact we must have m; = n in order for 7 to avoid 213. But recall from Lemma 2.1 (d) that m ends
with a descent, so mm,_17, is an occurrence of 321 in 7w. Hence, no such 7 can exist. If n is odd, then from
Lemma 7.2, we have m = 1® 8 where 8 € J,,—1(IT). However, we had just shown that there are no permutations
in J,-1(I), as n — 1 is even. Therefore, (a) is proven.

Next, suppose that II does not contain one of 123, 132, or 213. Then because |II| > 2, we must have 231 € II
or 312 € II.

Assume that 231 € II. Let 7 € Ja,,(II) where n > 1. Again, m = 1, and to avoid 312 we must have m; = 2.
Thus, 7 = 21 @ 8 where 8 € Ja,_2(I); this gives us a bijection between Ja,, (IT) and Jo,—2(IT). On the other
hand, when 7 € Ja,—1(II), we have 7 = 1 @  where 8 € Jon—2(II). So, Jan—1(II) and Ja,,—2(II) are in bijection
as well. Consequently, jo,—2(I1) = jon—1(I) = jo, (IT) for all n > 1, and because jo(IT) = 1, we conclude that
Jn(II) =1 for all n > 0.

The result for 312 € II follows from Lemma 5.4 and Theorem 5.1, thus completing the proof of (b). O
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8.2 Double restrictions

We will now determine j,(IT) for each II C &3 of size 2 (and where 132,321 ¢ II). Our first result here will
feature an appearance of the Fibonacci numbers f,, defined by f, = fn_1 + fn—o for all n > 2 along with
fo = f1 = 1. But first, we require a preliminary lemma.

Lemma 8.1. Let n > 2. If m € J,(123,213), then either my = n, or mg =n and 73 =n — 1.

Proof. Suppose that 7 € J,,(123,213) and 71 # n. Then 7o = n, or else m1man would be an occurrence of 123
or 213 in 7. Also, we cannot have m; = n — 1, or else p,(m1) = w2 which has odd length. And if 7, =n — 1 for
some k > 4, then mimgm, would be an occurrence of 123 or 213 in 7. O

Theorem 8.1. For all n > 1, we have j,(123,213) = f,,—1.
Proof. Define ¢: J,(123,213) — J,_1(123,213) U J,,_(123,213) by

o) = {m e

MT4Ts - - - T, Otherwise.

For example, ¢(7465132) = 465132 and ¢(5762431) = 52431.

We claim that ¢ is a well-defined bijection. It is easy to see that if 7 € J,,(123,213) and m = n, then
Tomg -+ T € Jn—1(123,213). Now, suppose that 7 € J,(123,213) and m; # n. Recall from Lemma 8.1 that
7y = n and w3 = n—1, s0 ¢(7) is indeed a permutation of the set [n —2]. Moreover, we have py(r)(7r) = pr ()
for all 4 < k < n, as well as pr(m1) = n(n — 1)pg(r)(71); and because each of these p,(7) has even length, the
Pe(r) (k) all have even length as well. Therefore, ¢(m) is Jacobi (and clearly avoids 123 and 213).

The inverse of ¢ is defined by

s = if € Jn_1(123,213),
m) =
mn(n — V)momg -+ mp, i m € Jp_2(123,213);
verifying that ¢~1(m) € J3,(123,213) can be done similarly.

Since ¢ is a bijection, it follows that 7, (123, 213) satisfies the Fibonacci recurrence, and because ji(123,213)

= j»(123,213) = 1, we conclude that j,(123,213) = f,_1 for all n > 1. O

The next two Jacobi avoidance classes are counted by the quarter-squares plus 1

)

Theorem 8.2. For alln >0 and o € {231,312}, we have j,(123,0) =1+ { 1

For the proof of this theorem, it will be helpful to have the notion of an interval of a permutation 7, which
is a consecutive subword of 7 consisting of consecutive integer letters. For example, 3412 is an interval of
m = 5734126.

Proof. First, we prove the result for ¢ = 231. The formula clearly holds for n = 0, so assume that n > 1. Notice
that any nonempty 7 € J,,(123,231) is of the form m = a1 where  is a decreasing interval of even length and
« is decreasing. The choice of S completely determines «, as « must consist of the remaining letters arranged
in decreasing order; thus, it suffices to count the choices for 3.

The length of 8 can be any nonnegative even integer 2k up to n — 1, and assuming that |3| = 2k > 0, there
are n — 2k choices for the first letter 8 of 8. Because  is a decreasing interval, the choice of 8 completely
determines (3, so there are 1 + EL =1/ 2J( — 2k) choices for 8. A routine argument shows that

L(nimn—zk {(n—l) J;

=1

this completes the proof for o = 231.
The result for o = 312 follows from Lemma 5.4 and Theorem 5.1. O

Lastly, we consider three Jacobi avoidance classes which are enumerated by (repeated) powers of 2.

Theorem 8.3. For alln > 1 and o € {231,312}, we have j,(213,0) = 2L(2=1)/2],
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Proof. We take o0 = 312; the result for o = 231 will follow from Lemma 5.4 and Theorem 5.1.

Let m € J,(213,312) be nonempty. Then 1 is either the first letter of 7 or the last letter of 7, so either
T=a81lorm =160, where o and 3 are Jacobi permutations that avoid 213 and 312, and g is of even length.
When n > 3 is odd, this gives us a 1-to-2 map from J,,_1(213,312) to J,(213,312). On the other hand, we
cannot have m = 1@ 8 when n > 2 is even, so in this case J,—1(213,312) and J,(213,312) are in bijection. In
summary, we have
2j,-1(213,312), if n >3 is odd,

1(213,312) = { , !
n ) {jn_1(213,312), if n > 2 is even,

which along with j;(213,312) = 1 implies j,(213,312) = 2L»=D/2] for all n > 1. O
Theorem 8.4. For alln > 1, we have j,(231,312) = 2L(»=1)/2],

Proof. Let m € J,(231,312) be nonempty. Then we can write 7 = al1f where « is of the form k(k —1)---2
and ( is a Jacobi permutation of even length on the letters k + 1,k + 2,...,n that avoids 231 and 312. Taking
Jo =307 j2an(231,312)2%", we thus have the equation

T
Jo =1+ ——=J,
+1—:1:2
which leads to
o n12n
Jo=1+ 1_22 1+E 2

n=1

Furthermore, if J, := Y o | jon—1(231,312)z*" !, then

x
J: J 2n12n1
C 1 —a2 1—29:2 Z

Adding these expressions for J, and J, gives us

Z]" (231, 312)z _1+22n 1p2n 4 Z2n 1,201 1+§:2L("71)/2Jx”,

n=0 n=1

and comparing coefficients completes the proof. O

8.3 Triple and quadruple restrictions

We end this section by stating several results for J,, (II) where [II| = 3 or |II| = 4. Together with the results
presented earlier, these complete the enumeration of J,, (II) over all subsets II C &s.

Theorem 8.5. For alln > 1 and o € {231,312}, we have j,(123,213,0) = [n/2].

Proof. We prove the result for 0 = 312. As before, the result for 0 = 231 will then follow from Lemma 5.4 and
Theorem 5.1.

Let m € J,(123,213,312) with n > 2. Then 1 is either the first letter of 7 or the last letter of m, so either
7 =a61 where a € J,-1(123,213,312), or 7 = 1In(n— 1) - - - 2; the latter is only possible when n is odd. Thus,
we have
Jn—1(123,213,312), if n is even,
jn_1(123,213,312) + 1, if n is odd.

Because j1(123,213,312) = 1, the result follows. O

jn(123,213,312) = {

Theorem 8.6. For alln > 1, we have j,(123,231,312) = [n/2].

Proof. Let 7 € J,(123,231,312) be nonempty. Recall from the proof of Theorem 8.2 that 7 = 18 where ( is a
decreasing interval of even length and « is decreasing, but since 7 also avoids 312 here, 8 must either be empty
or begin with n. Adapting that proof accordingly, we have 1+ |(n — 1)/2] = [n/2] choices for §, which again
completely determines 7. O

Theorem 8.7. For alln > 2, we have

1 .
jn(213,231,312) = j, (123, 213,231,312) = { 7 even
2, ifn is odd.

Proof. The proof is the same as that of Theorem 8.3, except that when n is even, 7 is forced to be 7 =n---21
as we are now requiring 7 to avoid 231. Hence, there is only one Jacobi permutation of length n avoiding the
prescribed patterns for each even n > 2, and twice as many for each subsequent odd n. O
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9. Future directions for research

To summarize, our work provides the first in-depth study of Jacobi permutations since their introduction by
Viennot. We achieved a complete enumeration of the Jacobi avoidance classes J,,(IT) where II ranges over all
subsets of &3, and we have also studied the distribution of several statistics—the number of ascents/descents,
the number of left-to-right minima, and the last letter—over the single-pattern avoidance classes and as well as
the full set J,,.

Among those that we considered, the only distribution that eluded us was that of last over J,(123), so we
leave this as an open problem.

Problem 9.1. Determine the distribution of last over J,(123).

Along the way, we discovered that all permutations in J,(213), J,(231), and J,,(312) are doubly Jacobi,
which led us to investigate doubly Jacobi permutations in the other single-pattern avoidance classes. However,
we did not enumerate doubly Jacobi permutations in J,, (without pattern avoidance restrictions).

Problem 9.2. Enumerate doubly Jacobi permutations in J,.

Doubly alternating permutations, which motivated our notion of doubly Jacobi permutations, were also first
studied with pattern avoidance restrictions [10,18]. The enumeration of all doubly alternating permutations in
GS,, was obtained later by Stanley [21] using symmetric function theory. Stanley’s proof relies on the fact that
whether a permutation is alternating is completely determined by its descent set. Since the Jacobi property is
not determined by the descent set, Stanley’s approach is inapplicable to our setting.

Given a permutation 7 of length at least 2, define cpen(7) to be the penultimate (second-to-last) letter of
the complement of 7. For example, the complement of © = 263154 is 7¢ = 514623, so cpen(7) = 2. Recall from
Theorem 2.3 that the distribution of last over J,, is given by the Entringer numbers. We conjecture that the
same is true for cpen.

Conjecture 9.1. For alln > 2 and k > 1, we have jff]f“ = Ey k-

Furthermore, empirical evidence suggests the following conjecture about the joint distribution of cpen and

last over J,,. Let
-(cpen,last) |
n,i,k .

= {7 € J, :cpen(r) =i and last(m) =k }|.

Conjecture 9.2. For alln >3 and i,k > 1, we have jgﬁfin’la“) = FEn 1 mnt1—i—k-

In particular, Conjecture 9.2 implies that cpen and last have a symmetric joint distribution over J,,.

Recall from Corollary 2.1 and Theorem 2.3 that the distribution of asc over J,, is equal to that of des over
the set 2, of André permutations, and also that the distribution of last over J, is equal to the distribution of
first over 2A,,. Our next conjecture asserts that the joint distribution of (asc,last) over J, is equal to that of
(des, first) over 21,,. Let

'T(f:fk’la“) = {7 €3Jn:asc(nr) =i and last(r) =k }| and
af)fj;ﬁrsﬂ = {7 e, :des(r) =i and first(r) =k }|.

(asc,last) _ (des,first)
n,i,k - Y'n,,k :

Conjecture 9.3. Foralln>1,7>0, and k > 1, we have j

One might call this conjecturally-shared joint distribution the André-Entringer distribution, since it simul-
taneously refines the distributions given by the André polynomials and the Entringer numbers. To the best of
our knowledge, the André-Entringer distribution has not appeared in the literature, which leads us to pose the
following.

Problem 9.3. Find a formula for computing the André—Entringer distribution.

Finally, motivated by the various notions of “r-alternating permutation” in the literature,*f we propose a
notion of “r-Jacobi permutation”. Given a positive integer r, we say that a permutation 7 € &g is r-Jacobi if
|or ()| is divisible by r for each z € S. Notice that all permutations are 1-Jacobi, and 2-Jacobi permutations
are precisely the Jacobi permutations.

Let jy(f) denote the number of r-Jacobi permutations in &,,; see Table 18. The jff) can be thought of as
generalizing the Euler numbers. We believe that r-Jacobi permutations and the generalized Euler numbers jr(f)
are worthy of study.

Acknowledgments. We thank Bernard Deconinck for helpful e-mail correspondence. The authors were
partially supported by NSF grant DMS-2316181.

HSee, for example, Mendes-Remmel [16, p. 126] and Stanley [22, p. 17].
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r\n 1 2 3 4 5 6 7 8 9
1 1 2 6 24 120 720 5040 40320 362880
2 1 1 2 5 16 61 272 1385 7936
3 1 1 1 2 6 16 52 234 1018
4 1 1 1 1 7 22 57 184
5 1 1 1 1 1 2 8 29 85

Table 18: The numbers j,(f) uptor =5and n =29.
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