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1 Introduction

Riordan arrays are infinite lower-triangular matrices defined by the generating functions of their columns. They
form a group, denoted by R and called the Riordan group; see Shapiro, Getu, Woan, and Woodson [36].
A Riordan array (g(t), f(t)) is a pair of formal power series

g(t) = gat", () =D fat",
n>0 n>1

with go # 0 and f1 # 0. It defines an infinite lower-triangular array [dy x]n, k>0 according to

dn e = [t"]g(t) f(1)".

The set of all Riordan arrays forms a group under matrix multiplication,

(9(t), F())(h(2), £(2)) = (g(W)R(f (1)), £(f(£)))-

An almost-Riordan array is defined by an ordered triple (a | g, f) of power series

a(t) = Z ant™, g(t) = Zgnt", f(t) = Z Int",

n>0 n>0 n>1

with ag, go, f1 # 0. The array is the lower-triangular matrix whose first column is generated by a(t) and whose
remaining entries coincide, after the appropriate shift, with the Riordan array (g(t), f(t)).

An infinite lower-triangular matrix D = [d,, k]n k>0 is called a double Riordan array if ¢g(¢) gives column zero
and f1(t) and f2(t) are multiplier functions, where

g(t) = Z gant™", fit) = Z fionat™th (i=1,2),

n>0 n>0

with gof1,1/f2,1 # 0. The double Riordan array related to g, f1, f2, denoted by (g; f1, f2), has column generating
functions

(gv gfla gf1f2v gf12f27 gf12f227)
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Riordan arrays, almost-Riordan arrays, and double Riordan arrays have emerged as powerful tools with
broad applications in combinatorics, group theory, matrix theory, and number theory. This paper studies the
double almost-Riordan arrays and the double almost-Riordan group defined in [22]. Specifically, it treats their
sequence characterization, compression, and total positivity.

More formally, let F = K][[t]] be the ring of formal power series over a field K of characteristic zero. The
order of f(t) = Y, fut"® € F is the least r € N such that f. # 0, and F, denotes the set of formal power
series of order r. Let g(t) € Fo and f(t) € Fi. Then the pair (g(t), f(¢)) defines the proper Riordan array
D = (dn,k)n,keN With

dy e = [t"]g(t) f(1)". (1)

Equivalently, g(t)f(t)* is the generating function for column k.
From the fundamental theorem of Riordan arrays [35], the usual row-by-column product of two Riordan
arrays is again a Riordan array:

(91(1), f1(#))(92(1), f2(t)) = (91 (t)g2(f1(2)), f2(f1(2)))- (2)

The Riordan array I = (1,t) is the identity. Thus, all Riordan arrays form the Riordan group R.
Several subgroups of R are important:

e the Appell subgroup A, consisting of (g(t),t);

e the Lagrange subgroup £, consisting of (1, f(t));

e the Bell or renewal subgroup B, consisting of (g(t),tg(t));

e the hitting-time subgroup #, consisting of (¢f'(t)/f(¢t), f(t));
e the derivative subgroup D, consisting of (f'(t), f(t));

e the Luzén—Merlini-Morén—Sprugnoli subgroup

elrs) = {((82) rwr.s)}.

for real or complex r, s, which includes D = £]0, 1] as a special case [30].

From [34], an infinite lower-triangular array [dy kln.zen = (g(¢), f(¢)) is a Riordan array if and only if an
A-sequence A = (ag # 0,a1,aq,...) exists such that

dn+1,k+1 = aOdn,k + aldn,k+1 + -+ andn,na (3)

which is equivalent [26] to
f(t) = tA(f (D). (4)

Here A(t) is the generating function of the A-sequence. It is also known [32] that a unique Z-sequence Z =
(20,21, 22, . . .) exists such that

dn+1,0 = ZOdn,O + Zldn,l +--+ ann,nv (5)
or equivalently,
do,o
g(t) = —————. 6
W= T=3z0m) ©

Let U = (51‘4_1,]‘)1'7]'20 be the upper shift matrix,

-

I
cooco
co o
comr~o
o oo
— o oo

and let
zZo Qo 0 0 0

Z1 a1 Qo 0 0

P=|% 0z a1 a0 0 ool o (7(1), A(t),tA(t), 2A(t),...). (7)
Z3 a3 Qa2 a1 Qo
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The last expression represents P by its column generating functions. The matrix P is called the production
matrix, or P-matrix [15, 16]. If R denotes R with its first row omitted, then

P=R'WR=R'R. (8)

The ECO method is a constructive method for producing all objects in a class according to the growth of a
size parameter; see [5]. Its roots can be traced to [12]. When an ECO construction is sufficiently regular, it can
often be described by a succession rule, a notion introduced by West [39]. Algebraic properties of succession
rules were studied in [18].

A succession rule consists of an axiom (a), a € NT, and productions

{(kj) — (e1(k;))(ea(ky)) - - - (ej(k;)) : j € N},
where ¢; : NT — Nt. We write
Q- {(“)’ (9)

(k) — (ea(k))(ea(k)) - - - (e (k).

The succession rule can be represented by a generating rooted tree. If f,, is the number of nodes at level n, then
(fn)n>o is the sequence associated with €2. The production matrix P = (p; ;)i j>o0 has p; ; equal to the number
of labels ¢; produced by label ;.

Proposition 1.1 ([16]). Let P be an infinite production matriz and let Ap be the ECO matriz induced by P.
Then Ap is a Riordan matriz if and only if

Zo Qo 0 0 0
Z1 a1 Qo 0 0

P = Z9 Q2 ai Qo o --- (10)
Z3 43 G2 a1 Qg

where zj,a; > 0 for j =0,1,....

As an example, consider the Fibonacci tree Fy of Horibe [27], which satisfies

Q@ (11)
a(k) — a(k)a(k +1).

Figure 1 presents its first few levels.

Figure 1: Fibonacci tree Fj.

The production matrix is

11000
11100
00011
By (8), the corresponding Riordan array is the Pascal matrix
10000
) . 11000
R=|—\), —/— = 12100 13
(ltlt) 13310 (13)

ECA 6:4 (2026) Article #S2R26 3



Tian-Xiao He

The sums along the diagonals parallel to the direction (1, 1) are the Fibonacci numbers 1,1,2,3,5,8, .. ..

A succession rule can generate a wider class of lower-triangular matrices that do not belong to the Riordan
class. Stanley’s Fibonacci tree Fy [37] has a root of degree one; the child of every vertex of degree one has
degree two; and the two children of every vertex of degree two have degrees one and two. Its succession rule is

. (a2e) — (aze)(aze+1), _
Q- {(a%l) e (=0,1,2,.... (14)

It generates the Fibonacci-Stanley array

=)
[
e e e

=== = O
B~ W~k oo
W= OOoOO
W= OO oo
_— 0 O O o O

Its row sums are Fibonacci numbers, but R is not a Riordan array. It is, however, a compressed double Riordan
array [20], which motivates the study below.

In the construction of a Riordan array, one multiplier function is used to pass from one column to the next.
To model alternating rules, Davenport, Shapiro, and Woodson [17] introduced two multiplier functions. They
require g to be even and f1, fo to be odd. The columns of (g; f1, f2) are

(g?gfhgf1f2vgf12f2agf12f227'")'

There are two cases of the fundamental theorem of double Riordan arrays:

(9; f1, f2)A(t) = B(b), (16)
where, for even A(t), B(t) = g(t)A(+/ f1(t) f2(t)), while for odd A(¢),

B(0) = oty [ 145 AW ROR0)

The product is

f2

The collection forms the double Riordan group DR, with identity (1;¢,¢). Important subgroups include the
associated subgroup {(1; f1, f2)}, the type-1 and type-2 Bell subgroups, and the Appell subgroup {(g;¢,t)}.
The Appell subgroup is normal, and DR is a semidirect product of it with the associated subgroup [17].

If (g; f1, f2) is a double Riordan array, define

g(t) = Zgzktk, filt) = Z fiopiat™.

k>0 k>0

(g: f1, fo)(ds ha, ho) = <gd(\/f1f2); ﬁfh(\/ J1f2), \/%hz(\/ f1f2)> . (17)

Then (g; 1, ]?2) is its compression. The matrix R in (15) is the compression of (1/(1 —#2);t,t/(1 —t2)).

Theorem 1.2 ([20]). A double Riordan array (g; f1, f2) = (dn k)n,k>0 with d,, , # 0 exists if and only if there
are sequences

Ay =(a10,a1,1,...), Az =(az0#0,a21,...), Z=(20,21,-..)

such that
dpor—1=a10dn_12k—2+ a1,1dn_12x +a12dn_12k12 + -, (18)
dpok = a2,0dn—22k—2 + a2,1dn_2 2k + @2.2dn_2 2842 + - -, (1)
dp,0 = 208n-2,0 + 21dn—22 + 22dp_24 + - . (2)

If Ai(t) = Zkzo a; xt?* and Z(t) = Zkzo 2,128 | then equivalently

fi =tA(V fif2), (19)
fife =12 A2(\/ f112), (20)

_ 9(0)
g(t) = 1220/ ) (21)
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We next recall almost-Riordan arrays.

Definition 1.3 ([6]). Let d,g € Fo with d(0) = ¢g(0) =1 and let f € Fy with f'(0) = 1. The almost-Riordan
array with respect to d, g, f is
(d]g.f) = (d,tg,tgf,tgf? ...). (22)
Thus d,tg,tgf,tgf?, ... generate columns 0,1,2,3,....
It has a block form 0
d(0 0

dlg, f)= . 23

@190 = (@ “dtnn 1) 29)
If d =g and f =t, it reduces to the Appell-type Riordan array (g, t).
Theorem 1.4 ([7]). Almost-Riordan arrays form a group 4R under

mmﬁmmm=@+?Wﬁ4ﬁmmmm) (24)

Alp and Koger give a sequence characterization of almost-Riordan arrays and define the exponential almost-
Riordan group [3, 4]. Stowik and the author discuss total positivity of almost-Riordan and quasi-Riordan
arrays [24, 23].

Definition 1.5 ([21]). Let g € Fo with g(0) =1 and f € Fi. The quasi-Riordan array is
g, f1= (g, f.tf.2f,..). (25)
It has block form

_ g(0) 0
Wf“‘(@—gm»ﬁ UﬁJQ' (26)

If f = tg, then [g,tg] = (g,t), an Appell-type Riordan array. Also [g, f] = (¢ | f/t,t). For square matrices A, B,
their direct sum is

A0
A@Bz[o B], (27)
and
(9. f) = g, FI([1] & (g, f))- (28)
Theorem 1.6 ([21]). The set IIR of all quasi-Riordan arrays is a group under
f h
9. £, = o+ L@ -0, 22 (20)
which follows from the fundamental theorem
9.1l = gu(0) + £ (u — u(0)) (30)
The identity is [1,1].
If
% 0 0 0
G fi 0 0 .-
Q=lg.fl=(glf/ty=|92 f2 r 0 - (31)
g3 fs fo f1 oo
is totally positive, then so is the Riordan array (g, f) [31, 21, 23].
Theorem 1.7 ([24]). Every almost-Riordan array has the semidirect-product decomposition
(d]g. f)=Idtg](1]1,f), (32)
or equivalently
dy 0 1 0
dlg, f)= . 33
@lo:0=u "5 o) o a'n) (3

The next section studies double almost-Riordan arrays and their group from a different viewpoint. Section 3
gives sequence characterizations and production matrices; Section 4 studies compression; and Section 5 gives
criteria for total positivity.
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2 Double almost-Riordan arrays

Definition 2.1. Let b,g € Fy be even and f1, fo € F1 be odd:

=Y boat™ g(t) =D g™ filt) =Y figaprt™

n>0 n>0 n>0

The double almost-Riordan array is

(b | g5 f1, f2) = (btg,tafistafi fartgf7 fartafi f3, ) (34)
Theorem 2.2. There are two cases of the first fundamental theorem of double almost-Riordan arrays:
(0| g; f1, f2)u(t) = v(t). (35)
If u(t) = > k>0 uart?F is even, then
_ tg(t)
o(0) = wob(t) + £ 5 (RO L00) ~ wo) (36)
Ifu(t) = > ks0 Uopy 112+ is odd, then
tg(t)
) = —————— t t)). 37
olt) = VR (0) (37)

Proof. For even u,
(0] g5 f1, f2)u = uob + tgfr Zu2k (VFif2)* 7% = ug b+ 7 Zu2k (Vif2)?,
k>1 k>1
which is (36). For odd wu,
(bl g fr, fo)u= thUQk-H(\/ frf2)? \/— Zu2k+1 fuf2)?
k>0 k>0
which is (37). O
Theorem 2.3. Let (b ] g; f1, f2) and (c | d; h1, ha) be double almost-Riordan arrays, with b and ¢ even. Then

(0| g; f1, f2)(c | dsha, o) (38)
—(mbﬁgj(c(mwo) AR (VR jﬁh(ﬁ))
and
wlossus) = (44 2000wy | S0 L)) o9

where fio is the compositional inverse of \/fi fa.

Proof. Formula (38) follows by applying the two cases of the fundamental theorem to the columns of the second
factor. Substituting the right-hand side of (39) into (38) gives (1 | 1;¢,t); conversely,

b 1g:fi, )ALt t) = (b g; f1, f2) = (L] L, 1) (b | g3 fr, f2)-
Thus (1] 1;¢,¢) is the identity and (39) is the inverse. O

From now on, for (b | g; f1, f2) € DAR, we assume b, g are even members of Fy and f1, fo are odd members
of fl .

Theorem 2.4. The set of all double almost-Riordan arrays (b | g; f1, f2) forms a group DR under (38), with
identity (1] 1;¢,1).

Proof. Closure and inverses follow from Theorem 2.3. Associativity follows either from the associativity of
matrix multiplication or by substituting (38) into both

(| g; f1, f2)(c | dy ha, ha))(e | usv1,v2)

and
(0] g; f1, f2)((c | ds ha, ha)(e | usvr,v2)),

which yield the same four generating functions. The group structure is developed further in [22]. O

ECA 6:4 (2026) Article #S2R26 6
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3 Sequence characterization of double almost-Riordan
arrays

We now give a sequence characterization of a double almost-Riordan array in D-R. Inspired by Branch,
Davenport, Frankson, Jones, and Thorpe [8] and Davenport, Frankson, Shapiro, and Woodson [14], write

D = (b] g f1, f2) = (b, tg.tgfr, ta(frf2) tafi(fifz), tg(fif2)?,...) (40)
= (b70707"')+(07tgaOvtg(f1f2)707tg(flf2)2307'")

+ (05O7tgf1aOatgfl(flfQ)aOatgfl(f1f2)2a07 .. )
= Do+ D1+ Da.

After omitting zero columns and the top zero rows, denote the remaining arrays by D} and Dj. Then

Dlz(g’flfQ)a DS:(gfl/taflfé)

are Riordan arrays. Hence (b | g; f1, f2) has a W-sequence, two Z-sequences Z1, Z3, and an A-sequence in this
viewpoint. The viewpoint in [22] instead gives a W-sequence, one Z-sequence, and two A-sequences.

Theorem 3.1. Let (b ] g; f1, f2) be a double almost-Riordan array. Let

= Z athk, Zz( Z Zi, ktZk (Z = 1 2 ZwktZk

k>0 k>0 £>0
Then, with fio the compositional inverse of \/f1f2,

t2

A0 e )
1 9o
Z == (1— ————— 42
0= 7w (1 ) ()
7o08) — gofi _ t2 ~ 9ofi, 1b(f12(t))72( fi2(t))
2(f) b fi2(t)? bofi2(t)g(fra(t)) 43)
~ fa(fr2(8) (1 — wo fr2(8)*)b(fr2(t)) — bo) _ by
W(t) = f12<t)3g(f12(t)) =+ wo, Wo = by’ (44)
Here f11 = [t]f1(?).
Proof. For k > 2, the common A-sequence of D} and D3 gives
dnk = agdp—2,k—2 + a1dp_op +asdp_2 gyo + - = Z ajdy_2 pt2(j—1)- (45)
>0
For k = 2¢ + 1 and k = 2/, respectively,
[t"Ttg(frf2)" = [t"2Jtg(frf2) A fLf), (46)
[t"tgfr(fifo) ™t = 1" 2ltgfi(f1f2) 2 AN fif2). (47)
Both imply
AV fif2) = fife
Putting ¢t = fio yields (41).
The recurrence
dp1 = 21,0dn—21+ 21,1dn—23+ 21,2dn—25 + -
gives
W9 _ 42/ Fo)
and hence (42).
Similarly,
J1,190

dpo = 220dn—2,0 + 22,1dn—22 + 222dp_24 + -, 22,0 =

ECA 6:4 (2026) Article #S2R26 7
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yields

1
Zo(\/ fife) = f1,bzgo + botgg(bnglfQ — f1,190tbf2),

which is (43) after composition with fio.
Finally, for an infinite lower-triangular array with even first-column generating function b(t), let

dn,O = den—Q,O + wldn—2,2 + w2d7z—2,4 + - (48)
Then wg = by /by, and the remaining w; are determined recursively; for example,

2
_dyp—wodao  doodao—d3g

wy

da,2 do,0d2,2
Equation (48) is equivalent to
b(t)tiz_bo = wgb + %(W(\/E) — W),
which gives (44). O

Theorem 3.2. Let (b ] g; f1, f2) € DAR. Its production matrix is

P = (W(t),tZi(t), Zo(t), tA(t), £ A(t), 3 A(t), . . ), (49)
where

W(t) = 2—2 + m (b(f12)(bo — ba ) — B2) (50)

207 (1-775): 1)

SR S g

ao- o

Proof. Let D denote (b | g; f1, fo) with its first two rows removed. Its column generating functions are

<b—bo 9—90 9f1 gfife gfi(fif2) 9(f1f2)? >
2 s ; s ; s n 5 f 5 £ [ARIR N

Thus P = D~'D. Apply the two cases of the fundamental theorem to each column. The first column gives (50),
the second gives (51), the third gives (52), and the fourth gives

t3
D_lgf1f2 = 72 = tA(t),
¢ fi
which is (53). In general, column k — 1, k > 4, has generating function t*/f2, = t*=2A(¢). O

Example 3.3. The Fibonacci-Stanley array in (15) is the compression of the double almost-Riordan array

1 1 ” t
1—t4 | 1—¢2""71—¢2 )"

Here ; 1 1
=t - _
fl ) f2 1_t27 g 1 tQa 1 t4a
and
N - fio = ——
e Tt e

Substitution into (50)—(53) gives
A(t):1+t25 Zl(t)zla

14324t

2:(t) = —op =142 —t'+ 245 48 4810 4.

ECA 6:4 (2026) Article #S2R26 8
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and 2 2
(1 +¢ 2 4 6 8 10
') I S N A S, VE TS
W (t) T + + 8t +
The array begins
(1000 00000 )
01 0000O0O0O0
001000O00O00O0
010100000
101010000
010201000 (54)
001020100
010303010
1010303°01
01 040¢6¢040

Its production matriz is obtained directly from (W,tZy, Zo, tA,12A,...), and multiplying the array by this pro-
duction matrix deletes the first two rows in the sense described above.

4 Compressions of double almost-Riordan arrays

-~

Let (b | g; f1, f2) = (dn k)n>k>0 € DAR. Define its compression (dp i )n>k>0 by

~

dnk =dop—kk, n=2k=>0. (55)

Theorem 4.1. Suppose

b(t) =D bot™, g(t) =) gut™,  filt) = figprat™

k>0 k>0 k>0
Define
b(t) =D baut®, G(t) =D gartt, fi(t) = fiakrat" T (57)
k>0 k>0 k>0
Then Py
~ e ~ [ttg(ff2)*~D2, & odd,
dno = [t"]b(¢), dp = oy (56)
[t"tgfr(f1f2) B2,k even,
for k>1.
Proof. For column zero, R R
dno = dano = [t7"]b(t) = [t"]b(t).
If k=204 1, then R
dpoes1 = dan—20—12001 = 2" g(tfrt f2)".
Under the transformation {2 — t, g(t1/2) = §(t) and t'/2f;(t}/?) = fi(t), giving
dnperr = ["16G(F1f2)"-
The even case is similar: R o
dn,% = [tn]t@\fl(flf2)£7l~
O

Thus the Fibonacci-Stanley array R = (1/(1—t);t,¢/(1—t)) is the compression of (1/(1—t2);¢,t/(1 —t2)).

Theorem 4.2. Let (b g; f1, f2) = (dni) be a double almost-Riordan array and let (c?nk) be its compression.
Suppose the A-, Z1-, Zs-, and W -sequences have generating functions A, Z1,Zy, W. Then

C/l\n,k = Z ajgl\n+j72,k+2(j71)a k>3, (58)
j=>0

gn,z = Z Zz,jgn+j—2,2j, (59)
7=0

ECA 6:4 (2026) Article #S2R26 9
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&\n,l = Zzl,j&\n+j—l,2j+la (60)
j=0
&\n,O = ijc/l\n+j71,2j- (61)
Jj=0
Equivalently,
ff=raly 1), (62)
hb\ _ F oz ~ o1
Z I == — 220t == 63
2 7 t2§(9f1 22,0tb) + 22,0, 22,0 by (63)
f1 fo 1
AT . (1 - gf) : (64)
t t g
A\ _ b by
W = = (b(1 —wot) — b == 65
r 125 (( wot) 0) =+ wo, Wo b (65)
Proof. From (55) and (45),
dn = don_k ) = Zade(n+j72)7k72(j71),k+2(j71) = Zajgi\n+jf2,k+2(j71)a (66)
j=0 Jj=0

which proves (58). Applying the same compression to the recurrences for columns 2, 1, and 0 gives (59)—
(61). Multiplying each recurrence by t", summing over n, and using the column generating functions in (56)
yields (62)—(65). O

Remark 4.3. Let flfg/t denote the compositional inverse of (J?lf;)/t Equations (62)-(65) can be solved
explicitly by composition with this inverse, recovering the formulas in Theorem 3.1 under compression. In
particular, the A-sequence relation can also be written in the familiar form

fof12)

when the corresponding alternative A;-sequence viewpoint is used.

For the Fibonacci-Stanley example, the compression begins

1 00000 ]
01 000O00O0
111000
. 011100
R=1111210
011321
111433
The sequence formulas specialize to
En,k = C/l\n—2,k—2 + C/i\n—l,ka C/Z\n,l = C/Z\n—l,h
and R R R R N R R
dpo=dp_20+dn_12—dpa+---, dpo=dn2—dpy1a+--.

We call the compression of a double Riordan array a compressed double Riordan array, and similarly for double
almost-Riordan arrays.

ECA 6:4 (2026) Article #S2R26 10
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5 Total positivity of compressed double almost-Riordan
arrays

Following Karlin [28] and Pinkus [33], an infinite matrix is totally positive (TP) if all its minors are nonnegative.
A nonnegative sequence (an)n>0 is a Pélya frequency (PF) sequence if its Toeplitz matrix [a;—;]; j>0 is TP. A
finite sequence is PF when it is extended by zeros.

A fundamental characterization due to Aissen, Edrei, Schoenberg, and Whitney [1, 2, 28] states that (a,,) is
PF if and only if

Z ant™ = CtkevtM (68)
n>0 [Tj20(1 = 5;1)°

where C > 0, k € N, a5, 35,7 > 0, and Zj(aj + ;) < oo. Such a generating function is called a PF formal
power series. N R

Let (b | g; f1, f2) be a double almost-Riordan array and let its compression be (b | g; f1, f2). It has a block
form

o~

NP 0) 0
Glghfy=(- "0 D). (69)
P00/t @)
For later use, recall the direct sum

0 B (70)

AeB-= {A 0] |
5.1 Total positivity of compressed double Riordan arrays

We first study compressed double Riordan arrays and then apply the result to compressed double almost-Riordan
arrays.

Theorem 5.1. Let (§,f1,f2) be a compressed double Riordan array. If g, ﬁ, and f» are PF formal power
series, then (g; f1, f2) is totally positive.

Proof. A double Riordan array decomposes as

The product of TP matrices is TP by Cauchy—Binet. If the coefficients of § form a PF sequence, then (g;t,t)

is a TP Toeplitz matrix. It remains to prove that (1; ]?1, fg) is TP when both multiplier series are PF.
We have

R B =y i) ™
Set R R A
T; = (fi;t,t), Hy=(fi/t; fa, f1), Hz= (fa/t; f1, f2)-
Then
H =T, B 132} : (73)
Hy =T, [(1) ISJ : (74)

Let H;[n] be the submatrix formed by the first n columns of H;. Thus

1 0

J, Haln+1] = T) [(1) Hlo[nd. (76)

The T; are TP Toeplitz matrices. Induction on n now shows that all H;[n] are TP, and hence so are Hy, Ho,
(15 f1, f2), and finally (g; f1, f2)- [

o~

Proposition 5.2. If a compressed double almost-Riordan array (b | §,f1,fg) is TP, then the corresponding
compressed double Riordan array (g; f1, f2) is TP.

Proposition 5.3. The compressed double almost-Riordan array (1 | g; ]?1, ]?2) is TP if and only if (g; ]?1, fg) is
TP.

ECA 6:4 (2026) Article #S2R26 11
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Example 5.4. Letg(t) = (1+t)%, g(t) =1/(1—1), and ﬁ(t) = ]/C\Q(t) =t. All four series are PF, and (g; ]?1, fg)
is TP. Nevertheless,

210
det[1 1 1] =-1<0.
011

Thus ((1+1t)?|1/(1 —t);t,t) is not TP.

5.2 Total positivity of compressed double almost-Riordan arrays

The central question is whether, for fixed (g; J?l, ]?2), one can choose b so that (A | g; ]?1, fg) is TP.

Theorem 5.5. Suppose (7; fl, ]?2) is a TP compressed double Riordan array. Then
(tg+o | g fr. )

is TP for every a > 0.

Proof. The array has block form
@ 0
R= {A 0 } |
9 (@ f1,f2)
A minor not containing column zero is a minor of the TP double Riordan array. A minor containing row zero
expands to « times such a minor. A minor containing column zero but not row zero is a minor of a partitioned

matrix whose first two columns are equal; if it uses both, its determinant is zero, and if it uses at most one, it
is a minor of (g; f1, f2). Hence, all minors are nonnegative. O

Theorem 5.6. Let b(t) = by + byt with by, by > 0. If (G f1, f2) is TP, then
is TP.

Proof. Write
bo 0
b
R= 0 (g; f1, f2)

A minor not containing column zero is a minor of the TP double Riordan array. If it contains row zero, expansion
gives by times a nonnegative minor. If it omits row zero but contains row one, expansion along column zero
gives b; times a nonnegative minor. If it contains neither row zero nor row one, its column-zero entries are all
zero, so the minor is zero. Therefore, every minor is nonnegative. O

Acknowledgments: The author sincerely thanks the editors and referees for carefully reading the manuscript
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