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ABSTRACT: Using the lattice paths in N x N, we derive a general formula for sequences (T(n, k;)) satisfying the
recurrence relation of the form:

T(n,k)=aniT(n—1,k)+ by, T (n—1,k—1).

We apply this result to the case where ay,, ; = ao + a1k + azn and b, = by + b1k 4 ban. This leads to explicit
expressions for T'(n, k), with simpler formulas arising in the case by = 0, as well as in the fully general case,
using Faa di Bruno’s type expression. In particular, we analyze the case b, ; = 1, which frequently occurs in
enumerative combinatorics. Applications include explicit formulas for the r-Eulerian numbers. We also express
the case b, r = 1, using a transition matrix. We apply our results to several sequences.

Keywords: Combinatorial interpretation; Triangular recurrence; r-Eulerian numbers; Weighted paths
2020 Mathematics Subject Classification: 05A05; 05A15; 05A19

1. Introduction

In this paper, we investigate a certain sequence of numbers that satisfies a triangular recurrence of the form
T(n,k) = (ag + a1k + aan)T(n — 1,k) + (bg + b1k + ban)T(n — 1,k — 1). (1)

In their book [4], Graham et al. study binomial coefficients, Stirling numbers, and Eulerian numbers, and
propose a generalization problem of the form (1). We call the resulting sequences GKP numbers. In combinatorics,
several approaches have been developed to study these numbers. One of the earliest results is due to Neuwirth [13]
(see also Spivey [17]), who obtained an explicit formula for the case bo = 0 using the Galton triangle. Spivey [17]
further investigated several cases using finite differences. Analytical approaches have also appeared in various
works, including those of Théorét [18], Wilf [19], and Barbero [1].

Recall that a weighted set is a pair (F,v), where F is a finite nonempty set and v is a map from F to a ring
of formal power series with coefficients in C. We are generally interested in |E|, = ) . pv(z). Using weighted
paths in the N x N, we derive a general formula for the sequence (T(n, k)) of the form:

T(n,k)=aniT(n—1,k)+ by T (n—1,k—1).

We apply this result to the special case of GKP numbers. Thus, the aim of this work is to study such numbers
as the total weights of certain paths, with initial conditions usually taken as

T(0,0)=1, T(n,k)=0if n < max(k,O0). (2)

We remain in the setting where a, 1 = ap + a1k + agn and by, , = bg + b1k + ban, with a, 1 # 0 and by, # 0. In
particular, we study the case b, = 1, which we denote mostly by (F (n, k)) In this way, we obtain a unified
approach to generalized Stirling numbers (see Hsu and Shiue [7], Maier [8]), the »-Whitney numbers (see [11]),
the r-Lah numbers (see Nitl and Récz [14]) and many other sequences in combinatorics.

However, generalizations of Eulerian numbers where b,, , # 1 are also important examples when discussing
sequences satisfying (1). We provide an explicit formula for T'(n, k) with a,, , = ao+a1k+azn and by, = bo+b1 k,
and apply it to the r-Eulerian numbers.
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Our Contributions and Paper Outline

We prove the main results, which provide explicit formulas for T'(n, k) of Faa di Bruno’s type expressions:

Theorem (See Theorem 2.3). Let (T(mk)) be a sequence satisfying (1) with an = a1k + ag, bpr = ban +
b1k + bo, and the usual initial conditions (2). Then

k j=i—1
T(TL, k‘) = Z ag" ((LO =+ ali)Ci (bo —+ (bl + bQ)Z —+ b2( Cj)) .
{coteci+++er=n—k,0<c;<n} i=1 Jj=0
This sum ranges over all sequences (co, ¢1,- - , i) such that, for all 4, ¢; is non-negative integer, and ¢y + ¢; +

e =n—k.
More generally, we can express T'(n, k) as a sum over all increasing (n — k)-tuples p = (p;)"=} with entries
in [n],ie,1<p; < -+ <pp_r <n. ltis given by the following theorem.

Theorem (See Theorem 2.5). Let (T'(n,k)) be a sequence satisfying (1) and the usual initial conditions (2).
Then

n—k
T(n, k) = Z H ((GQ + al)pi — ali + a0> (bo + (bl + bz)Z + bgi + bgﬁ{l P — < Z})
{1<p1<p2<-<pp_r<n} i=1 i=1

In section 2, we will interpret T'(n, k) as the total weight of a set of paths and derive an explicit formula.
It includes Theorem 2.1, Corollary 2.2 and the two above theorems. We also apply these results to sequences
defined by triangular recurrence.

Section 3 contains brief remarks that we can also represent the sequences as transition matrices. We prove
that the case where b, ;, = 1, it is a transition matrix in the vector space R[z].

In section 4, we present a simpler form of the expression obtained in Theorem 4.5 for the case by = 0, that
is, when a, 1 = asn + a1k 4+ ag and b, = b1k + by.

2. Weighted paths in N x N associated with sequences of
numbers satisfy a triangular recurrence

We define R, i as the set of paths starting from (0,0) to (n,k) in the lattice N x N, using only East steps E
((z -1,5) — (i,j)) and North-East steps NE ((z -1L,j-1)— (Z,j)) Any element m € R,, i, is a path of length
n and height k.

Let a = (a; ;)i jen and b = (b; ;)i jen be two sequences of real numbers. We assign a weight to each East step
E (i—1,j) — (4,7) by a; 4, and to each North-East step NE (i — 1,5 — 1) — (4,7) by b; ; so one can define a
valuation (weighting) wqp @ Rnx — R, such that the weight of a path m = (p1,p2,- -+ ,Pn) € Rk 18 wep(m) :=
the product of the weights of each p;. We denote by T, 5(n, k) = |Rnklw,, = ZweRn,k wa,b(7) the total weight
of Rk, and by Ty p = (Tap(n, k))n ken the associated infinite matrix.

Lemma 2.1. The matriz Tq, satisfies the following recurrence relation.
Top(n, k) =anxTan(n—1,k) + by g Tap(n — 1,k —1).

It also satisfies the usual initial condition (2). Conversely, any relation of this form, for ap g, bn i € R, may be
interpreted as a weighting of Ry, k-

Proof. Indeed, any path from (0,0) to (n, k) is either a path from (0,0) to (n — 1, k) followed by an East step,
or a path from (0,0) to (n — 1,k — 1) followed by an East step. O

Example 2.1. Figure 1 represents a path from (0,0) to (6,3) whose weight is a1 gb2 103,264,205 306 3.
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North

East

1 2 3 1 5 6 7
Figure 1: A path from (0,0) to (6,3)

Let CT(k,n) be the set of strictly increasing functions from [k] to [n]. We identify 7 € R, with o € CT(k,n)
by defining o(i) = j if the i-th NE step is (j — 1,/ — 1) — (4,1). Given o € CT(k,n), one can associate the

increasing list 6 = (5;)1<i<n—k of the elements of [n] \ o([k]), and §CT(k,n) = (}).

Example 2.2. The path in Figure 1 is identified with the map o such that o(1) = 2, 0(2) = 3 and o(3) = 5,
and & = (1,4,6).

Theorem 2.1. Let a = (ap k)nkens b = (bnk)n.ken and (T(mk‘)) be three sequences such that T satisfies the
recurrence relation T(n, k) = an T (n — 1,k) + by xT(n — 1,k — 1), with the initial conditions (2). Then

e

n—k
T(”v k) = Z H (a&i,&,;—z H o (i), z (3)

oceCl(k,n) i=1 i=1
Proof. Recall our notation: wgp @ Rpr — R, the weighting, assigns the weight a;; to each East step E
(t—1,7) — (i,7) and the weight b; ; to each North-East step NE (i —1,j — 1) — (4, 7). By Lemma 2.1, T'(n, k)
is the total weight of R, k. So T'(n, k) = Z Wa,b(T).

TER &
It is straightforward to see that the i—th East step is weighted by as; #,—; and the i—th North-East step is
weighted by b, ;). Thus, the result follows. O

The following case is very common in combinatorics.

Corollary 2.1. Let (F(n, k)) be a sequence satisfying (1) with an j = agn + a1k + ag, by = 1, that s,
F(n,k)=F(n—1,k—1)+ (aan+ a1k + ao)F(n — 1,k),

and the usual initial conditions (2). Then

n—k

F(n,k) = Z H(a2+a1) fa11+a0)

{1<p1<p2<--<pn_r<n} @

Proof. Since b, ;, = 1, eq. (3) becomes
F(nk) = Z H g, 5:-i)-
T =1
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But here a,, 1 = aan + a1k + agp, so

a5,.5,—i = 20, + a1(6; — i) + ap = (az + a1)6; — ari + ao.
Using the definition of CT(k,n), we conclude the proof. O
Lemma 2.2. Ifb, ; = by + b1k, then

T(n,k) = (bo + by | by )P F(n, k),

where (b + by| by )®) = (b + by)(bo + 2b1) - - (bo + kby).
In particular, if by = 0 then:
T(n, k) = biF(n, k).

And if by = 0, then:
T(n,k) = bYEIF (n, k).

Proof. Suppose that b, = by + b1 k. Since each element m € R,, ; has k£ NE steps, and the weight of each of
these steps is independent of n, the step at height 1 is weighted by by + b1, the step at height 2 by by + 2bq, - - -,
and the step at height k by by + kb;. Hence, the total weight of the NE steps is

(bo +b1)(bo +2b1) - - - (bo + kb1).

This means that, for the same a,, i, if the weight of 7 € R,, i, is w(w) in the case b, , = 1, and w’(7) in the case
bn,k = bo + blk, then
W' (m) = (bg + b1)(bg + 2b1) - - - (by + kby) w(m).

Summing over all m € R, ;;, we obtain the desired equality. O
Combining Corollary 2.1 and Lemma 2.2, we obtain

Corollary 2.2. Let (T(n, k)) be a sequence satisfying (1) with ank = agn + a1k + ag, bp . = b1k + by, and the
usual ingtial conditions (2). Then

T(n,k) = (b + by | by )® >

{1<p1<p2<---<pn_<n} i=1

((612 +ay)p; —ari + ao)-

n—k

Applications 2.2. We now present some applications of Corollary 2.1, including the generalized Stirling
numbers and a generalization of the r-Lah numbers. First, setting as = —a, a1 = 8, ap = a + r, we obtain
the generalized Stirling Numbers S, 5, defined by Hsu and Shiue in [7], satisfying the recurrence relation ( [7]
equation (7))

Sa,gr(n k) =8apr(n—1k—1)+ (—a(n—1)+ Bk +1)Sapr(n—1,k). (4)

Applying this corollary, the generalized Stirling Numbers can be rewritten as

n—k

Soir (k) = > [T (8= = pi+atr).

{1<p1<p2<-<pn_p<n} i=1

Note that Sy, 0,r(n; k) is the r~-Whitney number of first kind, defined by Mez6 in [11], and Sp  r(n; k) is the
r-Whitney number of second kind. Also, in [15], Randrianirina introduces several generalizations of the Lah
numbers. One of them is the sequence defined by the following recurrence relation

Amr(n, k) = A r(ny k= 1) + (m(n — 1) + k + 1) Ay (0, k). (5)

In this case ag = —m +1; a; = 1 and ags = m. Then

n—Fk

A (0, k) = > 11 ((m-l—l)Pi—i—m—f—T).

{1<p1<p2<-+<pp_r<n} i=1

(Am,r(n, k)) is the matrix associated with the L-species (see [16]) zEgo0 Q) QF = Ty—. x—.G(ZX"), G being
the combinatorial differential operator associated with the grammar G = {z — pza™l z — 2™} Eg is
the species of sets weithed by w(A) = ul4!, and Q,, is the L-species of m-Stirling permutation, weighted by
w'(o) = 2™ if ¢ € Q[n]. Another one is the number A, , s(n, k), satisfying the relation

Aprs(nk) =Aprs(n—1k—=1)+(mn+k)+r+s)Anrs(n—1Fk). (6)
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As as = a1 =m, ag = r + s, we have

n—=k

Aprs(n k) = Z H (m(2pi —i) +r+ s)

{1<p1<p2<---<pn—_r<n} i=1

(Am,r’s(n, k)) is the matrix associated with the L-species F = Ty—y =y x=-G(VU*X"), where G is the
combinatorial differential operator associated with the grammar G' = {v — pvu™z™, u — uz™,x — ™1}
Note that A, ,.»(n, k) is the ~-Whitney-Lah numbers defined by Gyimesi and Nyl in [5], and A4, ,(n, k) is the
r-Lah numbers defined by Nyul and Racz [14]). We can consider also the case where a; = az = m and ag = mr
corresponding to (Tm,r(n, k)) the sequence of recurrence

T (M, k) = T r(n—1E=1)+mn+k+r)rym,r(n—1,k), (7)

which Randrianirina mention in [15] as associated with (zEg o (Ly)") - (L))" = Tz=. x=2G(ZX"), where G is
the combinatorial differential operator associated with the grammar G = {v — pzz",z — ma?}. Again from

Corollary 2.1, we have
—k

Tm,r(n, k) = Z ”1_[ (m(2pi — 1+ 7"))

{1<p1<p2<-<pn—_r<n} i=1

Now, we try to make the formula (3) less heavy, namely, to reduce the simultaneous use of o and . To do
that, let us introduce a useful tool. We aim to write down the precise identification between o € C'(k,n) and
& € CT(n —k,n) used in Theorem 2.1. The aim is to transfer (identify) both to weak compositions of n — k into
k + 1 parts, given by the set WC(n — k,k + 1). We often identify any function o from [k] to [n] by a sequence
(04)F_, C [n], so the following forms.

CT(k’,n) ={a=(a1,a9, o) 1<y <ag < - <ar <nk
CT(n_kan) :{B = (/81752"" 7671—]6) 01 S /81 < 62 << 6n—k S n} and
k
WC(H—]@]C—'—I) :{Q: (COacla"' ack) : Zci = n_ka vi7ci € {Oala 7”}}
i=0
We equip CT(n — k,n) and WC(n — k, k + 1) with the weights ¢ and § defined by

k

n—k
e(p) = H (ao + (Bj — j)ar) and n(c) := H (ag +1ia1)“".
j=1

i=0
Lemma 2.3. Let us define the correspondences
e Y:WC(n—k,k+1)— Cl(k,n), c a (with a; :i—i—Z;;Bcj) and
e ¢:CM(n—k,n) > WC(n—k,k+1), 8+ c (withc; :=48{j:B; —j=i}).
Then, the following statements hold.

1. ¢ and ¢ are well-defined bijections. Moreover (CT(n - k,n),g) and (WC(n -k, k+ 1),77) are isomorphic
as weighted sets via ¢.

2. The map Yo : CT'(n—k,n) — C'(k,n) coincides with the identification between C'(n—k,n) and CT(k,n)
used in formula (3) of Theorem 2.1. More precisely,

o (a) =0

Proof. First, let us prove Item 1. For v, well-definedness and injectivity are clear. Since the sets are finite
and have the same cardinality, injectivity implies bijectivity. They have the same cardinality because we have
noticed it earlier CT(k,n) = (Z) and the known fact about weak composition of n — k in k 4 1 parts.

For ¢, the map is well defined because each ¢; lies in {0,1,--- ,n} and the sum Zf:o ¢; is precisely the
length of 8, namely |3] = n — k. Its inverse is defined recursively as follows:

e for i =0: for all I with 1 <1 < ¢g, set 8y =1;

o fori=1,... k: for all [ with
i—1 i
D <l o
j=0 j=0
set 5; =1 +1.
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By construction, 81 > 1 and 3; < 41 < (n—k) +k =n, s0o B € CT(n — k,n). It is also clear that this is the
inverse of our correspondence.

To show that it is a morphism (preserves weights), it suffices to use the definition of ¢;, which counts the
indices j such that 8; — j = 7. Now, we have done with the first part and we move to Item 2.

We recall that o is the unique increasing sequence in [n] complementary to & in the sense that for any i € [k]
and m € [n—k], 0; # 0m. So we need to prove that for any 8 € CT(n—k,n), a = 1o $(B) is the unique element
in C*(k,n) that is complementary to 3. By definition of ¢ and ¢,

(Yo d(B))i = a; =i+ 4C14, Ci={len—Fk:6—-1<i}.

Clearly C; C C; 1, hence a is strictly increasing. Moreover, since §C; < n—k (as C; C [n — k]), we recover that
a € A. What we need to prove here is then

Viel[k], men—kl: o Bm-

Assume that there exist ¢ € [k] and m € [n — k] such that a; = §,,. Case one: C; = (). Then §,, = a; = 1.
So B, —m < i, and m € C;, a contradiction with C; = (). Case two: C; # (). In this case, we observe that if
I+1€Cy then 5 —1 < Biy1 — (14 1) <4, 1€ C; This implies that C; = [{C;]. As a subcase, if m < §C;,
then m € C;. Hence

i+4C; —m=a; —m =L, —m<i = {C; <m,

which is a contradiction. In the other subcase, if m > 4C;, then m ¢ C;, so
i+8C;, —m=a;—m =0, —m>i = m < {C;,
which is again a contradiction. O
This lemma yields one of the main results of this paper. We obtain the following theorem.

Theorem 2.3. Let (T(n, k)) be a sequence satisfying (1) with an , = a1k + ag, by k = ban + bik + by, and the
usual ingtial conditions (2). Then

k j=i—1
T(n, k) = S a& TT (a0 + a1i)” (bo + (by + b)i + b cj)).
{coteci++cr=n—k,0<c;<n} i=1 j=0

Proof. First, with a, 1 = a1k + ag and b, = ban + b1k + by, Theorem 2.1 becomes

n—=k k
,I’(TL7 k) = Z H (ao + (11(52' — Z)) H (b() + Zbl + bQJi).

ceCt(n—k,n) i=1 i=1
Next, we use Item 2 of Lemma 2.3, together with definition of £(¢), to obtain

k

Tnk)= > e(@) ][] (bo+ibs+ba(vr 0 (5)):).

GeCT(n—k,n) =1

Applying Lemma 2.3, Item 1 to the last equality, we obtain

k
Tnk)= > 1(6)) [T (bo+ibr +ba(v 0 6(5)):)
5eCT(n—k,n) =1
k
= > () [T (bo + b1 + ba(w(0)):)
ceC i=1
k ok i—-1
= Z H (ao + ’L’al)cZ H (bo + by + bg(’i + ZCj)).
ceCi=0 i=1 7=0
So we obtain the desired conclusion. O

Applications 2.4. We can use this theorem to derive Faa di Bruno-type expressions for the mth-order Eulerian
numbers and the r-Whitney—Eulerian numbers. First, recall that an m-Stirling permutation is a permutation
0 = 0102+ Oy of the multiset 1™2™ ... n™ such that for all 7, j,k, if i < j < k and o; = o0y, then o; > 0.

ECA 6:3 (2026) Article #S2R20 6
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In [6], Tian-Xiao He defines the mth order Eulerian numbers of order as the number T") (n, k) of m-Stirling
permutations having exactly k descents, and proves that these numbers satisfy the following recurrence relation

T (n, k) = (rm—k+(1- T))T(T) (n—1,k—1)+ (k+1)T" (n—1,k),
with T(")(n,0) = 1 for n> 1 and T (n, k) = 0 if n < k or k < 0. We apply Theorem 2.3 to get
k
T0) (n, ) = 3 I1 (1%)%(@»_ Dii—1) 4+ cj).
{cot+ci++ecr=n—k,0<c;<n} i=1 j=0

Now, let us consider the r-Whitney-eulerian numbers defined by Mezé and Ramirez in [12] (see also Toufik
Mansour and al. in [10]), satisfying the recurrence relation

Apr(n k) = (mk+1)Amr(n—1,k)+ (mn—mk+m —1r)Ay,,.(n —1,k—1).
From Theorem 2.3, the r~-Whitney-Eulerian numbers can rewritten as
k
Apr(n k) = Z 70 H (r 4 mi)© (m —r+m( cj)).
{cot+ci++ecr=n—k,0<c;<n} =1 j=0
In a similar way, one can obtain the general case, as follows.

Theorem 2.5. Let (T'(n,k)) be a sequence satisfying (1) and the usual initial conditions (2). Then

n—k k 1—1
T(n, k) = Z H ((a2+a1)pz‘—a1i+ao)H(bo+(b1+b2)i+b2(2ﬁ{l:pl—l:j})>.
{1<p1<p2<--<pn_r<n} i=1 i=1 =0
That is
n—k k
T(n, k)= Z H ((a2 +a1)p; —ari+ ao) H (bo + (b +bo)i+bott{l:p—1 < i} )
{1<pi<pa<-<pn_p<n} i=1 =1

Proof. From Lemma 2.3, item 2, the bijection that identifies & = (5i)1<i<n—r € C'(n — k,n) with o0 =
(0(i))1<i<k € CT(k,n) can be described as follows

i—1

o) =i+t{llem—k:B—l<i}=i+Y» #{l:6—1=j}.

§=0
Now, we can rewrite Theorem 2.1 for a, j = asn + a1k + ap and by, j, = ban + b1k + by as

i—1

n—k k
T(’n,k): Z H(agéi—i—al(&i—i)—l—ao)H(bg(i—i—Zﬁ{l:6l—l:j})+b1i+bo).

6eCT(n—k,n) i=1 J=0
Hence the result. O

In a similar way, we obtain another formula for the generalized r-Whitney numbers of the second kind.
These numbers W, 4(n, k) = W, 4(n, k;r,m), introduced in [9], satisfy the recurrence relation

Wp,q(nv k) = Wpyq(n - 17 k— 1) + ([T]P + m[k]Q) Wpﬁq(n - 1’ k)a
where [aly =1+b+b% + -+ b2 L.
Proposition 2.1. If ¢ # 1, then

k Ci
Wyq(n, k) = > 11 (A + —1q ) :
{cot+ci1+-+cr=n—k,0<c; <n} i=0
where A = [r], + 7.

If g =1, then
k

Wyi(n, k) = Z H ([r]p + ma)“ .

{cotei1+-+er=n—k,0<¢;<n} i=0

ECA 6:3 (2026) Article #S2R20 7
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Proof. In this case, an i, = ar = [r], + m[k], and b, = 1, so Theorem 2.1 implies

n—k
Whp,q(n, k) = Z H am,mﬂ) = Z H ([r]p +m[B; — i]q)-

oceCt(k,n) i=1 BeCt (n—k,n) i=1

We now generalize the definitions of the weights & and 5 on CT(n — k,n) and WC'(n — k, k + 1), respectively, by

n—k k
e =[] fBi—4) and  ne) =[] )=
j=1 i=0

Since ¢; == #{j : B; — j = i} under the transformation ¢, the map ¢ is still an isomorphism of weighted sets.
Then, by taking f(i) = a; = [r], + m[i]4, we obtain

k
Wh.q(n, k) = > T (il + mlilg)

{cot+ec1+-+er=n—k,0<c;<n} i=0

_‘f; to get the conclusion. O
k

Now, let’s consider the generating series Ty, (z) = Y__ T'(n, k)z* and Ty (y) = 3,5, T(n, k)y"

For ¢ = 1, the result is now clear and for ¢ # 1, we use [i], = 11;

Theorem 2.6. The generating series T, (y) and Ty (y) satisfy
T (z) = ((ban + by + bo)x + agn + ag) Tp—1(z) + (b12” + a12)T)_ (2)

and
(1 — (as + a1k + a0)y)Tx(y) = asy®*Th,(y) + bay* T _1(y) + (ba + bik + bo)yTr—1(y).

Proof. We set R, . 1= U Ry R i= U Rk and if 7 € R, then [(7) = n and h(r) = k. We have
k>0 n>k

To(z) = Y wap(ma@ = 37 (ban+ by (h(m) + 1) + bo)wgp(m)a" M+

TERn, « TERp—1,«
+ Z (a2n + arh(m) + ag)wap(m)z"™
TERn—1,x
=(ban+bi+bo)z Y. wap(ma" ™ 4 ba? Y h(m)we(m)ah ™
TERR—1,x TERR -1,
+ (azn + ao) Z Wap(m)z"™ +ayx Z (7 )wap ()21
7T€7_\’,n_1y* TER 1k

= ((ban + b1 + bo)z + aon + ag) Tn—1(z) + (h12* + a12)T),_ ().

On the other hand
Ti(y) =Y T, k)y" = > wap(m)y'™

n>k TER« &

= 3 (az(l(m) + 1) + ark + ag)was(r)y ™ F!
WGR*,]‘,

3 (Ba(U(m) + 1) + bik + bo)wa,p(m)y! (M

TER K k-1

= agy® Z T)wa(1)y" ™1 + (a2 + ark + ao)y Z wa,p(m)y' ™
TER k TER« k

+ boy? Z () wa p(m)y' ™1 4 (by + bik + bo )y Z Wa p(m)y!™

TER« k-1 TER k-1

= a2y®T,(y) + (a2 + ark + ao)yTr(y) + bay®Th_1 (y) + (ba + bik + bo)yTh—1(y)-
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Noticing Tp(x) = 1 and if ay = 0, T(y) = = t o5 we get directly the following.

Corollary 2.3. If by = a1 =0, then
= H ((bzi + b1+ bo)x + asi + ao)-
i=1

And if ag = by =0, then
k

B B 1 (bik +bo)y
Tel¥) =T ooy g (1 (a1k + ao)y)’

These identities include the following results. The r-Whitney numbers of first kind w,, ,(n, k), corresponding

toas =-—m, a1 =0,a90=m —r7, bs = by =0 and by = 1, satisfy
n n—1

x) = z:wm,T(n7 k)zk = H(a: —r —mi).
k=0 i=0

The r-Whitney numbers of second kind W, ,(n, k), corresponding to az = 0, a3 = m, ag =7, by = by = 0 and

bg = 1, satisfy
k

J— "= #
=Y W, k)y" =] (1— (mk+r)y)

n>0 i=0

These results are seen in several combinatorial pieces of literature ( [15], [2]).

3. Defining (F(n,k)), as a change-of-basis matrix

We denote . )
Wla)™ =[] w+ia) and (yla)™ = (y| - a)™ = [] (v —ia).
1=0 =0

Recall that the polynomial sequences

((xlm)(ﬁ))neN and ((1‘ —ap— a2|a1)<n>)

neN

form bases of the vector space R[x]. In this section, we interpret the triangular array (F(n, k)) p.nen @ppearing

in Theorem 3.1 as the associated change-of-basis matrix between these two bases. Since it is a change-of-basis
1

matrix, it is therefore invertible, and we also compute its inverse matrix ( (n, k))n N

Theorem 3.1. For any sequences ((F(n,k))), that satisfies the usual initial conditions
F(0,0)=1, F(n,k)=0 ifn < max(k,O0),
the following facts are equivalent.
Vn,k: F(n,k)=F(n—1k—1)+ (asn+ a1k + ag)F(n —1,k).

and

Ve (z]ag)™ = ZFn k)(x — ag — aglar)®, (8)
k=0

where (x]az)™ = [[:207 " (z + ias) and (z — ag — agla))® = [[¥2) (z — ap — ag — iay).

Proof. Let Ry, = Uj>o Rn,k be the set of paths of length n in NxN. We want to interpret the right-hand side of
eq. (8) as the total weight of Ry, denoted by |Ry|,, for a suitable weighting v. Since F(n, k) = cr  w(m),
where w = w,; is the weighting associated with the sequence (F(n,k)) (see the beginning of section 2), the
desired weighting is defined as

v(m) = w(m)(x — ag — a2|a1)(M),
where h(7) denotes the height of 7. So we can write

[Rnlo = Z v(w) = Z Z w(m)(x —apg — a2|a1)(@ = ZF(n,k;)(x —ag — ag\al)@. (9)

TERR k>0 TER & k>0
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Since a path 7 of length n can be obtained from a path u of length n — 1 by adding either an E step or a NE
step, the set R, is the disjoint union
Rn =D, U&E,,

where D,, consists of the paths obtained from R,,_; ; and &, consists of the paths obtained from R, _1 y—1. For
m € Dy, m =u+p, with u € R,,_11 and p,, an E step of weight asn + a1h(m) + ag. As h(m) = h(u), we have
w(m) = (agn + a1h(u) + ap)w(u) and

v(m) =w(m)(z —apg — a2|a1)(M) = (agn + a1h(u) + ap)w(u)(z — ag — a2|a1)(w).
For m € &,, m = u+ p, with u € R,,_1 4—1 and p,, a NE step of weight 1. So w(7r) = w(u) and
(h(w)

() =w(m)(x — ag — a2|a1)(M) =w(u)(z — ag — az — h(u)ar)(z — ag — az|ay)

Noticing that each of D,, and &, can be identified with R,,_1, we combine the above identities to obtain

Rnlo = Z o(m) = Z o(m) + Z ()

TER, T€D, r€E
= 3" (aen + arh(u) + ao)w(u)( — ag — aslar) 2
uERn—l
+ Z w(u)(z — ag — az — h(w)ay) (z — ag — a2|a1)(L“))
WERp—1
= ) ((azn + arh(u) + ag) + (z — ag — as — h(U)a1)>w(u)(:p — g — as)ay) )
U'ERnfl

— 2+ aa(n — )[Rl
Since [Roly = 1, [Rulo = (x]az)™. Together with eq. (9), this concludes the proof. O

Remark 3.1. A ((m|a2)(m)n€N and ((z — ag — a2|a1)®)k€N form a basis of R[z], Theorem 3.1 says that
F' = (F(n, k))k,nEN The matrix F7 is
therefore invertible®. Its inverse is given in Theorem 3.3.

is a transition matrix from ((m|a2)(ﬁ))neN to ((z —ao — a2|a1)@)keN.

Applications 3.2. Equation (8) generalizes several classical results. We now present some representative
examples. By Theorem 3.1, the generalized Stirling Numbers in eq. (4) Sq. g, verify

(] =)™ =3 Sap(n, k) (z —r|5)®

k=0

It is the equation (1) of [7] (seen also in [8]). In particular, the r~-Whitney numbers of first kind, verify

1:[ (x —mi) = Z W (0, k) (0 + 7).
i=0 k=0

By replacing « with ma in this equation, we obtain equation (2) of [11]. Also the r-Whitney number of second
kind, verify

n n—=k
" = Z Wi r(n, k) H (x —r —im).
k=0 i=0

By replacing x with maz + r in this equation, we obtain equation (1) of [11]. Now, let’s consider the sequence
(Am,r(n, k) defined in Applications 2.2 by eq. (5). Theorem 3.1 implies

n
(z|m)™ = Z)\WT n, k(z —r[1)®
k=0

Similarly, for (A, s(n, k)) and (7, (n,k)) defined by egs. (6) and (7),

n
(z|m)™ ZAm” nk)z—r—s—mm®, (zm)™ = ZTm7T(n,/€)(xfmrfm|m)(@.
k=0 k=0
*This can even be obtained quickly since F(n,n) = 1 for all n, because b,, j, = 1.
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Theorem 3.3. The inverse of FT, is the matriz HT = ((H(n, k)))k ., satisfying
Vn,k: H(n,k)=Hn-—1,k—1)+ (—ain —azk+a; —ao—az)H(n — 1,k).

Proof. Consider the inverse (H(n,k)) of (F(n,k)). Using eq. (8), we have

Vo (x—ag—asla))® = ZH(n,k)(ﬂaz)(E).
k=0

We can change y = x — ap — a2 and use the fact (z|c)(i) = (2| — ¢)W in this equation to get
Vy: o (yl—a)™ = ZH(n,k:)(y +ag + az| — ag)®).
k=0
Set a) := —ay; af :=—a9; af = a1 — ap — az, and plug in this equation. Then
Vy:  (ylay)™ =" H(nk)(y — af — ahla})®).
k=0
So applying Theorem 3.1, we get
Vn,k: H(n,k)=H(n—1,k—1)+ (ahn+ aik + ay)H(n — 1, k).

By substituting a), = —aq, a} = —ag, and af, = a1 — ag — a2, we obtain the desired conclusion. O

4. Closed formula for F(n,k), and for T'(n, k) if b, = b1k + by

We now propose to prove a closed formula for the sequences F'(n, k), corresponding to the case where b, =1
and a, r = asn + a1k + ag. The case of the sequences (T(n, k)), with b, x = bo + b1k, then follows as a direct
consequence.

4.1 The case where a; # 0

For this, we need the following two lemmas.

Lemma 4.1. Let P,(z) := H;jf(ao + a1z + asgl). If a; # 0, we have

F(n,k) = ;,f[x““npn(x).

Proof. Note that P,(x) = (ap 4+ a1z + agn)P,_1(z) and z - £® = 2D 4 k. 2(®) These facts imply that
G(n, k) := [t®]P,(z) satisfies

G(0,0) =1; G(n,k) = (ap+ a1k +an)G(n—1,k) + a1G(n — 1,k — 1).
Using Lemma 2.2, we have G(n, k) = a¥F(n, k). O

Lemma 4.2. For any polynomial P(z) = Ziig a;xt,

Proof. We know that the Stirling numbers of the second kind (S(i,k)) satisfy 2! = Y,-,S(4,k)z® (see
Comtet [3]). Then -

Pa) = Tioe i SR = Tl (S ot
=S (g ik YIS (— 1)k (’;)jz’)x(@
= o (o 1F I () (Dig i) ).

So the conclusion. O

Applying Lemma 4.2 to the polynomial P, (x) of Lemma 4.1, we obtain:
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Theorem 4.1. Let (F(n,k)) be a sequence satisfying (1) with an = agn + a1k + ag, bnk = 1, and the usual
initial conditions (2).
If a1 # 0, then

k—j <];) lf[l(ao +ayj + lag). (10)

Applications 4.2. This theorem allows us to obtain other expressions for the sequences given in Applications 2.2.
Firstly, the generalized Stirling numbers verify

k n—1
Susnon) = 5 S0 (M) [T+ 55 - 1)
" j=0 Y

In particular, the r-Whitney numbers W, ,(n, k) of second kind satisfy

1 g (K
Wi r(n, k) = e (—1)k=d (j) (r4+mj)".
b=

In this case, we obtain a result of Mezé and Ramirez in [12] (corollary 8). Also, the numbers A, .(n, k) and
Ap rs(n, k) of egs. (5) and (6) can be written explicitly as

k n k n+j
1 k ) k
Amr(n, k) = EE (j)H(r+j+ml), Apprs(n, k) = mkk Y (- (j) [T0+s+mi).

7=0 =1 j=0

In particular, the ~-Whitney-Lah numbers A,, , , verify

k n+j
mi o > o (-1k (’;) [ @r+mi)

Jj=0

Am,r,r (na k) =

and the r-Lah numbers A; , -(n, k) verify

k n+j
Al,r,r(n7 k) = %Z(_l> k=i (f) H(27"+l)
" j=0 l=j

The numbers 7, »(n, k) of eq. (7) verify

TL—

Tm.r (N, k)

4.2 The case where a; =0

Let us now consider the case a1 = 0 and ay # 0. Define Q,,(z) = []_;(z + ag + a2i). On the one hand, we

have: Q,(x) = Z ( Z H(ao +iaz))a¥. On the other hand, we have [/ (u+1) = > =g c(n, j)u,
k=0 AC[n],|A|l=n—ki€A
where ¢(n, j) is the unsigned Stirling numbers of the first kind (see Comtet [3]). Then:

n—1 n—1 n
. N n r+a+ax ., T+ agtaz,;
Qn(z) = Ef“ (ao + az) + azi) = af 111)(7@2 +1i) = a} ;c(w)(ia2 )
= aj Zc Z <k> ay 2 (ag + ag)’ k) = Z(Z c(n, j) (i) ay ™ (ag + ag)’~F)zk.
=0 k=0 k=0 j=k

So

[l’k]Qn(f) = Z H ao + za2 Z c(n’j) (i) ag'*j(ao + ag)j_k,

n),|Al=n—ki€A j=k

Let (F(n,k)) be a sequence satisfying (1) with a, r = aan + ag, bpx = 1, and the usual initial conditions (2).
The weight of each East step E (i — 1, j) — (¢, ) by a; ; is independent of j and is equal to ag + a2t when it is
the i-th step. Thus, if 7 € R, and A, denotes the set of positions of the East steps of m, then its weight is
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given by w(m) = [[;c 4_ (a0 +azi). Since each path m € R, ), can be identified with the set Ar and |A:| =n—k,
it follows that
F(n, k)= Z w(m) = Z H(ao + iaz).
TERN, & AC([n],|Al=n—ki€A
Hence, we obtain the following theorem.

Theorem 4.3. If (F(n,k))
ingtial conditions (2), then

kN be a sequence satisfying (1) with ank = asn + ag, bnx = 1, and the usual

Z F(n, k)z* = H(x + ag + azi).
k=0

i=1
That is .
F(n, k) = c(n, j) <£> al ™ (ag + ag)’ k.
j=k
Applications 4.4. Now, the ~-Whitney numbers of the first kind provide one example of this case for ap = —m

and ag = m — r. Thus, Theorem 4.3 yields
) = (-1 et ) (7 ).
j=k
We obtain a result of Randrianirina in [15] (equation (37)). More generally, let (F(n, k)) be a sequence satisfying
F(n,k)=F(n—1,k—1)+ (ap + a1k)F(n — 1,k).

Equation (10) says that

k
1 k—j k N
Pk = 2 >0 () o+ iy
Theorem 3.3 says that the inverse of the matrix F¥' = (F(n, k))x,n, is the matrix H” = (H(n, k))’c ,, satisfying

H(n,k)=H(n—-1,k—1)+ (—a1n+ a1 —ag)H(n — 1,k).

We have

n

(k) = Y- enad) (1) (10" Hat el

=

Corollary 4.1. Let (F(n, k:)) be a sequence satisfying (1) with an k = aan + a1k + ag, by = 1, and the usual
ingtial conditions (2). We have

n

F(nk) =" Zc(n,w(;)asi(aﬁaor-j al "5 k).

j=k \i=j

That is

n A

Flnk) =33 (g><n )S(j, k)a " (az + ao) Ia] ",

i=k j=k
Proof. Let (U (n, k:)) and (V(n, k:)) be two triangular sequences satisfying the usual initial conditions (2), with
U(n, k)= (aan+ap)U(n—1L,k)+U(n—1,k — 1),

and
V(n,k)=akVin—1,k)+V(n—1,k—1).

We have adopted the convention that F, U, and V denote respectively the infinite matrices associated with
(F(n,k)), (U(n,k)), and (V(n,k)). It is straightforward to see that F = UV. On the other hand, the
weights corresponding to (V'(n,k)) differ from those of S(n, k) only by a factor of al~F since S(n, k) satisfies
S(n,k) = kS(n — 1,k) + S(n — 1,k — 1). Hence, we have V(n, k) = a*"*S(n, k). Applying Theorem 4.3, we
obtain the desired conclusion. O
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4.3 The case where a, ; = asn + a1k + ap and b, = b1k + by
Consider the sequence (T'(n, k)) satisfying

T(n,k) = (agn + a1k + ag)T(n — 1,k) + (b1k + bg)T(n — 1,k — 1)

with initial condition 7°(0,0) =1 and T'(n, k) =0 if n > k.
We combine Lemma 2.2 with Theorems 4.1 and 4.3 to obtain the following.

Theorem 4.5. Let (T(n, k)) be a sequence satisfying (1) with an = agn + a1k + ag, bnx = b1k + by, and the
usual ingtial conditions (2).

If a1 # 0, then
k

bo + by |by)* k\ 14 .
T(n, k) = (bo k1|‘1 Z <> 1_[(c10—i—alj+rc12)7
aj k! o J)
where (by + b1| by )®) = (by + by) x (bo + 2by) X -+ X (b + kby).

If a1 = 0, then

T(n,k) = (bo + b1|by1) (k)Za ng)(Dag’“. (11)

Jj=k

One can check that eq. (11) coincides with that of Neurwirth [13]. But in general, we can get the results of
Neurwirth using these theorems. This is stated in Spivey [17] (equation (2)) as follows, with minor corrections
and slight adjustments.

Theorem 4.6. Let (T(n7 k:)) be a sequence satisfying (1) with an p = asn + a1k + ao, byx = b1k + by, and the
usual initial conditions (2). Then

T(n, k) = (bo + b1 bl Z Z ( ) (j, k)ay " (ag + ao)i*ja{_k.

i=k j=k

This now follows directly from Lemma 2.2 and Corollary 4.1.
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