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ABSTRACT: Generalizing the results in our previous paper, we consider pseudo-involutions in the Riordan group
where the generating function g for the first column of a Riordan array satisfies a functional equation of certain
types involving a polynomial. For those types of equations, we find the pseudo-involutory companion of g. We
also develop a general method for finding B-functions of Riordan pseudo-involutions in the cases we consider,
and show that these B-functions involve Chebyshev polynomials. We apply our method for several families of
Riordan arrays, obtaining new results and deriving known results more efficiently.
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1. Introduction

This article is a followup to our previous paper [4] on pseudo-involutions in the Riordan group. This group,
defined by Shapiro et al. [10], contains infinite lower triangular matrices called Riordan arrays, whose properties
generalize those of the Pascal triangle. A detailed introduction to the Riordan group can be found in books
by Barry [1] and Shapiro et al. [11], a survey by Davenport et al. [7], and a lecture series by Zeleke [12], as
well as in the original Shapiro et al. [10] paper and several others. Our paper [4] also contains an extended
introduction, with a special emphasis on involutions and pseudo-involutions. Several of these sources contain
extended bibliographies of the Riordan group literature as well. Therefore, we will contain ourselves here to a
brief, focused introduction that lays the groundwork for the results discussed later in the paper.

We divide the rest of this introduction into two parts. In Subsection 1.1, we present a few basic facts about
Riordan arrays needed in the rest of the paper. In Subsection 1.2, we discuss the organization of the paper and
its main results.

1.1 Basics of Riordan arrays

Consider the set F = R[[z]] of formal power series with real coeflicients (although many results would readily
generalize for an arbitrary field F' of characteristic 0 in place of R). For a function f(z) € F such that
f(2) = anz™ + ap12" 4+ ..., n >0, and a, # 0, we will call n the order of f(z). Observe that functions in
g = g(2) € Fy have a reciprocal 1/g, whereas functions f = f(z) € F; have a compositional inverse that we
denote f (so that f o f = fo f =1id, the identity function id(z) = z).

Given an ordered pair (g, f) € Fo x F1, we can define a lower triangular matrix D = [dy, k|n k>0 such that
the [dy, k] (. the k-th column of D, has the generating function gfF, ie.

S du" = g(2)f(2)F, k>0,

n>0

We denote this by D = (g, f). Thus, for example, the Pascal triangle (as a lower triangular matrix) is P =

(liz, lfz). We call such a matrix D a Riordan array.

For a function h = h(2) = Y5, hk2" € F, the generating function of the product D[h,]}~, is

D hlgff)=gd  maf* =gh(f)=g-(hof).

n>0 n>0
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Shapiro et al. [10] called this property the Fundamental Theorem of Riordan Arrays. It implies that for any
two Riordan arrays (G, F) and (g, f), we have

(9, )G, F) = (g-(Go f),Fof)=(9G(f), F(f)),

so the identity matrix (1, z) is the identity element and

o (1 >
(5:J) <g(f) o
under the multiplication operation that corresponds to the matrix multiplication, and thus the Riordan arrays
form a group called the Riordan group.

The Riordan group contains several interesting subgroups, a few of which we will mention here. The k-Bell
subgroup contains arrays of the form (g, zg*) for a fixed k (also called the Appell subgroup for k = 0 and the Bell
subgroup for k = 1). Other standard examples include the checkerboard subgroup of matrices (g(z2), zf(2?%)),
where g, f € Fo, g is even, and f is odd; the Lagrange, derivative, and hitting-time subgroups of arrays (g, f),
where g =1, g = f/, and g = 2’/ f, respectively, and f € F; is arbitrary.

A more generalized version of the Riordan group is as follows. Let ¢ = (¢,)n>0 be a sequence of nonzero
elements of F. Then we say that D = (g, f). if

k
YA s~ dus s
Ck >0 Cn

The two most frequently considered examples of this c-Riordan group are the Riordan group itself, when ¢, =1
for all n > 0, and the exponential Riordan group, when ¢, = n! for all n > 0. Given g € Fy, f € Fi, we let
[g, f] be the exponential Riordan array corresponding to those two functions. For example, the Pascal triangle
is also an exponential Riordan array P = [e?, z] in the exponential Appell subgroup of the exponential Riordan
group.

Given our combinatorial motivation for considering Riordan arrays, we are interested in arrays (g, f) con-
taining only integer entries whose inverses also contain only integer entries. Therefore, we will assume from now
on that ¢g(0) = 1, and f’(0) = £1, so that the main diagonal of (g, f) contains either all 1’s or alternating 1’s
and —1’s starting from 1. Most of the arrays we consider will have f'(0) = 1.

We call an Riordan array (g, f) an involution if (g, f)?> = (g-(go f),f o f) = (1,z). A Riordan array is a
pseudo-involution if (g,—f) = (g, f)(1,—2) is an involution. Equivalently, (g, f) is a pseudo-involution if and
only if (g, )~ = (1,—2)(g, f)(1,—2) = (9(=2), —f(—2)). Yet another equivalent condition for (g, f) to be a
pseudo-involution is that

go(=fi=2,  f=(=z)ofo(=2)

When (g, f) (or [g, f]) is a pseudo-involution, we call the function f pseudo-involutory. In this situation, f is
uniquely determined by g, so we call f the pseudo-involutory companion of g.

When D = (g, f) is a pseudo-involution, the matrix D can be recovered from the first column (the coefficient
sequence for g) along (finite) antidiagonals rather than (infinite) columns, using what is called the B-function
of f, also called the B-function of the Riordan array (g, f) (and originally called the A-function by Cheon et

al. [5]).
Definition 1.1. The B-function By = Bj(z) of a Riordan pseudo-involution D = (g, f) (and of its pseudo-
involutory function f) is defined by the equation

f—=z=(2By) o (2f) = zf By (zf). (1)
The coefficient sequence (b, )n>0 of By (2) = 2,50 bnz" € R[[2]] is called the B-sequence of (g, f) (or of f).

Equivalently, the B-sequence (b,)n>0 of a pseudo-involution D = [d, ;]n k>0 can be defined directly by the
recurrence relation

(e ]
g1 k41 = dni + Z bjdpn_jktjr1, n,k>0. (2)
=0

For exponential Riordan arrays [g, f] that are pseudo-involutions, the B-function By is the same as for
(g, f), but we think of it an exponential generating function rather than an ordinary generating function, so we
associate with it a related but different coefficient sequence.
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Definition 1.2. The beta-sequence (8, )n>0 of an exponential Riordan array [g, f] (and of its pseudo-involutory
function f) is given by 8,, = (2n + 1)!b,, for n > 0. Equivalently,

B Bn . Y(2)
Bf(z)_§(2n+1)!z BV

where Y'(z) is the (odd) exponential generating function of (0, 8o, 0, 81,0, B2,...,0,Bn,...). Defined directly,
the B-sequence (8,,)n>0 of D = [g, f] satisfies the recurrence relation

= (n—k
Qn 11 = Qe + ) (2 : >6janj,k+j+lv n>k=0, 3)
o\t 1

where a,, j = d(’;’)’“ ifn>kand apr=0ifn < k.
k

1.2 Organization of the paper

In our previous paper [4], we have developed straightforward yet widely applicable methods for finding a pseudo-
involutory companion f of a B-function g = g(z) and the B-function By of f = f(z) when g satisfies a functional
equation of the form g = 1 + zy(g) or g = e*719) for a generalized palindrome ~ (see Definition 3.1) such that
(1) # 0. Other connections between pseudo-involutions and palindromes have also been explored by He and
Shapiro [8].

In Section 2, we take a wider view and consider several functions associated with Riordan arrays in gﬁrﬁral.
We define the pseudo-inverse f: (—z) o f o (—2) of an invertible function f, and the pseudo-inverse (g, f) =
(1,-2)(g, f)~1(1,—2) of a Riordan array, and consider the connection between pseudo-inverses and pseudo-
involutions. In particular, it is straightforward to see that, for any Riordan array X, the array X X is a
pseudo-involution. In Theorem 2.4, we prove the converse of this result: if (g, f) is a pseudo-involution, then
(9, /) =X X for some Riordan array X. Moreover, we describe the class of all Riordan arrays X satisfying
XX = (9, f) and find a canonical representative X, r) of this class. Likewise, we find the class of all invertible

functions h such that f = ho h and describe the close relationship between the canonical representative h
of that class (that we call the pseudo-half of f) and the B-function By of f. Finally, we give an alternative
description of the set of all functions g with a given pseudo-involutory companion f.

In Section 3, we extend these results by considering functions - that are not necessarily generalized palin-
dromes to find the relationship between vy associated with g and the pseudo-half hy of the pseudo-involutory
companion f of g.

In Section 4, we consider g satisfying either g = 1+ 27(g) or g = €*7(9), where ~ is not necessarily a generalized
palindrome, and express By of the pseudo-involutory companion f of g as a composition of two functions 1 and
H, both of which are related to ~.

In Section 5, we solve the problem in Section 4 explicitly when +(z) is a Laurent polynomial (i.e. 7(z) is
allowed to contain terms with negative powers of z), and show that, in this case, both  and H are linear
combinations of polynomials closely related to Chebyshev polynomials. In particular, we explicitly find By for
any quadratic polynomial v, which includes the functional relations satisfied by Catalan, Schréder, and extended
Motzkin generating functions.

Finally, in Section 6, we consider pseudo-involutions (g, f) where g(z) is a rational function of z. In this case,
we find By as a solution y = By(z) of a bivariate polynomial equation Hy(z,y) = Ha(z,y) for certain functions
H, and Hj related to the numerator and denominator of g, respectively, and involving Chebyshev polynomials.

2. Functions associated with a Riordan array

The following definition will be useful in the rest of the paper.

Definition 2.1. If f is an invertible power series, let f be its compositional inverse, i.e. fo f = fo f = id.
Define the pseudo-inverse f of f by f = (—=z) o fo(—z) = (—z)o fo(—z). Similarly, we call (g,f) =
(1,—2)(g, f)~1(1, —2) the pseudo-inverse of a Riordan array (g, f).

It is easy to see that f = f, f: f: (=2) o fo(—2), and ,]To\fg = fy 0 fy for any invertible functions
fy f1, f2. Moreover, f is pseudo-involutory if and only if f = f. Likewise, (g, f) is a pseudo-involution if and

only if (g, f) = (g, f)- _
Given a function h € R[[2]], we say that h € F, where k > 0, if [z*]h # 0 and [27]h = 0 for 0 < j < k. Then

for any invertible Riordan array (g, f), we have g € Fy and f € Fi.
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Theorem 2.1. For any pseudo-involutory function f # —z, we have

f=Wzf) o] (4)

Moreover, f = ho h for h € Fy if an only if h = (/\\/270) o ¢, where ¢ is an arbitrary odd function, i.e.
P(—2z) = —(2).

Proof. Since f € Fi, it follows that zf € Fa, so /2 f € F; are invertible functions. Moreover, (zf) o (—f) =
(=f) - (fo(=f) = (=f) - (=2) = zf. Therefore, \/zf o (—f) = £/zf, and if Vzf o (=f) = V/zf, then
—f=+\zfo\/zf =z, ie f=—z in which case /zf ¢ R[[z]]. Thus, if f'(0) > 0 (and thus, f'(0) = 1, since f
is pseudo-involutory), then \/zf o (—f) = —v/zf. In other words, v/zfo(—z)o f = (—z) o /2 f, or, equivalently,

f=(=2)ovafo(—2) ozl = (Vah) o vVaT.

Now hLO/ﬁl = hy o hy means hy o (=2)ohyo(—2) = hyo(—2) 0o hyo (—z), which is equivalent to hy o hyo (—z) =
(—2) o hy o hg. In other words, ¢ = hy o he is an odd function, i.e. hy = h; o ¢ for an arbitrary odd function ¢.
Moreover, we know that f = ho h for h = (v/zf), so the second assertion of the theorem follows. O

Equivalently, we see that the involution —f = /2f o (—z) o v/zf, which implies that all involutions other
than the identity are conjugate to —z.

Definition 2.2. For a pseudo-involutory function f, denote hy := (v/zf) and call h; the pseudo-half of f.

Example 2.1. (Doubled Catalan sequence) Let f = 2(2C —1), where C = 1+ 2C? = @ is the generating
function for the Catalan sequence A000108.1 Then we know (see, for example, [4]) that f is pseudo-involutory.
We can write f = hy OBf for hy = (/\/z>f) = (z\/ﬁ), but this is not the most convenient function h such
that f = hoh. It is much easier to write f = 2(2C — 1) = 2(C + 2C?) = 2C + (2C)% = (z + 22) 0 (2C) =
(z+ 220 (2 —22) = (z+22)o(z/—i—\z2), ie. f=hohfor h=z+ 22

We can find the explicit formula for iy as follows. Recall that zC = z— 22 = z/—i—\z2 Then

2f = 2(22C = 2) = ((z — 2%) (22 — (2 — 2%)) 0 (2C) = (2* — 2*) 0 (2C),

so Vzf = (2v/1—=22) o (2C). Note that zv/1 — 22 is an odd function of z, so (zv1—22) = 2v1—22 =
Vzo(z—22)022=/z0(20)0 2% = 2,/C(z?), also an odd function. Thus,

hy = (Vo) = (V20 1) = (:C) o (+v/1- ) = (2 + %) o (+/O()) = /O] + 20). (5)

—

Moreover, we have h = z 4+ 22 = hy o (21/C(22)) = hy o (2/C(22)) = hy o (2v/1 — 22), and, as we noted above,
@(2) = 2¢/1 — 22 is an odd function.

For any function h = h(z) € R[[z]] such that h(0) = 0, we can write h(z) = zh,(2?) + 22h.(2?), where
ho, he € R[[2]] are given by

h,o(Z) _ h(\/g) \/;(\/E), he(Z) _ h(\/g) +Zh(7\/2)

(6)

Then we have the following theorem.

Theorem 2.2. Let f # —z be any pseudo-involutory function. Then

By =2hy, and  hpo=/1+42h% . (7)

Moreover, if h is any invertible function such that f = h OE, then

2By = (2zhe) o (zh2 — 22h2). (8)

IHere and throughout the paper, the Axxxxxx number refers to the sequence number in the On-Line Encyclopedia of Integer
Sequences (OEIS) [9].
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Proof. Recall that iLf =+/zf = /zo (z2f). Therefore,

(zBf)o(zf) = f —z=hrohs—hpohs = (hy —hy) o by = (hy(z) — (~hs(~2))) 0 hs
= (hy(2) + hy(=2)) o hy = (22%hye(2%)) 0 /2 f = (2zhpe) 0 2% 0 \/2f = (2zhy.c) o (2f),

so zBfy = 2zhy ., and thus, By = 2h¢ .. Furthermore,

2ohy=z2%0\/zf =zf = (hyohg)(hsohys) = (hshy) o hy = (=hs(=2)hs(2)) o hy,
and therefore,

2? = —hy(=2)hy(2) = (zhpo(2?) = 22hpe(22)(2hpo(2) + 22hye(2%))

= z2h27o(22) — z4hfc)e(z2) = (zh2)o — 22h27e) 022,

so zh} , — 2°h} , = z, or, equivalently, hf, = /1 + zh% .

Finally, suppose that f = h o h for some invertible function k. Then the equation f — z = (2Bjy) o (2f) can
be rewritten as

hoh—hoh=(2By)o(hh)oh = (2B) o (—h(—2)h(z)) o h,
and therefore, 7
(2Bf) o (=h(=2)h(2)) = h—h = h(z) = (=h(=2)) = h(2) + h(~2).
In other words, as with hy earlier in this proof, we have

(2zhe) 0 22 = (2By) o (zh2 — 22h2) 0 22,

S0
2zh. = (2By) o (zh2 — 2*h2),

and thus,
2By = (2zh.) o (zh2 — 22h2). O

Corollary 2.1. Let f be any pseudo-involutory function. Then

1
Equivalently, hy = zu(2Bf(2?)), where w = u(z) is such that u(0) =1, «/(0) =1, and u — — = z.
u

Proof. Immediate from Theorem 2.2. O

Example 2.2. (Doubled Catalan sequence) Let f = z(2C—1), the pseudo-involutory function from Example 2.1.

Then it follows from (5) that hy, = C and hy, = VO = V1+20% = /1 + zh% . Therefore, we obtain
By =2hy, =2C, as in [4, Example 15].

From Example 2.1, we see that we can also write f = ho h for h = z + 22. In that case, h = 1 and h, = 1,
so 2zh. = 2z and zh2 — 22h2 = 2z — 22, Therefore, from (8), 2By = (2zh.) o (zh2 — 22h2) = (22) o (2 — 22) =
(22) 0 (2C) = 22C, so By = 2C, as expected.

Finally, we can find all functions g such that (g, f) is a pseudo-involution. An answer to this problem was
previously given in [6]:

g = Fexp(®(z,—f))

for any skew-symmetric bivariate function ®(x,y), i.e. one such that ®(y,x) = —P(x,y). Our answer in this
paper, though equivalent, has a somewhat simpler form.

Theorem 2.3. Let f be pseudo-involutory. Then a Riordan array (g, f) is a pseudo-involution if and only if
g = texp(p(Vzf)), where ¢ = ¢(z) € R[[z]] is an arbitrary odd function.

Proof. Since f(0) = 0 and g(—f) = 1/g, it follows that g(0) = 1/¢(0), and thus ¢g(0) = £1. Therefore, we
may assume without loss of generality that g(0) = 1 and show that (g, f) is a pseudo-involution if and only if

g = exp(p(v/zf)) and ¢ is odd.

ECA 6:4 (2026) Article #S2R25 5
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Consider G = G(z) such that g = Go+/zf, i.e. G=go+/zf. Then g(—f) = Gov/zfo(—f)=Go(—vzf) =
G(—z) o /zf. Recall that, for a pseudo-involutory f, (g, f) is a pseudo-involution if and only if g - g(—f) = 1.
This condition is equivalent to

= (Go/zf) - (G(—z) o \/2f) = (G(2)G(~%2)) o \/2f,

or, in other words, G(2)G(—z) = 1. Note that \/zf is invertible, and thus v/zf(0) = 0, so G(0) = ¢g(0) = 1, and
therefore, log G is defined. Taking logarithms of both sides of G(2)G(—z) = 1, we obtain log G(z) +1log G(—=z) =
0, or, equivalently, log G(—z) = —log G(z). Thus, log G = ¢ for some odd function ¢ = ¢(z), i.e. G = exp(¢).
Moreover, ¢(0) = log G(0) = logl = 0, so ¢ € R[[z]]. (This eliminates odd functions like 1/z that are not
defined at 0.) We can also check that, in this case, G(z)G(—z) =1 for any odd function ¢ € R[[z]]. Therefore,
g-g(—f) =1 with g(0) = 1 if and only if

g=Gozf =exp(o(vzf)),
where ¢ € R[[z]] is an arbitrary odd function. O

Note that Theorem 2.3 generalizes [6, Corollary 2.4] that proved this result for f = z.
To see that the two representations of G are equivalent, recall that z = /2 fo\/2f and —f = v/zfo(—2)ov/2f,

O(z,—f) = O(VF VEF (=) o VEF,  @(=f2) = @(V2f(=2), V2 e V3T,
Then ®(—f,2) = —®(z,—f) implies that
O(V2F(=2), VaF) = ~0(\/2, /2] (-
Now let ¢(2) = ®(v/zf, V/zf(—2)), to obtain ¢(—z) = —¢(2), as desired.

For a Riordan array X = (G, F'), let the pseudo-inverse of X be the Riordan array

SO

1 N

X = (1,-2)XY(1,—2) = (é o Fo(—2),(~2) oFo(—z)) _ (G o(_F),ﬁ> .

As for pseudo-involutory functions f, it is straightforward to see that XY = VX, X-1=X"1= (1,—2) X (1,—2),
and that X is a pseudo-involution if and only if X = X. Then Theorem 2.3 also lets us reformulate and slightly
strengthen [6, Corollary 2.6] and [6, Theorem 3.1] as follows.

Theorem 2.4. A Riordan array (g, f) is a pseudo-involution if and only if (g, f) = XX, where X is any
Riordan array of the form X = X, 1V, where

Xg.p) = (\f \F) U= (Y1(2%), 2¢2(27))
for arbitrary 1,19 € Fy.

In other words, ¥ is an arbitrary array in the checkerboard subgroup of the Riordan group.
Proof. Let us note first that for any Riordan array X, the array X Xisa pseudo-involution. Indeed,
XX = XX =XX,
so XX is a pseudo-involution. Moreover, Theorem 2.1 and the fact that g o (=f) =1/g imply that

X X(a) = (f\ﬁ)( ﬁ)ﬁ)

- (Vi (L e Ve vET) Voo V)

= <\/§. (;go(_f)> ,f) = (ﬁ-ﬁj) = (9, )-

Finally, suppose that for some invertible Riordan arrays X and Y, we have X X =YY. Then
=Xy =XVl =XV 1 =Y-1X = ¥ = (1, 2)¥(1, —2),

so that if ¥ = (G, F), then (G, F) = (1,—2)(G, F)(1,-z) = (G(—z),—F(—=2)), and therefore, G is even and
F is odd. Moreover, ¥ is also invertible, so G € Fy and F € Fy, and thus ¥ = (¢1(2?), 2¢02(2?)) for some
1,109 € Fo, and Y = XW. We also see that there are no other restrictions on 11,12, and thus Riordan arrays
of the form X = X, sy V¥ for an arbitrary checkerboard array W are exactly those for which (g, f) = X X. O
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3. The v function of a Riordan array

Many of the results in the rest of this paper stem from two simple observations given in [4, Theorem 2|, one
more often useful in the case of ordinary generating functions, and the other more often useful in the case of
exponential generating functions. We restate both here for completeness after a few preliminary remarks.

Definition 3.1. For a function v = v(z), we say that v(z) has darga d if

for some ¢(z) € R[[z]] with ¢(0) # 0. In this case, we write d = dar(y). In particular, if ¢(z) = 1, we call v a
generalized palindrome of darga d.

We denote by Py the set of all generalized palindromes of darga d.

For example, when ~(z) = ZL:,@ a,z" is a Laurent polynomial, that is, k,1 € Z, k < I, and a,a; # 0, it is
straightforward to check that dar(vy) = k + [, the sum of the minimum and maximum degrees of .

Darga (stress on the second syllable) has properties similar to degree. They are listed in [4] for generalized
palindromes, and we briefly recall them here. If dar(y;) = d; and dar(v2) = do, then dar(y1y2) = di + do,
dar(v1/v2) = dy — da, and dar(y"(z)) = dar(y(z")) = rdar(y). Moreover, if both v and v are generalized
palindromes, and dar(y;) = dar(y2) = d, then dar(y; + 72) = d when 1 + 2 # 0. Finally, if dar(y2) = 0, then
dar(y; oy2) = 0.

Theorem 3.1 ( [4], Theorem 2).

1. Let g = g(z) be a function that satisfies a functional relation

g=1+29(g) =1+2-(y09), 9)
for some function v = v(z) such that (1) # 0. Then (g, f) and [g, f] are pseudo-involutions if and only
if

f=o29 (10)

97 (%)

Moreover, if v € Pg, then f = zg?~ 1, so (g, f) and [g, f] are in the (d — 1)-Bell subgroup.

2. Let g = g(z) be a function that satisfies a functional relation
g =9 = = (709) (11)

for some function v = y(z) such that v(1) # 0. Then (g, f) and |g, f] are pseudo-involutions if and only
if

fo 9) (12)

Moreover, if v € Py, then f = zg%, so (g, f) and [g, f] are in the d-Bell subgroup.

The following theorem relates the + function defined in each case above to the associated pseudo-involutory
function f in an equivalent but different way.

Theorem 3.2.

1. Let g = g(z) be a function that satisfies the functional relation (9). Then (g, f) and [g, f] are pseudo-
inwvolutions if and only if

z z Tz
= o o , 13
= = T4z ° 5= 2) =
or, equivalently, if and only if f = h oh for
z 2z 2z z z
h = o = =220 —————— o0 —. (14)
1(1=2) 242 (2+z)7(§;§) (1+z)y(};§) 2
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2. Let g = g(z) be a function that satisfies the functional relation (11). Then (g, f) and g, f] are pseudo-
inwvolutions if and only if

f=—ro—= (15)

or, equivalently, if and only if f = h oh for

z
h = 16)
o) |
Proof. Suppose g satisfies the functional relation (9), then g(0) = 1. Let G = G(z) = g — 1, then G(0) = 0 and
G satisfies the equation G = zy(1 + G), i.e. z = ﬁ, or, equivalently,

Therefore, by Theorem 3.1, we have
2y(9) G z G z z

(/g (1+G)7<H+G) 77(1—3)014—0:7(1_2)01+ZoG,

which implies Equation (13). Combined with the fact that o = 192 %15z = 192 © :i\, this yields

Equation (14).
Now suppose g satisfies the functional relation (11), then g(0) = 1. Let G = G(z) = logg, then G(0) = 0

and G satisfies the equation G = zy(e%), i.e. z = W(SG), or, equivalently,

G:W:(—z) © _o(-z)= R

Therefore, by Theorem 3.1, we have

[¢]

= g Gz . Tz
v1/9) e yle®) Ae?)
in other words, Equations (15) and (16). O

4. B-function from ~-function

In our previous paper [4], we mostly considered cases where the function y(z) was a generalized palindrome,
i.e. when v(2)/v(1/z) = z* for some k € Z. Here we consider a wider collection of functions v = 7(2), not
necessarily generalized palindromes, such that (1) # 0 and 7/(1) exists. In some cases, such as for Laurent
polynomials 7, we give more explicit formulas for the pseudo-involutory companion f = f(z) of ¢ and the
B-function By of the pseudo-involution (g, f).

Then we have the following two theorems.

Theorem 4.1. Let g be a function that satisfies Equation (9), and let f = z%. Then By = H o (%),
where H = H(z) and n = n(z) are defined by

K ((z_zl)Q> =(2)v (i) . H <(Z _21)2> _ V(Z)Z—_zz (%).

Proof. Since g =1+ z7y(g), we have
g—1? _z*(9)? (g 1 1
W=7 2307 2 99D 0 (D) = ey (v (1)) oo
g g o (5) g
The function v(z)7(1/z) has darga 0, since it is invariant under the substitution z — 1. Therefore, v(2)v(1/z)

is a function of z + 1, or, equivalently, of z 4+ 1 — 2 = @ Hence, v(2)v(1/2) =n (@) for some formal
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power series 7 = 1)(z). Letting z = 1, we obtain n(0) = (1) # 0, and thus the function % has a compositional
inverse as a formal power series. Therefore,

(9—1)2:(#).”((9—1)2)7

g g

or, equivalently,

and thus,

On the other hand, we have

f-z L1 _7(9)—97(5) _v(g)—gv(é) @) =y (L)
Bf(Zf)— =f = 7 = (9) = g1 = p— og.

Notice that ) |
=) =y (L) ER) = VEr(3)
z—1 N %

2
is also invariant under the substitution z — % and, therefore, is a formal power series in @ Let H=H(z)

z—

0, so 1 — z divides 'y( ) — 27(1/z), and in fact,
H(0) = lim &) -2y (3) _d (v(Z) - zv(i))

z—1 z—1 dz z—1

be defined by H ( z=1)° ) (Z)_Z'Yl(l/z). In particular, letting z = 1, we see that the numerator of H becomes

=27(1) —='(1),
z=1

so the power series expansion of H(z) involves only nonnegative powers of z. Putting together all of the above,

we obtain

—1)2

By(zf) = H <(9)> —Ho (z) o (2f),

g n

and thus
By=Ho <Z>,
n

as claimed. O

Example 4.1. (Little Schréder numbers) Let r = r(z) and s = s(z) be the generating functions for the large
Schroder numbers A006318 and the little Schroder numbers A001003, respectively. Then r = 1 + z(r + 72) =
2s—1=1+4+2zrs=1/(1-2z8)and s = (r+1)/2=1+2rs =1/(1 — 2r) = 1 + 2(—s + 2s?).
1 z
1—zr 1-2z 1—2"1-
that the pseudo-involutory companion of g = s is

Since s = o (zr), and is a pseudo-involution, it follows from [4, Theorem 44]

_ 2
f=()o z O(ZT):Z(lJrz)O 2r :z(1+z)o(zrs):zrs(l+zrs): ars”
1—-2 1—-=2 1—2r 1—-2 1—2zrs 2—s
Let g = s in Theorem 4.1, then y(2) = —2 + 222 = z(—1 + 22), so
-1 1 1 2 2 —1)2
n((z )> () —1422) (—1+>:5—22—=1—2(z T,
z z z z z z
so 1(z) = 1 — 2z, and therefore, e : Similarl
e = n) = 1—2z T1v22 ¥
—1)? —ay (L) 2422241 2 —1)?
H<(z )>:7(Z) a(z) _ ot f o, F14Z= 54017
z z—1 z—1 z
so H(z) = 5+ 2z, and thus
2z 5412z

Bf:Ho(;):(S—f—Qz)o

In other words, the B-sequence (b, )n>0 of f is given by by = 5 and b,, = (—1)"~12" for n > 1.

z
1422 +1+2z 1422
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Theorem 4.2. Let g be a function that satisfies Equation (11), and let f = z ((7)). Then By = Eo (5) 0/z,

where

v

e =¢e(z) = /vy(e?)v(e?), E(z) = M

Proof. Since g = ¢*7(9) we have

<mgm2=z%mm2=z%1$;vanum::uﬂ-«WQMU/w>om

Let € = &(2) = /v(e?)y(e~?), then v(2)y(1/2) = (e(log 2))?, so
(108;9) = (2f) - (e(log 9))?,

and, therefore,

_ (logg)* 5 =z
z2f = m —zgogo(logg).

Note that £(0) = (1)? # 0, so £ is invertible as a formal power series, and thus

log g = (g) oVzo(zf).

On the other hand, we have

et @-(3) 0-7(3) e e
By(zf) = =f f  z(g¢)  logg z ° (log g).

Now letting ' = E(z) = M and combining the preceding equalities, we obtain

Bf =Fo (S) o \/27
as claimed. O

Note that the power series expansion of y(e*) — v(e~#) has no constant term, and thus, the power series
expansion of E(z) has only nonnegative terms. In particular,

B(0) = tim WD - Ly o))

=27/(1).
z=0

Example 4.2. (Rooted labeled trees) Let T = T(z) be the exponential generating functions for the class of
labeled trees on vertices {0, 1,...,n}, rooted at 0 (see Examples 22 and 31 in [4]). Then T satisfies the equation
T = e*T | 5o vy(z) = z, palindromic of darga 1 + 1 = 2, which implies that f = 272. To find By, we see that

e=Ver-e %=1, SO@ZE:z and B = ¢€=¢" :2Sin};(z), and thus By = ( %) 0z0,/z = 2smhlv/E)

z N
which agrees with [4, Example 31].
Example 4.3. (Rooted labeled trees with 2-colored leaves) Let S = S(z) be the exponential generating functions
for the class of labeled trees on vertices {0,1,...,n}, rooted at 0 with 2-colored trees, except the singleton tree
is 1-colored (see Examples 23 and 32 in [4]). Then S satisfies the equation S = e*(1T5) so v(2) = 1 + z,
palindromic of darga 0+ 1 = 1, which implies that f = zS. To find By, we see that ¢ = /(1 +e*)(1 + e %) =
1;/6; = 2cosh(z/2), so

()= <200$§(z/2)> = <cosf1(z) ° ;> = Q(COS}ZI(Z)> = 2(z5ech(2))

14+e*) = (1+e* i
o re)—(+e?)
z z

and

and thus

By = (272 ) o (2o 0 v = (2755 ) o Gosean (] o v

z 2z

_ QSinh(zicosh(z) o (sech(2)) 0 /7 = izleré}ﬁz;

sinh(z) o (zsech(z)) o7,

o (zsech(z)) o /z

=2

which agrees with [4, Example 32].
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A substitution g(z) — g(kz) yields another useful general result.

Theorem 4.3. Let (g, f) and (G, F) be pseudo-involutions such that G(z) = g(kz) for some constant k # 0.
Then

F(z) = 1 f(k2),  Br(z) = kBy(2).

Proof. Note that kF(z) = f(kz) and (2f) o (kz2) = kzf(kz) = k?2F = (k®z) o (2F). Then

G(—F(2)) =go(kz)o <—]1f(kz)> =go(—f(kz)) = g(li;z) = Gzz)’
and
Fmz= 1 f(ks) 2= £(f — 2) o (k) = 3 (:By) o (2f) o (k2)
=7 =7 = 5 GBr
= T(:By) o (K2) o (2F) = (k2By(K22)) o (F). .

The last equation is also equivalent to 2B} = k*2B3(k*z) = (2B7) o (k*z2).

5. B-function given a Laurent polynomial ~

In this section, we will find the B-function for a Riordan pseudo-involution (g, f) where g satisfies Equation
(9) for some Laurent polynomial v (with v(1) # 0 unless v = 0). In other words, v(2) = 3_;cy cjz? for some
constants ¢; (j € Z), only finitely many of which are nonzero, and ) ez Ci = 0 if v # 0. Equivalently, either
7(2) = 0 or y(z) = 2y(2) for some £ € Z and some polynomial 7y = vo(2) with 70(0) # 0, Yo(1) # 0. When
v=0, we have g =1, f = z, By = 0, so from now on we may assume that (1) # 0.

In what follows, we will make extensive use of two families of polynomials defined in [4] that are related to
Chebyshev polynomials. We define and briefly recall their properties as given in Sections 4.1 and 4.3 of [4].
Other connections between Chebyshev polynomials and Riordan involutions, different from those in this paper,
were previously considered by Barry [2].

The first family, (pn(2))n>0, is defined as follows. For each integer I > 0, let

- ({25205
pun =G+ (v (52))

sin((l +1)0)

(17)

where Uj(z), defined by U;(cosf) = S , is the Chebyshev polynomial of the second kind. Also, define
in
p—1(2) = 0, which agrees with (17) when [ = —1. Then p,(z) = 3", _, dn k2", where

d _n+1 n+k+1 B n+k+2 . n+k+1
TR I\ 2k+1 )\ 2k +2 2%k +2 )

[, k]nk>0 = ((11j53’ (1 _Zz)2>

is the Riordan array A156308, whose first few rows are given by

and

1 0 0 0 O
4 1 0 0 O
9 6 1 0 0
16 20 8 1 O

25 50 35 10 1
Moreover, for any integer n > 0, and formal variables v and v,

(u _ U)2 _ (un+1 _ ,Un+1)2

n = 1
(pn(2)) 0 s (18)
We define the second family, (P,,(z))n>0, by
2 2
Pn(z)—Un(Z; ) +Up—1 <Z; ) . (19)
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Then, for all n > 0,
Pn(z) = pn(z) _pnfl(z) =V p2n(2)' (20)

Let P,(2) = > 1 an k2", then
2n+1/n+k n+k+1 n+k
nk = 57, 1 1 = ’ 7k207 21
Gnk 2k+1<2k> <2k+1)+<2k+1> " (21)

[@nk]nk>0 = <(11jj)2’ (1 _Zz)2>

is the Riordan array A111125, which begins with

and

1 0 0 0 0
3 1 0 0 O
5 5 1 0 0
7T 14 7 1 0
9 30 27 9 1
Moreover, the array [a, (uv)" *], r>0 satisfies the polynomial identity
[an,k(uv) k} k>0 [(“ - U)%H]kzo = [u2 H—? +1]520 (22)

(where the superscript 7 denotes the transpose), or equivalently, for any n > 0,
_ 2 2n+1 _ ,2n+1
P, (u—w) _u v . (23)
uv (u —v)(uv)”
A simple verification shows that we can extend the range of the index n in p, and P, to Z to agree with
properties (21) and (23) by setting
p_1(2) =0, P—n(2) = pn—2a(z) forn > 2, P_,(2) =—P,_1(2) forn > 1. (24)

The second of the three definitions in (24) can be more symmetrically restated as
Pn-1(2) = pn-1(2) for n > 0.
This also follows from the similar extension of U, (z) to all indices n € Z, since
sin(—n#@) sin(né)
e 0) = =— =
U-n-1(cost) sin ¢ sin 6

so U_p—1(2) = —Up—1(2) and U_4(2) = 0.

—Up—1(cos@), n >0,

Theorem 5.1. Let g, v, f, n, and H be as in Theorem 4.1, and suppose that y(z) = > .y cjzj 1s a Laurent
polynomial, v(1) # 0, i.e. only finitely many of the constants c; (j € Z) are nonzero and ;.7 c; # 0. Then

oo

n(z) =v(1)* + 2 Y cicats | pa-1(2) (25)
n=1 JEZ

and

H(z) =Y cnPui(2). (26)

nez
Proof. Since the product

1 . .
) = o =]
o (1) =[S e | (e ).
JEZL JEZ

is invariant with respect to the substitution z ~— 1/z, it follows that for each k > 1, its coefficients at z* and

27F are equal. Therefore, the function 1 = 7(z) as defined in Theorem 4.1 satisfies

o (E2E) =en (2) >4 Sl DTN N

n=1 \j€EZ

2
(oo}
Z ¢ | + Z Cicnyj | (2" +27"=2)

JEZ n=1 \ jEZ
(o]
_ 1)2
— 1 2 . . _ (Z
v(1) "’Z chcnﬂ (2pn-1) 0 > )
n=1 JEZL
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or equivalently,

n(z) +ZZ chcnﬂ Pn—1(2).

JEZ
Similarly, letting u = v/z and v = 7 n (23), we obtain
H((z—l)z) () -2y (1) % (2) = v27 (3)
z z—1 vz — %
n _ n+i -1 2
:Zan ’ Zl 222:0,11371—1((\/E )) ch nl(z )>a
neL v nez nekL

SO

Equivalently, if we define a linear functional L on the space of Laurent series in a formal variable P so that

L(P™) = P, for all n € Z, then
V(P)
=1L . 0
(%)

Remark 5.1. If v(2) # 0, then we can write v(z) = 2z%yy(z), where £ € Z is the minimum degree of v, and
Y0 = 70(2) is a polynomial with 70(0) # 0. Notice that v(2)y(1/z) = 70(2)70(1/2), so we may let ¢} = c;, for
j > 0and use yo(z) = > o0 i=0Cj 27 instead of y(z) to calculate 7(z) more efficiently. Indeed, the same calculations
for o show that

n(z) = +ZZ Y ey | pam1(2). (27)

n=1 \j >0

Example 5.1. (Little Schréder numbers) Let g = s as in Example 4.1, and let f be the pseudo-involutory
companion of g. Then we have y(z2) = —z + 222 = 2(—1 + 2z), so 7o(2) = —1 + 22, and thus £ = 1 and the
nonzero coefficients are ¢, = ¢; = —1 and ¢} = ¢3 = 2. Recall also that py(z) =1, Py(z) = 1, and Py (z) = 3+ 2.
Therefore,

0(z) = (ch + ch)? + 2(cheIpo(2) = (~1+2)2 42+ (1) -2:1 =122

and
H(z) =c1Py(z) + coPi(2) = (1) - 1 +2(3+ 2) =5 + 22,

as expected from Example 4.1.

Example 5.2. (Extended doubled Motzkin numbers) Let m = m(z) = 14+ 2zm+2?m? be the ordinary generating
function for the Motzkin numbers A001006 and let 7 = 1+ zm = 1+ 2(1 — m +m?) be the generating function
for the extended Motzkin sequence (A086246 without the initial 0). From [4, Example 49], we have that pseudo-
involutory companion of g = 2m — 1 = 1 + 2zm (whose coefficient sequence is A007971 without the initial 0)
is

z2m—1)  z2(2m—1) l—m+m?>  (2m—1)(m—1) 1—3m+ 2m?

= = 2~—1 = =
=T T2l S oy v A g o R B T ErvL

with the coefficient sequence A348189. Since

1 1 3+ g*
gzzm—1=1+2z(1—m+m2):1+2z(1—;g+( ;g> >:1—|—z J;g,

22

it follows that v(z) = —5 »sowe only need ¢y = 3/2, ¢; =0, and cp = 1/2. Therefore,

n(z) = 7(1)2 + z((coc1 + c1e2)po(2) + (coca)p1(2)) = 22 4 2 (0 14 2(4 + z)> =4+4+3z+ 222,

SO
4z z z z z z

T 1641224322 14324322 4 143z 1+32°4°

|
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and thus,
(;) = (42) 0 (:0(3%)) 0 7 f3z.
Similarly,
3 1
H(z) =coP-1(2) + c1Py(2) + c2Pi(2) = 3 (-1)4+0-1+ 5(3 +2z)= ;,
=)

z z 2z 322 1—-32z—+vV1—6z—322
Bf=Ho|~-)=(2 2 = —
f=HEe (n) (22)0 (:0G=) e =5, = 7=3.¢ ((1 32)2) 32 ’

whose coeflicient sequence is 2 - A107264 with 0 prepended.

Example 5.3. We can generalize the results of Examples 4.1, 5.1, and 5.2 to explicitly find By for the pseudo-
involutory companion f of any function g that satisfies the equation g = 1 + z7y(g) for a quadratic polynomial
« such that (1) # 0. Let v(z) = a + bz + cz? such that a + b+ ¢ # 0. Then

n=mn(2) =v(1)* + 2((ab+ be)po(2) + (ac)pi(2))
a+b4c)? +z((ab+be) - 1+ ac(4 + 2))

= (
= (a4 b+ c)® + (ab+ be + 4ac)z + acz?,

S0
z_ z
n (a+b+c)?+ (ab+ be + 4ac)z + acz?
z z
N 1—|—(ab+bc+4ac)z—|—ac(a+b+c)2z2O(a+b+c)2
z z z
B 1—|—(ab—l—bc—i—4ac)zo1—|—ac(a—+—b—|—c)2,22O(a—}—b—l—c)z7
and thus,
2\ 2 2.2 ?
(77) =(latbto Z)O(zC(ac(a+b—|—c) : ))O 1 — (ab+ be + 4ac)z
_ 2,2 <
=((a+b+c)z)o ((a+b+c)zC (ac(a+b+c)*2%)) o = (@b be 1 dac)z
B 9 (a+b+c)z
= ((a+b+¢)zC (acz?)) o T (b1 bet da)7
Similarly,
H(z)=aP_1(2) +bPy(2) + cPi(z) =a-(=1)+b-1+c(B+2)=(—a+ b+ 3c) + cz,
S0
By=Hol(Z =((—a+b+3c)+cz)o ((a+b+c)zC (acz?)) o (atb+tc)
F= n) 1 — (ab+ bc+ 4ac)z (28)
(a+b+c0)z

=(—a+b+3c)+ ((a +b+c)czC (aczz)) o

1— (ab+ bc+ 4ac)z’
Note that C(0) = 1, so when a = 0, we have

(b+c¢)z
1—bez

(b+c)?cz  (b+3c)—(b—c)ez
1—bez 1—bez ’

By = (b+3¢) + (b +)ez) o — (b+3¢) +

as in Examples 4.1 and 5.1. Likewise, when ¢ = 0 (that is, 7(z) = a + bz is linear), Equation (28) reduces to

14az

1oie, m , as in [4, Example 3].

By = b — a, since in this case (g, f) = (
Note that when a =0, b # 0, ¢ # 0, it follows that By is a fractional linear transformation of the form fl‘;gj )

previously considered by Barry [3].

Finally, consider what happens when (1) = a4+ b+ ¢ = 0. In that case, either ¢ = 0 and v(z) = b(z — 1), or
c# 0 and y(z) = c¢(z — 1)(2 — 2). In the former case, we have g = 1, f = 2, and By = 0, which agrees with

Equation (28). In the latter case, we have g — 1 = cz(g — 1)(g — 2), and thus, either g = 1, f = 2, and By = 0,
as before, or g = % + L which is not a power series in z.

cz?
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6. B-function given a rational function g

In this section, we consider somewhat of an inverse special case. Suppose g = g(z) is a rational function, and f
is the pseudo-involutory companion of g. How can we find the B-function By in this case?

Let us write g(z) = 5178 for some relatively prime polynomials p and ¢ such that p(0) = 1 and ¢(0) = 1.

Then the fact that (g, f) is a pseudo-involution implies that g(—f) = 1/g, that is zg%g = 28, or equivalently,
p(2)p(—f) —q(2)q(—f) = 0. Let w and v be two formal variables and consider the function

R(u,v) = p(u)p(v) — q(u)q(v).

R is a polynomial symmetric in v and v, so we can write R(u,v) = S(u + v,uv) for some bivariate polynomial
S = S(z,y). Note that S(0,0) = R(0,0) = 0. Then

S(z— f,2f) = R(z, = f) = p(z)p(=f) — a(2)q(=f) = 0.
But z — f = —(2By) o (2f), so we have
S(—zBf,z)o (z2f) =S(z— f,2f) =0.

Therefore, zBf(z) is a power series solution of S(—z,2) =0 in x.

Example 6.1. (Fibonacci numbers) As in [4, Example 50], let g = g(2) = ﬁ be the ordinary generating
function for the Fibonacci sequence (starting at 1,1), and let f = f(z) be its pseudo-involutory companion.
Since g = i o(z+ 2?), and 7= is the pseudo-involutory companion of ﬁ, we have

ez 2 _ aoye 2 _ -1 _\/m
f_(z+z)0172,0<Z+Z)_(20)0172722_@0)0(9 1)—2 1 1—~>—22 |-

The equation g(—f) = 1/g is equivalent to

1
— — =1-2-2*
L+ f—f2

7

i.e.

Q-z=2)1+f-f)=1

or

f—z—f—zf =22+ 2f2=2f+22f =0,
which can be rewritten as
(f=2) = (f =22 =32f +2f(f —2) + (2f)* = 0.
Since f — z = (2By) o (zf), it follows that
2B — (2Bf)? — 32+ 2(2By) + 22 = 0,

or equivalently,
2B} — (14 2)Bf + (3 —2) =0.
Since By is the power series solution of this equation, it follows that

Cl4z2—/(1+2)2-423-2) 1+2z—+1— 10z + 522
B 2z N 2z ’

By

which was conjectured and verified in [4, Example 50] by substituting f and By into f — z = (2By) o (2f).

To generalize this example, we define a third family of polynomials, (@ (2))n>0, by

Q=1 Q=2 (5] nx (29)

where T, (z) is the Chebyshev polynomial of the first kind, defined by T,,(cos ) = cos(nf). Then

Qn(z) = Pu(2) — Pr_1(2) forn>1, (30)
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where P, (2) is as defined in (19). Let Q,(2) = >_p_o bnk2", then

n+k n+k—1
= >
e (P55 (AT, mso -

14+ 2 z
[brk]n k>0 = (1_27 (1—z)2)

is unsigned version of the Riordan array A110162, which begins with

and

1 0 0 0 O
21 0 00
2 4 1 00
29 6 10
2 16 20 8 1

Moreover, the array [by, s (uv)" "], ;>0 satisfies the polynomial identity

[ (u0)" ], g [0 =05 = 2" 407" = I = 0] (32)

(where the superscript 7 denotes the transpose, and [n = 0] is the Iverson bracket), or equivalently,

Qo(2) =1, Qn<(u — ”)2) Sk LY (33)

uv (uv)™

Since both products in p(z)p(—f) — q(2)q(—f) have similar form, it is enough to understand how to find a
polynomial Hi(z,y) such that Hy(z,By) o (2f) = p(2)p(—f). Then we can similarly find Hs(z,y) such that
Hy(z,By) o (2f) = q(2)q(—f) and then find the power series solution y = By(z) for Hi(z,y) = Ha(z,y).

Suppose that p(z) = >, < cn2", where cg = 1 and only finitely many coefficients ¢,, are nonzero. Then

(- = [ e | [ S eal-5)"

n>0 n>0

= ch(—zf)" Cn + ch+k (Zk + (*f)k)

n>0 k>1

= ch(fzf)” cp + ch+2k (22’“ + f2k) + ch+2k+1 (szﬂ _ f2k+1)

et k>1 k>0
)2 —z)?
— Z Cn(—2f)" Z sk (2f)FQu ((fzfz)> + Z Cnyars1 ()" (z = f) Py ((foZ))
n>0 k>0 k20

I
(]

cn(—2)" Z cn+2kszk(zBJ%) — (2By) Z cn+2k+1szk(zB?) o(zf)
n>0 k>0 k>0

I
(]

(—=1)"enz"* (cat2kQr(2BF) = cnyont1(2By) Pe(2B7)) | o (21),
n, k>0

SO

Hy(z, By) = Y (=1)"cn2"™ (cny2xQr(2B}) — cnrani1(2By) Pu(2B3)) , (34)
n,k>0

where we use the facts that f —z = (2By) o (2f) and (f;;)2 = (2B3) o (2f).

To make this formula more compact, combine the polynomial sequences (Q)n>0 and (P,)n>0 into a single
family (R, )n>0 defined by

Ron(2) = Qn(2?), Roni1(2) = 2P, (2%), n>0. (35)
Let R, (2) = 3,50 an k2", then Ro(z) = 1 and
U2 _ U2 B (u2)n + (71}2)71
R, ( -~ > = () , n>1. (36)
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Moreover,

o= + e nk >0 (37)
n,k_ k k 9 9 — Y

where we set (§) =0 when a ¢ Z>, so

1+ 22 z
[ klnkz0 = 7—% 77— |

1—2271—22

the Riordan array given by the unsigned version of A108045, or equivalently, A114525 with the initial 2 replaced
by 1. Then

pp-N) = [ Sews" | [ S ent-5r

n>0 n>0

=Y (=2 [ en D engr (2" + (=H)F)

n>0 k>1

= Z cnCnik(—2)"2" 2Ry, (=v/zBy) | o (2f),

n,k>0

and thus (34) simplifies to

Hl(zan) = Z (—1)”cncn+kz"+%Rk (_\/ng> : (38)

n,k>0

We can collect all of the above into the following theorem.

Theorem 6.1. Let g = g(z) = p(z)/q(z) for some polynomials p(z) and q(z) such that p(0) =1 and ¢(0) = 1.
Let f be the pseudo-involutory companion of g. Suppose that p(z) =", <o cn2" and q(z) = >, dn2", where
only finitely many of ¢,’s and d,,’s are nonzero. Then the B-function By of f is a power series solution of the
bivariate polynomial equation

> (1) (enn i — dudn 1) =" Ry (—v/2By) =0, (39)
n,k>0

where Ri(2), k > 0, are the polynomials defined by any one of the equations (35), (36), or (37).

Example 6.2. Let us apply Equation (38) in the case of g(z) = ﬁ from Example 6.1. With the notation
as above, we have p(z) = 1 and ¢(z) = 1 — z — 22, so that p(z)p(—f) = 1 and thus H;(z, Bf) = 1, so we only

2

need to determine Hy(z, By). For q(z) =1 — z — 2%, we have ¢g = 1, ¢; = —1, co = —1, so we only need to use

Ro(2) =1, Ri(2) = 2z, and Ra(2) = 2+ 22. Thus,

Hy(z,By) = (c§ — iz + c32%) - 1+ (coc1v/z — crea2v/z) (—v/2By) + cocaz (2 + (—\/EBf)2>
=(1—z2+2°)+(—Vz—2v2) (—VzBy) — 2 (2 + 2B})

:lfz+22+(z+22)Bff2zfz2BJ%.
Therefore, Hi(z, By) = Ha(z, Bf) means
1:172+22+(Z+Z2)Bf7227223?,

or, equivalently,
zB?—(1+z)Bf+(3—z) =0,

which agrees with Example 6.1.
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