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ABSTRACT: We present a combinatorial study of multicompositions, an extension of the classical notion of
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1. Introduction

A composition of a positive integer n is a sequence of positive integers, called parts, that sum to n. For example,
the compositions of 4 are

(4), (3,1), (2,2), (2,1,1), (1,3), (1,2,1), (1,1,2), (1,1,1,1).

For more information on compositions, see the monograph of Heubach and Mansour [11].

In 2007, Andrews [2] introduced a generalization of compositions called k-compositions where each part can
appear in one of k different colors except that the last part must have color 1. He was interested in the prime
factorizations of the number of k-compositions of n with relatively prime parts.

In 2019, Ouvry and Polychronakos [18] introduced the concept of g-compositions in the context of closed
lattice random walks that enclose a given area. A g-composition generalizes the concept of composition by
allowing both positive integer and zero parts, subject to the condition that at most g — 2 consecutive zeros may
appear between positive parts. In 2021, the first named author and Ouvry [13] proved that k-compositions of
Andrews are in bijection with g-compositions, with g = k+ 1. Recently, Dastidar and Wallner [7] have explored
new connections between these objects and Dyck paths.

Here, we use the Ouvry-Polychronakos interpretation with Andrews’s indexing: Let C*(n) denote the set
of compositions of n such that at most & — 1 consecutive zeros may appear between positive parts and c*(n) =
|C*(n)|. In general, the elements of C*(n) are called multicompositions. Hopkins and Ouvry enumerated several
statistics on multicompositions, such as the number of parts, the number of positive parts, and the number of
zeros. They also studied multicompositions with parts restricted to particular sets.

In this paper, we determine various multicomposition statistics by means of regular languages (reviewed in
§2), automata, and Riordan arrays (both discussed in §4), providing the first application of these tools to the
topic. We use generating functions to derive explicit combinatorial formulas for the corresponding counting
sequences, along with some combinatorial proofs. Additionally, we extend and generalize many of the results of
Hopkins and Ouvry [13].
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2. Preliminaries of formal languages

First, we recall some terminology and notation, mostly from Sipser [23]. Let ¥ be an alphabet whose elements
are called symbols. A word over X is a finite sequence of symbols from . The set of all words over ¥ is denoted
by ¥*. Each subset of ¥* is called a formal language over ¥. For any word w € ¥*, let |w| denote its length,
which is the number of symbols occurring in w. The unique word of length zero is denoted by € and is called
the empty word.

Let L, L1, and Lo be languages over ¥. We define the union, concatenation, and Kleene star of languages
as follows:

e [1ULy={w]|wé€Ljorwe Ly},
o [1Ly,= {w1w2 | w1 € Ly, ws ELQ},
. L*:UiZOLi:{alagu'ak|k20&nd each a; € L}.

Now, we describe an important family of languages that are closed under the above operations, called regular
languages. A regular expression over ¥ is any word obtained inductively from the alphabet X U {0, ¢, +, -, *} in
the following manner:

e (¢, and a, for a in X, are all regular expressions;
e if o and B are regular expressions, then (o + ), (a - ), and a* are regular expressions.

For example, (1+01)*00(0+1)* is a regular expression. Every regular expression « over X represents a language
of ¥*, denoted by L(«), according to the following:

o L(0)=10, L(ec)={e}, and L(a) = {a} for all a in 3;

e if a and 3 are regular expressions, then L((a+ 3)) = L(a) UL(B), L((a - B)) = L(a)L(B), and L(a*) =
La)*.

For example, it is possible to verify that
L£((1+01)*00(0+1)") = {w € {0,1}" | w has at least one pair of consecutive zeros}.

A language L is called regular if there exists a regular expression « such that L(«) = L.

The ordinary generating function Hp(z) = Y. " hpa™ with h, = [{w € L | |w| = n}| corresponds to a
formal language L, that is, the n-th coeflicient h,, gives the number of words in L with length n. The procedure
for finding the ordinary generating function corresponding to a regular language (and, more generally, to a
context-free language) is known as the Chomsky—Schiitzenberger methodology [5,9,10]. The idea behind this
procedure is to translate an unambiguous regular expression « into a generating function, denoted by H,(x),
following these rules:

e H(r)=1and H,(x) =z for all ¢ in X;

e if o and 3 are regular expressions, then H,44)(2) = Ho(x) + Hg(z), Hio.p) = Ho(x)Hp(z), and Hy- =
1/(1 = Ho(x)) (e ¢ L()).
The generating function of any regular language is a rational function. For example, if v = (1+01)*00(0+1)*,
then the generating function of the regular language £(7) is

372

@) = T o~ 2@ )"

where F, is the n-th Fibonacci number. This means that there are 2" — F, o words in £(7) of length n [17,
A008466]. We can also enumerate additional parameters over the regular expressions. For example, if we
denote by |w|; the number of ones in the word w, then the bivariate generating function of the words in
v = (1+01)*00(0+1)* with respect to the length and the number of ones is

$2

(1—ay—a22y)(1 —z —zy)

H’Y(xvy) =

Expanding the first few terms gives
Hy(z,y) = & + (14 2y)2° + (14 4y + 3y®)z* + (1 + 5y + 9y° + 4y°)2° + O(2°)
where the words corresponding to the bold expression are

0000, 1000,0100,0010,0001, 1100, 1001, 0011 .
~—~—

1 4y 3y2
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3. The regular language of multicompositions

Let U denote the set of all nonempty words composed of positive integers. It is clear that U is a regular language
associated with the integer compositions. For example, the composition (3,5, 3,12) corresponds to the word
3-5-3-12€U”.
Multicompositions can be considered as words in the regular language associated with the regular expression
My =U-((e+0+ - +01).u)". (1)
For example, elements in M include

{1,2,3,...,11,101,102,103,...,21,201,202, 203, ... }.

Given a multicomposition w, denote by |w| the total sum of the parts in w, by |w|y the number of zeros in
w, and by |w|y the total number of positive parts in w. Let F*(z,y,2) be the multivariate generating function

by, =S Z pholyhwlo wly
n>1weCk(n

Let Hy(z,y, z) be the multivariate generating function of the regular expression v with respect to the above
parameters, that is,

H,(z,y, 2 Z x\w\ [wlo lwl+
weL(y)
For example, for U, we have
(z,y,2 Zx z=
i>1

It is clear that F*(z,y, 2) = Hum, (2,9, 2).

Theorem 3.1. The generating function F*(x,y, z) is

z(1 - y)z
1—y—z(1—y+2z—ykz)’

k>1.

F¥(x,y,2) =

Proof. From the regular expression in (1), we obtain the generating function

1

H = H;
Mk(x7y7 Z) u(ﬂ?, Y, Z) 1— H(5+0+4..+0k71)($,y, z)Hu(x,y, Z)

1
;x : (Zfz_ol yz) (2@1 ﬂz)

Tz 1

1—2 1_ 1—yk xz
11—y 1—x

ey -
l—y—az(l-—y+z—ykz)

The series expansion of the generating function F?(x,y, 2) is
F2(z,y,2) = zx 4+ (2 + 2% + y22)2? + (2 + 222 4 2y2? + 2% 4 2y2% 4+ y222)23
+ (2 + 322 + 3y2? + 323 4 6y2° 4+ 3y22% + 2% 4 3yt 4 322t + 32Nt + O(a)
where the words corresponding to the bold expression are

3 ,21,12, 201,102, 111, 1101,1011, 10101.
M e~ e YT e —— T

z 222 2922 23 2yz3 y2z3
From Theorem 3.1, we can derive several known results about multicompositions (cf. [2,13]).

Corollary 3.1. The generating function for c*(n), the number of multicompositions of n, is

Fh(z.1.1) = Fp)a" = — 2 k>
(z,1,1) ;“”)x 1-(k+ Dz =~

Moreover, cf(n) = (k+ 1)"*
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Let c*(n,?) be the number of multicompositions of n with ¢ parts, including the zero summands. The
generalized binomial coefficient (7) . is defined as the coefficient of x* in the expansion of (1+z+22+- - +2%)",

which we denote [z¢](1 + = + 22 + --- + 2%)"; Moghaddamfar et al. have given a linear algebra treatment of
these coefficients [16].

Corollary 3.2 (Proposition 4 [13]). The bivariate generating function for c*(n, () is

Fz,y,y) = ) F(n, "y’

n,£>1
:Zy(l_"_y_'_yZ_i_._._"_yk)n—lmn
n>1
zy(l—y)

T 1oy a(l -y

and c*(n,l) = (Tg:ll)k Moreover, the generating function for the total number of parts in C*(n) is

S bk, pa = 2@ :0)

0
n>16>1 Yy

(2 (2—-k)(k+1)x)
21— (1+k)x)2

y=1

For example, since
C?(3) = {3,21,201,12,102,111,1101, 1011, 10101}, (2)

the total number of parts is 27. In Table 1, we show the first few values for the total number of parts in C*(n)
along with matches in [17].

E\n | 1 3 4 ) 6 7 8 9 10 OEIS
1 1 3 8§ 20 48 112 256 576 1280 2816 | A001792
2 1 6 27 108 405 1458 5103 17496 59049 196830 | A027471
3 1 10 64 352 1792 8704 40960 188416 851968 3801088
4 1 15 125 875 5625 34375 203125 1171875 6640625 37109375 | A171220

Table 1: Total number of parts in C*(n) for small k and n.

3.1 The total number of parts

Let tc¥(n) be the total number of parts in C*(n). From Corollaries 3.1 and 3.2, we have

. nk—k+1 . nk—k+1 n—1
tc®(n) = ;::1 L (n,l) = Z E(€_1>k.

=1
In the following corollary, we give another formula for this count.

Corollary 3.3. Forn,k > 1, we have

tck(n) = (1 + g(n — 1)) (k+ 1)L,

Proof. From Corollary 3.2 we have

2—2-k)(k+1Dax)
21— (14 k)x)?

1

= Z[gn (2 — x £+l
=5l ]on(z (2= k)(k+ D)t +1)(k+1)

et (n) = [a" 2

= (k1) = 22 R) 1) - 1)
= (1 + g(n— 1)) (k+1)" L. O

We can conclude the following combinatorial formula:

nki+1£<z_ll)k = (1 + g(n— 1)) (b + 1)1,

{=1
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3.2 Positive parts and zeros
Let c* (n, ¢) be the number of k-compositions of n with ¢ positive parts.

Corollary 3.4. The bivariate generating function for ci(n, 0) is

F¥(z,1,2) = Z  (n, 0)z"2" =

n,>1

Tz
1—(1+4kz)x

and & (n, ) = (?:ll)kf_l. Moreover, if tck (n) denotes the total number of positive parts in C*(n), then

n  OFF(2,1,2) (=2
gtci(n)x - a— . = 4(1 — 0t Do)
and tch (n) = (14 k)" "2(1 + nk).

For example, from (2), we have tc% (3) = 21. In Table 2, we show the first few values for the total number
of positive parts in C* (n). Notice that the last two sequences in this table do not have any combinatorial
interpretation in [17].

E\n |1 2 4 5 6 7 8 9 10 OEIS
1 1 3 8 20 48 112 256 576 1280 2816 | A001792
2 1 5 21 8 297 10563 3645 12393 41553 137781 | A081038
3 1 7 40 208 1024 4864 22528 102400 458752 2031616 | A081039
4 1 9 65 425 2625 15625 90625 515625 2890625 16015625 | A081040

Table 2: Total number of positive parts in C*(n) for small k and n.

Notice that, from Corollary 3.4, we obtain the combinatorial identity

. k . n—1\ , n—2
;€c+(n,€) ;EQ_l)k (1+k)""2(1 + nk)

Let cf(n,¢) be the number of k-compositions of n with £ zeros.

Corollary 3.5. The bivariate generating function for ck(n,t) is

k _ k n, £ __
F (x7y71)_zzc()(na€)x Yy = l—y—

n>10>0

z(1 —y)
(2 (y+yk)

Moreover, if tck(n) denotes the total number of zeros in C*(n), then

OF*(x,y,1) (k —1)ka?
¢ k n _ s Y _
Z ol dy 2(1— (k+ D)a)?

y=1

and tcf(n) = 2k(k —1)(k +1)""2(n —1).

For example, from (2), we have tc2(3) = 6. In Table 3, we show the first few values for the total number of
zero parts in C*(n) for small k > 2 (as standard compositions, the k = 1 case, have no zeros). Our combinatorial
interpretation is new for all of the corresponding OEIS sequences [17].

E\n|1 2 3 4 ) 6 7 8 9 10 OEIS
2 0 1 6 27 108 405 1458 5103 17496 59049 | A027471
3 0 3 24 144 768 3840 18432 86016 393216 1769472 | A212698
4 0 6 60 450 3000 18750 112500 656250 3750000 21093750 | A269760

Table 3: Total number of zero parts in C*(n) for small k and n.
In Tables 1-3, notice that one sequence is repeated: A027471 gives both the total number of parts in C?(n)

and, with offset 1, the total number of zeros in C?(n + 1). This follows from the corollaries, but we also provide
the following combinatorial proof.

ECA 6:4 (2026) Article #S2R28 5
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Proposition 3.1. The total number of parts in C?(n) equals the total number of zeros in C?(n + 1).

Proof. We establish a bijection between the parts in C?(n) and the zeros in C?(n + 1). For a positive part r
in a 2-composition of n, replace it with the parts r01, keeping the rest of the composition intact, to produce
a zero in a 2-composition of n + 1. A zero in a 2-composition of n must be followed by a positive integer, say
¢: Replace 0¢ by 0(¢ + 1), keeping the rest of the composition intact, to produce a zero in a 2-composition of
n + 1. The map is easily reversed. O

As an example of the bijection, here is the correspondence between the six parts of C%(2) and the six zeros

in C%(3):
24201, 11+ 1011, 11+« 1101,
101 +—» 10101, 101 +— 102, 101 +— 10101.
In the correspondence between the parts of C2(3) and the zeros of C?(4), it is interesting that the two zeros of
101101 come from different 2-compositions, namely 1101 and 1011.
3.3 The total number of a given part
Given a multicomposition w, we denote by |w|, the number of times p occurs as a part in w. Let G’; (z,y) be
the bivariate generating function
o= 5 oy
n>1weCk(n)
Theorem 3.2. The generating function G’;(m,y) is

z—zP(1—z)(1—y)
1-(1+k)x+ker(l—2)(1—vy)’

k
Gp(x,y) = E>1, p>1.

Moreover, the generating function for the total number of parts p in C*(n) is

Gk (x,y) (- x)%aP 3)
Ay » (1= (k+1)x)?
Proof. From the regular expression given in (1),
p—1 1
Gr(z,y) = in+yxp+ Z !
p\ls 1 N
i=1 ispr1 ) 1—k (Zf:f Ty + Y s 1”)

and the results follow by geometric series. O

Let c’;(n, ¢) denote the number of k-compositions of n with ¢ parts p. In Table 4, we give particular values
for 1 < k,p < 3. There are OEIS matches for the &k = 1 arrays A105422, A105114, A218796, respectively, and
the k =2, p = 2 array A120924.

Corollary 3.6. The values c’;(n,ﬁ) satisfy the following recurrence relations:
o form>p+1andl >0,
cllf(n,é) =(k+ l)cﬁ(n —-1,0) — kcllf(n —p,f)+ k:c!’f(n —p, L —1)
+kc];(n—pf 1,0) — kclg(n—pf 1,0-1),
e form=p+1andl >0,

ch(n, 0) = (k+1)ck(n —1,0) — kép1 + kdo 2 + a(l),

o form=pand{ >0,
k _ k
cp(n, &) = (k+1)c,(n —1,€) — a(f),

o for2<n<pand{>0,
ch(n, €)= (k+1)"""5,,,

e forn=1andp>1, c’;(l,f) = d¢,0, and

ECA 6:4 (2026) Article #S2R28 6
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k\p 1 2 3
0 1 1 1
1 1 0 1 1 1 2
1 2 0 1 2 2 3 1
2 2 3 0 4 3 1 6
3 ) 3 4 0 1 7 6 3 11 5
) 8 9 4 5 0 1 12 13 6 1 21 10 1
0 1 1 1
2 1 0 2 2 1 3
1 4 0 4 5 4 8 1
3 4 12 0 8 13 12 2 23 4
5 16 12 32 0 16 33 36 12 65 16
11 28 60 32 80 0 32 83 108 48 4| 185 56 2
0 1 1 1
3 1 0 3 3 1 4
1 6 0 9 10 6 15
4 6 27 0 27 34 27 3 58
7 33 27 108 0 81 115 114 27 223 33
19 60 189 108 405 0 243 | 388 465 162 9 | 89 162 3

Table 4: Values of c’;(n,f) for small &, ¢, n,p.

o forn=1andp=1, cf(1,0) =61
where a(0) = 1,a(1) = =1 and a(€) = 0 for £ > 2, and d, i is the Kronecker delta.

Proof. From Theorem 3.2, we have the functional equation
k k k _
Gp(xa y) - (k + 1)pr($7y) + kzp(]' - .’JS')(]. - y)Gp(xvy) =T = xp(]' - fﬂ)(l - y)a
and the result follows from comparing coefficients of z"y". O

Note that among the OEIS matches, only the k = p = 1 array A105422 includes a recurrence of the type
given by Corollary 3.6.
Let tc’; (n) be the total number of parts equal to p in the compositions in C*(n).

Corollary 3.7. The sequence tcf(n) is

0 ifn <p,

1 ) =
tcl;(n) = z.fn _p,

2k fn=p+1,

k(k+1)" P22+ k(l+n—p), ifn>p+2.
Proof. From (3), we have

(1 —x)%aP
(1—(k+1)x)?

=" - 2w +2%) ) <Z " 1) (k+1)'a'

c (3
>0

=" )1 =22 +27) Y (i +1)(k+ 1),
i>0

and the result follows from comparing coefficients. O

ECA 6:4 (2026) Article #S2R28 7
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4. Riordan arrays and restricted multicompositions

In this section, we study multicompositions where the parts are restricted to an ordered nonempty set A =
{a1,az2,...} CZ*. The set of k-compositions of n with parts in A is denoted by Cfl(n) and its cardinality by
c’jl (n). In this context, multicompositions can be regarded as words in the regular language associated with the
regular expression

ME = A ((e+0+--+0" 1) A)".

Let F ff‘(x, Yy, z) be the multivariate generating function

Y% alvlglvio gl

n2lweCk (n)

It follows that ,

22 icA®
1—230 50 ¥ Yiea s’
Observe that if A = U, the generating function reduces to the expression given in Theorem 3.1.

We now give some background of Riordan arrays; see also the recent survey article by Davenport et al. [8].
Riordan arrays, introduced in 1991 by Shapiro et al. [22], are infinite lower triangular matrices characterized
by their columns. Specifically, the kth column of a Riordan array is generated by the generating function
g(z) (f(x))" for k > 0 where g(z) and f(z) are formal power series satisfying g(0) # 0, f(0) = 0, and f(0) # 0
(where f/(x) is the formal derivative of f(z)). A Riordan array is denoted by the pair (g(z), f(z)). When a
Riordan array (g(z), f(z)) acts on a column vector (cg,cy,...)T with generating function h(z), the resulting
column vector has generating function g(z)h(f(x)). This property is known as the fundamental theorem of
Riordan arrays or the summation property.

The product of two Riordan arrays, (g(x), f(z)) and (h(z), j(x)), is defined as

(9(x), f(2)) * (W), j(z)) = (9(z)h (f (), j(f(2)))- ()
Under this operation, Riordan arrays form a group [22]. The identity element in this group is I = (1,z), and
the inverse of (g(x), f(z)) is _ _
(9(x), f(x))™ = (1/ (9 f) (2), f(2))

where f(r) represents the compositional inverse of f(x).
Let c¥ (n,€) be the number of k-compositions of n with ¢ positive parts in A. Clearly, >,_, c¥ (n, ) = c&(n).
Consider the matrix

k> 1. (4)

Fh(z,y,2) =

Ry = [i(n+1,041)]

where the (n, f) entry corresponds to the number of k-compositions of n + 1 with ¢ 4+ 1 parts in .A.

n, >0

Theorem 4.1. If 1 € A, then for any positive integer k, the matrix Rﬁ\ is a Riordan array

Rﬁt = <Zzi1,kx2xi1> .

i€ A €A
Proof. Let Ty(z) = ano ¥ (n+ 1,4 1)z" be the generating function for the k-compositions of n + 1 with

exactly £ 4 1 positive parts in A. It is clear that To(z) = >, 4 @'~ ' and, since 1 € A, we have Ty(0) # 0. For
¢ > 0, there are £ 4+ 1 positive parts, and between them there are at most k — 1 zeros. Therefore,

41
Ty(z) = (kx)* (Z xi_1> .

i€ A
Using the definition of a Riordan array, we obtain the desired result. O

Among the combinatorial applications of Riordan arrays, the row sums and diagonal sums of an array can
be derived from (g(z), f(z)), as we see now in our example. If 1 € A, then from the summation property, the
generating function for the row sum of the matrix T\’,fi‘ is

ZiGAxi_l — Ff\(l‘,l,l)
L—kx) ezt x

Let d* (n) denote the diagonal sum of the matrix RY, namely

di(n) =Y ci(n—(i—1),4).

i>1

ECA 6:4 (2026) Article #S2R28 8
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Corollary 4.1. If1 € A, then for any positive integer k, the generating function for dﬁl(n) 18

k n __ EiEA xi
Z dj(n)z" = 1= ka?y, '

n>1

Proof. The diagonals of the Riordan array Rﬁ correspond to the rows of the Riordan array
Th = <Z A Z xi_1> .
ic A icA

By multiplying the right-hand side of this equation by the vector (1,1,1,...)T, whose generating function is
1/(1 — z), and applying the summation property, the resulting vector has generating function

1 > xi
ko ieA k
7A<1 m) 1 km2z g g cAn+1 i,i+ x E d’) O

n>0:>0 n>0

4.1 Restricting to consecutive small parts

Let C%_(n) denote the set of k-compositions of n with positive parts restricted to As = {1,...,s}. From (4),
the corresponding multivariate generating function is

ZZf L7
1_221 Oy Zz 1xl

Let cl%s(n) = c4,(n) denote the number of k-compositions of n with parts restricted to A;. The generating
function of this counting sequence can be expressed as

(1 — %)
FA (z,1,1) = ;C<é 1—(1+k)x—|—kx3+1'

Fi (2,y,2) = k> 1.

Table 5 provides examples of the sequence c& _(n) for 2 < s < 5. In this and subsequent tables, we refer to

well-known sequences by name rather than OEIS sequence number [17], such as tribonacci numbers A000073
and the Narayana’s cows sequence A000930.

sequence\n | 1 2 3 4 6 7 8 9 10 OEIS

ct,(n) 1 2 3 5 8 13 21 34 55 89 | Fibonacci
czg (n) 1 2 4 7 13 24 44 81 149 274 | tribonacci
c£4(n) 1 2 4 8 15 29 56 108 208 401 | tetranacci
clyn) |1 2 4 8 16 31 61 120 236 464 | pentanacci
Z,n) |1 3 8 22 60 164 448 1224 3344 9136 | A028859
02;3(71) 1 3 9 26 76 222 648 1892 5524 16128 | A119826
0224(71) 1 3 9 27 80 238 708 2106 6264 18632 | A209239
Z;m) |1 3 9 27 81 242 724 2166 6480 19386

2, (n) 1 4 15 57 216 819 31056 11772 44631 169209 | A125145
cig(n) 1 4 16 63 249 984 3888 15363 60705 239868 | A282310
03;4(71) 1 4 16 64 255 1017 4056 16176 64512 257283

) |1 4 16 64 256 1023 4080 16344 65328 261120

ct,(n) 1 5 24 116 560 2704 13056 63040 304384 1469696 | A086347
cig(n) 1 5 25 124 616 3060 15200 75504 375056 1863040

c£4(n) 1 5 25 125 624 3116 15560 77700 388000 1937504

c£5(n) 1 5 256 125 625 3124 15616 78060 390200 1950500

Table 5: Total number of compositions in C’f‘S (n) for small k,n, s.

From the information proved in the OEIS for the sequences in Table 5, we can give the following alternative

combinatorial interpretation for the sequence c& _(n) using deterministic finite automata.
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Following [19], a deterministic finite automaton (DFA) can be considered as a directed graph with states
represented by circles. One state is designated as the initial state, marked by an incoming arrow, while some
states are identified as final states, represented by double circles. Each edge in the graph is labeled with a
symbol from a given alphabet. A word is accepted or recognized by the automaton if there is a path starting
from the initial state and following the labeled edges that corresponds to the sequence of symbols in the word,
ending at a final state.

Theorem 4.2. The sequence ¢ (n+1) gives the number of words of length n over the alphabet ¥y, = {0, ..., k}
that avoid the subword 0°. B

This result follows from a bijection described in [13, Prop. 2], which we outline here for completeness.

Combinatorial proof. Each multicomposition contributing to the count 0}28 (n+1) can be considered as follows:
Given a length n + 1 board, there are n junctures that connect or separate the squares on either side. Working
left to right, write J if the pair of squares are joined as part of a longer part and write S,, if the two squares
belong to different parts and are separated by m — 1 zeros. Note that 1 < m < k since we are working with
k-compositions.

The conversion to words over the alphabet > is then J — 0 and S, — m. By the restriction on parts, the
longest possible string of zeros is 0°~! coming from a part s. The correspondence is clearly reversible. O

Proof using an automaton. From the description of the language, it is not difficult to show that
L* = {w € &} | w avoids the subword 0°}

satisfies L¥ = L(M ;) where M j, is the automaton defined in Figure 1.

Figure 1: Transition diagram of M j.

For each state ¢; of My, let L;(x) be the generating function that counts accepted words by length when
¢; serves as the initial state (with the same set of accepting states as in M ).
The automaton M, ;. gives rise to the following system of equations for the associated generating functions:

Lo(x) = kxLo(x) + L (z) + 1,

Li(z) = kxLo(z) + xLa(x) 4+ 1,
Lo(z) = kxLo(x) + xLs(x) + 1,

Lg_o(x) = kxLo(x) + Ls—1(x) + 1,
Lg_q(x) = kxLo(x) + 1.

The augmented matrix for this system is

[1—ke —xz O o --- 0 0 1
—kx 1 - 0 - 0 0 1
—kx 0 1 -z --- 0 0 1
—kx 0 0 0o -+ 1 —2z 1

| —kx 0 0 o --- 0 1 1
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which, by Gaussian elimination, gives

1—2x°
L — —_ k ] n—1
o(@) 1— (1 +k)z + kas+l ;;%me :

and the result follows by comparing coefficients. O

Table 6 gives the first few words accepted by the automaton My 3 defined by the transition graph in Figure

1.
length | words count
0 € 1
1 0,1,2, 3 1
2 01, 02, 03, 10, 11, 12, 13, 20, 21, 22, 23, 30, 31, 32, 33 15
3 010, 011, 012, 013, 020, 021, 022, 023, 030, 031, 032, 033, 57

101, 102, 103, 110, 111, 112, 113, 120, 121, 122, 123, 130, 131, 132, 133,
201, 202, 203, 210, 211, 212, 213, 220, 221, 222, 223, 230, 231, 232, 233,
301, 302, 303, 310, 311, 312, 313, 320, 321, 322, 323, 330, 331, 332, 333

Table 6: Short words accepted by the automaton Mo 3.

Let c’%s(n7 ¢) denote the number of k-compositions of n with ¢ positive parts in A; = {1,...,s}. If R’;S =
[c’%s(n + 1,0+ 1)],, r>0, then, by Theorem 4.1, this is the Riordan array

1—2z° 1—2z°
k
p— k .
R<s (1—95’ xl—x)

For example, the first eight rows and columns of R2, and R4<3 are, respectively,

10 0 0 O 0 0 0 1 0 0 0 0 0 0 0
12 0 0 0 0 0 0 1 4 0 0 0 0 0 0
04 4 0 O 0 0 0 1 8 16 0 0 0 0 0
0 2 12 8 O 0 0 0 0 12 48 64 0 0 0 0
0 0 12 32 16 O 0 0 |’ 0 8 96 256 256 0 0 0
0 0 4 48 80 32 0 0 0 4 112 640 1280 1024 0 0
0 0 0 32 160 192 64 O 0 0 96 1024 3840 6144 4096 0
0 0 0 8 160 480 448 128 0 0 48 1216 7680 21504 28672 16384

(This is how we present specific Riordan arrays, which are infinite objects.) Observe that the row sums of these
matrices correspond to the sequences {c¢%,(n)},>1 and {ct;(n)},>1, respectively.
By Corollary 4.1, the generating function for the diagonal sums d%(n) = d4,(n) is

k n __ 1’(1—1‘8)
ngs(n)x T 1 —x — ka? + kxst2’

n>1

Table 7 provides examples of the sequence d%s (n) for 2 < s <5.

4.2 Parts from arithmetic progressions

In this section, we examine the number of k-compositions of n with positive parts restricted to the set A, =
{ka +b | k € Z=°} where a and b are positive integers. Similar families of compositions have been studied
in [1,3,4,12,14,15,21]. Notice that for a = 2 and b = 1 (resp., a = 2 and b = 2), the set A, corresponds to
the odd positive integers (resp., the even positive integers). Let L, ;(x) denote the generating function

. ;L'b
Loy(z) = Z xt = T o

1€Aq
Using (4), we obtain the generating function

2L p(2) _ 22 (1 —y)z
1= 2 yilap(e) 1—2(1—y)—y—a(1—y*)z

F.fla,b ('r7 y7 Z) =
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sequence\n 5 6 7 8 9 10 OEIS
dl,(n) 2 3 7 9 | Padovan
dl,(n 4 5 8 11 17 24 | A013979
dl,(n 4 7 10 16 24 37 | A013982
dL.(n 5 7 12 18 29 45 | A013983
a2, (n 6 12 20 36 64 112 | A107383

QL

10 16 34 60 120 220
10 20 38 76 146 288
11 20 42 80 162 316
12 27v 54 117 243 513
18 33 84 171 405 864
18 39 90 204 462 1053
19 39 96 210 495 1113
20 48 112 272 640 1536
28 56 164 368 992 2352
28 64 172 424 1092 2752
29 64 180 432 1148 2856

STESH

QU

QK

QA

QL
e = T T = S o S e O e e B e e e T T O e e

e T e e e e el e
U O O x| ok W W W W NN NN~ W
O© © 00 0|1 3 O OOt U i =W W N N =

QL Q
/\'N/\’H/\’N/\*bI/\°°I/\°"‘\L/\o“\/\wl/\ml/\“\/\w\/\‘\’l/\"‘l

Table 7: Diagonal sums d’%s(n) for small k,n, s.

Furthermore, the ordinary generating function for cia.b(n) simplifies to the rational generating function

b

Fvﬁa’b(x, 1,1) = Z cia,b(n)x" D p——

n>0

Table 8 gives several examples of c’jla ,(n), some with offsets in the corresponding OEIS matches.
Let cﬁ‘a’b(n,ﬁ) denote the number of k-compositions of n with ¢ positive parts in A, ; and let R’;’l =
[c’j\a (n+1,£+1)]n 0. By Theorem 4.1, for any positive integers a and k, the matrix R’;J is a Riordan array,

1 kx
RE = .
a1 (1—:6“’1—:10“)

For example, for (a,k) = (2,2) and (a,k) = (3,2), we obtain the following matrices where the row sums
correspond to the sequences {¢%, (n)}n>1 and {cZ,  (n)}n>1, respectively.

10 0 0 O O 0 O 10 0 0 0 O 0 O
02 0 0 O O 0 0 o2 0 0 0O 0 0 O
10 4 0 0 0 0 O 00 4 0 0 0 0 O
R2 — 04 0 8 0 0 0 O R2 - 10 0 8 0 0 0 O
A7 1 0 12 0 16 0 0 0 |’ Az 1 04 0 0 16 0 0 O
06 0 32 0 32 0 0 0 012 0 0 32 0 O
1 0 24 0 8 0 64 0 10 0 32 0 0 64 O
0 8 0 8 0 192 0 128 06 0 0 8 0 0 128

Note that the matrix Ri‘Q corresponds to the matrix of coefficients of Pell polynomials A115322; the Pell
polynomials P, (z) are defined recursively as

P, (x) =22P,_1(z) + Py—2(x)
for n > 2 with initial values Py(z) = 0 and P;(z) = 1. The next few are
Py(x) = 2z, P3(z) = 1 +4a?, Py(x) = 4o + 823, Ps(x) = 1+ 1227 + 162*.

Thus, we have an automatic combinatorial interpretation for the coefficients of the Pell polynomials in terms
of compositions. Additional combinatorial interpretations for generalized Fibonacci polynomials are given by
Ramirez and Sirvent [20]. Also, R?  matches the absolute value of A136334.
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sequence\n. | 1 2 3 4 5 6 7 8 9 10 OEIS
cy, (n) 1 1 3 5 8 13 21 34 55 Fibonacci
A, () |12 1229 70 169 408 985 2378 A000129
A, (m) |1 3 10 33 109 360 1189 3927 12970 42837 A006190
¢y, (n) |1 4 17 72 305 1292 5473 23184 98209 416020 A001076
cy,,m+4 1 1 1 2 2 3 4 5 7 9 Padovan
Z,,nt4) 1 2 1 4 5 6 13 16 25 42 A052047
A,,m+4) 1 3 1 6 10 9 28 39 55 123 A106855
Ao (n+4) 1 4 18 17T 12 49 80 97T 276
c}4311 (n) 11 1 2 3 4 6 9 13 19 | Narayana’s cows
A, m) |1 2 4 9 20 44 97 214 472 1041 A008998
c‘j‘s;l (n) |1 3 9 28 8 270 838 2601 8073 25057 A052541
A, (m) |1 4 16 65 264 1072 4353 17676 71776 291457 A052927
0343)2 n+3)11 1 1 2 2 3 4 5 7 9 Padovan
A,,n+3) 2 1 4 4 9 12 22 33 56 88 A008346
A,,m+3) 3 1 9 6 28 27 90 109 297 417 A052931
A, m+3) |4 1 16 8 65 48 268 257 1120 1296
Cay,(n+6) 11 1 0 1 2 1 1 3 2 A017817
A,,n+6) 1 2 0 1 4 4 1 12 9 A077909
S, m+6) 1 3 0 1 6 9 1 9 27 28
A6 1 4 0 1 8 16 1 12 48 65
cy, m) |11 1 1 2 3 4 5 7 10 A003269
A, m) |1 2 4 8 17 36 76 160 337 710 A008999
G,.(n) |1 3 9 27 82 249 756 2295 6967 21150 A052917
cj;l (n) |1 4 16 64 257 1032 4144 16640 66817 268300 A098590
y,(n+5) 1 1 0 1 2 1 1 3 3 2 A017817
A, ,m+5 2 1 0 4 4 1 8 12 6 17 A052922
A,,(n+5) 13 1. 0 9 6 127 27 9 82
ch,,(n+5) 4 1 0 16 8 1 64 48 12 257

Table 8: Values related to cﬁalb(n) for small a, b, k, n.

From the above relationship, we can introduce the following generalization of the Pell polynomials. Let

n

P(in(x) = Z cﬁ\a‘l (n+1,0+1)z".
£=0

Proposition 4.1. The generating function of the generalized Pell polynomials me(a:) 15

Z an(x)z" = 1

T 1—kxz— 20
n>0

Moreover, the polynomials P(ﬁn(x) satisfy the recurrence relation

Pf,n(z) = kzprﬁn—l(x) + Pcﬁn—a(x)'

Proof. The coefficients of ngn(x) correspond to the rows of the Riordan array R’;’l = ( 1 kz ) . Multiplying

Tz 120
the right-hand side of this equality by the vector (1,z,22,...)T, which has generating function 1/(1 — xz), and
using the summation property, the resulting vector has generating function

i 1 1 1 1
RE, ~ : = .
G\l —zz l—zt 1—gfz 1 —koz— 2o

The recurrence relation follows directly from the generating function. O
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Returning to the triangle of cﬁla,b(n, ¢) values, the generating function for the diagonal sum dlj‘m (n) is
1
k n—1 __
Z dAayl(n)x T 1 —kx2 — g0

n>1

by Corollary 4.1. Table 9 describes several particular d’j‘a 1(n) sequences.

description

2" interspersed with zeros
Padovan numbers

Fibonacci numbers interspersed with zeros

3™ interspersed with zeros
A008346
Pell numbers interspersed with zeros

4™ interspersed with zeros

A052931

A006190 interspersed with zeros

5™ interspersed with zeros

A099781 for even n (no match for odd n)
A001076 interspersed with zeros

=R R W W W NN NN S
B W N R W N R W N W NS

Table 9: Diagonal sum sequences dia,l (n) for small a and k.

4.3 Avoiding single part sizes

Let cf(n) denote the number of k-compositions of n that omit the part ¢. Theorem 3.2 gives the following
corollary.

Corollary 4.2. The generating function for cf(n) is

I*$t+lit+1

k _ k n _
Gt(x,O)_Zcf(n)x 1 - — kx + kat — kattl

n>1

Table 10 gives several examples of cf(n) sequences including Cayley’s 1876 result that compositions with no
parts 1 are counted by the Fibonacci numbers [6].

Eft\in|1 2 3 4 ) 6 7 8 9 10 OEIS

1 1 /10 1 1 2 13 21 34 | Fibonacci
1 2 11 2 4 7T 12 21 37 65 114 | A005251
13 71 2 3 6 11 21 39 73 136 254 | A049856
14 /1 2 4 7 14 27 52 101 195 377 | A108758
2 1 710 1 1 3 5 11 21 43 85 171 | Jacobsthal
2| 2 12 5 13 33 8 209 527 1329 3351 | A120925
21 3 1 3 8 23 65 18 5256 1491 4233 12019

21 4 1 3 9 26 77 227 669 1973 5817 17151

3 1 710 1 1 4 7 19 40 97 217 508 | A006130
3| 2 1 3 10 34 115 383 1309 4417 14905 50296 | A255813
31 3 |1 4 15 58 223 859 3307 12733 49024 188752

31 4 |1 4 16 63 250 991 3928 15571 61723 244669

Table 10: Counts cf(n) for small &, n,t.

Proposition 4.2. The sequence ck(n + 1) also gives the number of words of length n on the alphabet ¥ =

p
{0,...,k} with no isolated zeros.
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Figure 2: Transition diagram of M.

Proof. Consider the language L¥ = {w € Y% | w has no isolated zeros}. This language can be recognized by
the automaton My, shown in Figure 2.

The automaton My gives rise to the following system of equations for the generating functions associated
with the states qo, q1, and gs:

Lo(z) = kxLo(z) + L1 (x) + 1,
Li(z) = xLo(x),
Lo(x) = xLlo(x) + kaLo(z) + 1.

The augmented matrix for this system is

1—kzx —=x 0 1
0 1 —x 0f,
—kx 0 1—2 1

which, by Gaussian elimination, gives

1—z+2? & 1
L == = ~ n
o() 1—(1+k)x + ka? — ka3 Z & (e,

and the result follows by comparing coeflicients. O

Let ci?(n, ¢) denote the number of k-compositions of n with ¢ positive parts in Z* \ {¢t} and let Rf =
[cf(n + 1,0+ 1)}, ¢>0. By Theorem 4.1, for any integers ¢ > 2 and k > 1, the matrix Rf is a Riordan array,

1—$t_1+])t k 1—$t_1 +$t
x .
’ 11—z

RE =
t 1—2z

For example, for (k,f) = (2,2) and (k,) = (3,2), we have
1 0 0 o O 0 0 O 10 0 O 0 0 0 0
o 2 o0 0 0 0 0 O 0 3 0 O 0 0 0 0
1 0 4 0 O 0 0 O 1 0 9 0 0 0 0 0
R2 — 1 4 0 8 O 0 0 O R — 1 6 0 27 0 0 0 0
2 1 4 12 0 16 0 0 0 |’ 2 1 6 2r 0 81 0 0 0
1 6 12 32 0 32 0 O 19 27 108 0 243 O 0
1 8 24 32 8 0 64 O 1 12 54 108 405 0 729 O
1 10 36 80 80 192 0 128 1 15 81 270 405 1458 0 2187

These arrays are related to A115322, A135871, respectively.
From Corollary 4.1, the generating function for df (n) is

1 —l‘t_l —|—$t

k n—1 __
n; di (n)x T 1 —x — ka? + kattl — katt2”

Table 11 gives several examples of di? (n) sequences.

5. Specified numbers of zeros in 2-compositions

In this last section, we examine several patterns among 2-compositions, which allow at most one zero between
positive parts, focusing on the number of zeros and various restrictions on the positive parts allowed.
Let c§ 4(n,¢) denote the number of 2-compositions of n with ¢ zeros and parts in .A. Consider the matrix

HE 4= [ aln+1, g)]n,ezo' The next result follows from Theorem 4.1.
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k|lt\n|1 2 3 4 5 6 8 9 10 OEIS

1 1 1 1 1 2 3 4 6 13 19 | Narayana’s cows
1 2 0 2 1 4 3 8 17 20 37

1 3 11 3 3 6 9 13 22 32 51

1 4 12 2 5 6 11 16 27 40 66

2 1 11 1 3 5 7 13 23 37 63 A077949
2 2 0o 3 1 9 5 27 21 83 81 259

2 3 1 2 5 7 17 29 57 111 205 403

2 4 1 3 4 11 17 39 69 145 269 547

3 1 11 1 4 7 10 22 43 73 139 A084386
3 2 0 4 1 16 7 64 40 259 208 1057

3 3 1 3 7 13 34 67 157 340 748 1669

3 4 1 4 6 19 34 91 184 451 964 2272

4 1 11 1 5 9 13 33 69 121 253 A089977
4 2 0 5 1 25 9 125 65 629 425 3181

4 3 1 4 9 21 57 129 337 805 2009 4941

4 4 1 5 8 29 57 173 385 10656 2521 6669

Table 11: Diagonal sum sequences dif (n) for small k,n,t.

Proposition 5.1. If1 € A, then the matriz Hg,A is a Riordan array

H2 = ( ZieAxiil_ ZieAxi ) _
’ 1= iead 1= e

1 T n
2 — — 2717[
Hozr <1 2z 1 _2$> Kf) mezo’

which matches A038207. Note that the diagonal sums are the Pell numbers.
If A consists of the odd positive integers, then we have A037027 whose diagonal sums are the Jacobsthal
numbers:

For example,

1 0 0 0 0 0 0 O

1 1 0 0 0 0 0 O

2 2 1 0 0 0 0 O

o ( 1 z ) |3 5 3 1 0 0 00
0,0dd — logr—22"1—-gp—22/) 5 10 9 4 1 0 0 O
8 20 22 14 ) 1 0 0

13 38 51 40 20 6 1 O

21 71 111 105 65 27 7 1

In general, if Ay = {kd + 1| k € Z=°}, then let

1 x
”HdzHaAdz( )

l—z—29"1—g—2d

so that the previous example with odd positive integers is Ho. One can verify that Hs matches A202191 with
diagonal sums the tribonacci numbers. Further, H4 matches A259074 with diagonal sums A060945. Note that
these OEIS arrays and sequences do not currently include combinatorial interpretations.

We give a general result for H; whose proof relies on the Riordan group structure.

Proposition 5.2. The (n,k)-th entry of the matriz Hq is

S o)

where

ug(n, l) = {(HF) ifd|n—1,

0 otherwise.
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Proof. We show that the matrix Hy factors as

where P = [(})]

1 x
Ha= <1_xd1_xd>7’

k>0 18 Pascal’s matrix. It is easy to show that P is the Riordan array P = (— —) By

the product rule (5),

1 x D 1 T 1 x
1—zd’1— a4 T\1—2?1—gd 1—z'1—z
B 1 1 o
S\l - )T -

1 T
= 5 :H.
<1—:v—xd l—x—a:d) ¢

From the definition of a Riordan array, we have

1 T
(12 1) = o Waso

Therefore, the product of matrices gives the desired result. O

We conclude with one further example. Restricting positive parts to A = {1,2} gives

1 0 0 0 0 0 0 0

2 1 0 0 0 0 0 0

3 4 1 0 0 0 0 0

22 < 1+ x(1+z)) 5 10 6 1 0 0 0 0
0412y — \ | o221 —z—22) |8 22 21 8 1 0 0 of

13 45 59 36 10 1 0 0

21 88 147 124 55 12 1 0

34 167 339 366 225 78 14 1

which matches A154929. Generating functions for the row sums and diagonal sums follow from the Riordan
array structure. The row sums match A028859; compare the proof of [13, Proposition 8(a)]. The diagonal sums
match A141015. As with several of our prior examples, these are apparently new combinatorial interpretations
for these OEIS arrays and sequences.
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