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Abstract: We study two new families of symmetric functions arising from a species-theoretic construction
motivated by cycle structure. For each partition of n, we define two combinatorial species, molecules, indexed
by the same partition, giving rise to two corresponding bases of the homogeneous symmetric functions of degree
n. We prove that each of these families forms a basis by exhibiting explicit cycle-index formulas and triangular
transition matrices to the power-sum basis. Using these constructions, we generalize a classical result describing
the Kronecker (Hadamard) product in the homogeneous basis to the two new settings. In particular, we show
that the categories generated by these species are closed under the Kronecker product, and that the product
of two basis elements expands with nonnegative integer coefficients. Our results provide a new combinatorial
framework for studying the Kronecker product and suggest avenues toward interpreting its structure constants.
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1. Introduction

The Kronecker product of symmetric functions and its notoriously difficult structure constants for the Schur
basis is a central problem in algebraic combinatorics (see [8] for the study of the complexity of this problem).
This paper explores this problem through the lens of combinatorial species, where other natural bases yield
positive and computable, though still mysterious, coefficients. Let V and W be two representations of the
general linear group GLn(C), with respective characters χV and χW . The tensor product V ⊗ W is itself a
representation of GLn(C), whose character is given by:

(χV ⋆ χW )(M) = χV (M) · χW (M), for all M ∈ GLn

where the product on the right is complex number multiplication. This product ⋆ is the famous Kronecker
product of symmetric functions. A central problem regarding the Kronecker product arises from the basis of
Schur functions. Recall that if λ is a partition of n, the Schur function sλ is the character of the Weyl module
Wλ, and the family {sλ}λ⊢n forms a basis of the algebra of symmetric functions. Since the tensor product
Wα ⊗W β is a representation of GLn, its character is Schur-positive; that is,

sα ⋆ sβ =
∑
µ

gµα,βsµ where gµα,β ∈ N.

However, finding a combinatorial interpretation of the coefficients gµα,β remains a major open problem.
The work of A.M. Garsia and J. Remmel [6] provided a solution to an analogous question for the basis of

complete homogeneous symmetric functions {hλ}λ⊢n:

hα ⋆ hβ =
∑
µ

NMµ
α,β hµ

where NMµ
α,β counts the number of non-negative integer matrices such that the sum of the i-th row is equal to

αi, the sum of the j-th column is equal to βj , and the entries of the matrix (when arranged in non-increasing
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order) form the partition µ. Extending this result to other bases of the ring of symmetric functions offers new
insights into the structure of the Kronecker product. While this does not solve the open problem regarding the
Kronecker coefficients directly, it represents significant progress in this exploration. The primary contribution
of this paper is the introduction of two new basis of Λn, denoted {Cα(z)}α⊢n and {Kα(z)}α⊢n, for which the
Kronecker coefficients are explicit. Readers unfamiliar with the theory of symmetric functions are referred to
the classical texts [14] [19]. These new bases are the cycle index series of families of molecular species defined
as follows. For any partition α = (iα1

1 , . . . , iαm
m ), we set

Cα := (Xn/⟨σ⟩) , where σ is a permutation of cycle type α, denoted λ(σ) = α

and
Kα := Ci

α1
1

· · ·Ciαm
m

.

Their corresponding cycle index series are given by

Cα(z) =
1

o(σ)

o(σ)∑
k=1

pλ(σk)(z) and Kα(z) = Ci
α1
1
(z) · · ·Ciαm

m
(z).

The complete homogeneous symmetric functions provide a classical example of symmetric functions derived
from molecular species. Indeed, they can be expressed in terms of the cycle index series as follows:

hλ = hλ1 · · ·hλk
= ZEλ1

···Eλk
,

where λ = (λ1, . . . , λk) is a partition, and E is the species of sets. Here, ZS denotes the cycle index series of a
species S. To emphasize the structural parallels between these basis, we simultaneously study the three families
of molecular species {Eα}α⊢n, {Cα}α⊢n, and {Kα}α⊢n, where α is a partition of n. The result of A.M. Garsia and
J. Remmel [6] corresponds to the case of {Eα}α⊢n, recast here in the language of combinatorial species theory.
Our second main contribution is to extend this result to the basis {Cα(z)}α⊢n and {Kα(z)}α⊢n by establishing
the following decomposition formulas for the ⋆-product (the Hadamard product of species generating functions):

Cα(z) ⋆Cβ(z) =
∑
µ

bµα,β Cµ(z) and Kα(z) ⋆Kβ(z) =
∑
µ

jµα,β Kµ(z).

In terms of combinatorial species, these identities translate into the existence of the following natural isomor-
phisms:

Cα ×Cβ =
∑
µ⊢n

bµα,β Cµ, and Kα ×Kβ =
∑
µ⊢n

jµα,β Kµ.

To interpret this work within the framework of species theory, we introduce three subcategories of the category
of combinatorial species Esp, whose elements are positive linear combinations of Eµ, Cµ, and Kµ, respectively.
We denote them by

HEsp, CEsp, KEsp.

The objects within these subcategories take the form:

F =
∑
µ

aµEµ, G =
∑
µ

bµCµ, H =
∑
µ

dµKµ.

To provide a combinatorial proof of closure under the Hadamard product, we utilize standard results from
combinatorial species theory. This approach allows us to reformulate the proof of A.M. Garsia and J. Remmel [6]
in the language of species. The closure of the other two categories is established similarly, though in distinct
contexts. Moreover, for all r ≥ 1, we satisfy the identity :

Cα(z)(p
r
1) = Cαr (z),

where αr denotes the partition obtained from α by repeating each part r times.
The paper is organized as follows. In Section 2, we review the fundamental theory of combinatorial species

and the general concept of molecular species. Section 3 is dedicated to the detailed construction and study of
the three specific families of molecules: set molecules, cyclic molecules of the first kind, and cyclic molecules of
the second kind. In Section 4, we explicitly define the associated symmetric functions {Cα(z)} and {Kα(z)}
and establish them as basis of the ring of symmetric functions by exhibiting triangular transition matrices to
the power-sum basis. Finally, in Section 5, we introduce the subcategories CEsp and KEsp and prove our main
result regarding their closure under the Hadamard (Kronecker) product, extending the classical framework of
A.M. Garsia and J. Remmel [6].
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2. Combinatorial Species and Molecular Species

In this section, we introduce the notions of combinatorial species and molecular species. By analogy with
the structure of matter, which is an assembly of molecules, combinatorial species are finite sums of molecular
species. Beyond this fundamental property, this work demonstrates that there exist three families of molecular
species whose cycle index series form a Q-basis of the ring of symmetric functions. We begin with the formal
definition of a combinatorial species.

Definition 2.1. A combinatorial species F is a functor from the category of finite sets and bijections B to the
category of finite sets and functions Set, i.e.

F : B → Set.

It is a procedure that constructs a set of structures F [U ] from a finite set U . The elements of F [U ] are called
the F -structures on U. Some classical examples include:

� the species of sets E, which assigns the set E[U ] = {U} to each finite set U .

� the species of subsets P, which assigns the set

P[U ] = {A | A ⊂ U}

to each finite set U .

� the species of partitions Par, which assigns the set

Par[U ] = {π | π is a partition of the set U}

to each finite set U .

� the species of permutations S, which assigns the set

S[U ] = {σ | σ is a permutation of the set U}

to each finite set U .

� the species of simple graphs G, which assigns the set

G[U ] = {(U,E) | (U,E) is a simple graph with vertex set U and edge set E}

to each finite set U .

Given a finite set U , we can associate to each species F its unlabelled version F̃ , defined as the quotient of F [U ]
by the following equivalence relation:

∀s, t ∈ F [U ], s ∼ t ⇔ ∃σ : U
≃−→ U, F [σ]s = t.

The elements of F̃ are called the isomorphism types of F or the unlabelled structures of F . They are obtained
by ignoring the labels of the elements in U on the F -structures. We define the cycle index series of a species F
by

ZF (p1, . . . , ) =
∑
n≥0

1

n!

∑
σ∈Sn

#Fix[F [σ]]pλ(σ)(x1, . . .),

where pλ(σ) is the power sum associated with the cycle type of the permutation σ. This concept was first
introduced by George Pólya to study the enumeration of objects under symmetry (see [16]). In this work, we
are particularly interested in molecular species, a specific class of species defined below. They are characterized
by having only one isomorphism type, and every species can be decomposed into a sum of products of molecular
species (see [3] [11]). Our work highlights another significant property for some of these molecular species: the
family of their cycle index series forms a Q-basis of the ring of homogeneous symmetric functions Λn.

Definition 2.2. Let H be a subgroup of Sn. We define the associated molecular species by setting, for every
finite set U ,

(Xn/H) [U ] = {λH
∣∣ λ : [n]

≃−→ U} where λH = {λf | f ∈ H},

and for every bijection σ : U → V ,
(Xn/H) [σ]λH = (σλ)H.

The operation is the composition of functions.

ECA 6:3 (2026) Article #S2R19 3
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Remark 2.1. The species (Xn/H) has only one isomorphism type. Indeed, since the action of H on Sn/H is
transitive, for every λ1 H,λ2 H ∈ (Xn/H) [U ] there exists a σ ∈ SU such that λ1 H = (σλ2)H (see [3]).

In general, we have the following results:

Example 2.1 ( [3]).

(a) If α = (α1, α2 . . . , αm) and Sα = Sα1 × Sα2 × · · · × Sαm , then

(Xn/Sα) = Eα1
·Eα2

· · ·Eαm
= Eα.

(b) Let σ ∈ Sn. Then (Xn/⟨σ⟩) [n] = {λ⟨σ⟩
∣∣ λ : [n] → U}. These are referred to as cyclic species of the first

kind.

(c) Let σ be a permutation whose cycle decomposition is of the form

σ = σ1
1 · · ·σ

m1
1 σ1

2 · · ·σ
r2
2 · · ·σ1

n · · ·σrm
m

and let Gσ = ⟨σ1
1 · · ·σ

r1
1 ⟩ × ⟨σ1

2 · · ·σ
r2
2 ⟩ × · · · × ⟨σ1

m · · ·σrm
n ⟩, where the σi are cycles of length i. We define

another molecular species by
Xn/Gσ.

These molecular species are the fundamental objects of this work. We will later provide a more detailed
study of them. The cycle index series associated with molecular species is described by the following classical
result.

Lemma 2.1. [3] Let H,K ≤ Sn. Then

(Xn/H) = (Xn/K) ⇔ H and K are conjugate.

Proposition 2.1. [3] The cycle index series of (Xn/H) is given by

Z(Xn/H) =
1

|H|
∑
σ∈H

pλ(σ).

Example 2.2.

1. Let α = (α1, α2 · · · , αm) be a partition of a nonnegative integer n. Then

ZXn/Sα
=

m∏
i=1

1

αi!

∑
σ∈Sαi

pλ(σ) =

m∏
i=1

hαi = hα.

2. Let σ be a permutation of Sn. Then

Z(Xn/⟨σ⟩) =
1

o(σ)

o(σ)∑
k=1

pλ(σk).

3. Let σ be a permutation whose cycle decomposition is of the form

σ = σ1
1 · · ·σ

r1
1 σ1

2 · · ·σ
r2
2 · · ·σ1

m · · ·σrm
m .

Then

Z(Xn/Gσ) =

m∏
i=1

Z(Xri/⟨σ1
1 ···σ

ri
1 ⟩).

Molecular species behave very well under operations on species.

Proposition 2.2. [3] Let H and K be two subgroups of Sn and Sm respectively. Then:

1. (Xn/H) · (Xm/K) = (Xn+m/(H ×K)),

2. If n = m, (Xn/H)× (Xn/K) =
∑

τ∈H\Sn/K

(
Xn/H ∩ τKτ−1

)
.

While both properties are indispensable to our work, the latter is crucial for establishing closure under the
Kronecker product. These two operations correspond to classical operations on symmetric functions.

Proposition 2.3 ( [3]). Let H and K be two transitive subgroups of Sn and Sm, respectively. Then:

1. Z(Xn/H)·(Xm/K) = Z(Xn/H) · Z(Xm/K),

2. Z(Xn/H)×(Xm/K) = Z(Xn/H) ⋆ Z(Xm/K) where ⋆ is the Kronecker product of symmetric functions.

We will now study these three types of molecular species in turn: set molecules, cyclic molecules of the first
kind, and cyclic molecules of the second kind.

ECA 6:3 (2026) Article #S2R19 4
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3. Molecules

This section is dedicated to the definition of the molecular species that constitute the central objects of this
work. We begin by defining set molecules, which provide the combinatorial framework for the classical results
of Garsia and Remmel. Subsequently, we introduce two new families of molecules: cyclic molecules of the first
kind and cyclic molecules of the second kind.

3.1 Set molecules

Definition 3.1. Let α = (α1, α2, . . . , αm) be a partition of n. We define the species of lists of sets of shape α,
denoted Eα, as the product of the species Eα1

,Eα2
, · · · ,Eαm

, i.e.,

Eα := Xn/Sα1
× · · · ×Xn/Sαm

= Eα1
·Eα2

· · ·Eαm
.

An Eα-structure on a set U of size n can be viewed as an equivalence class of sequences of words

w1 w2 . . . wm = {(σ1w1) (σ2w2) . . . (σmwm) | (σ1, σ2, . . . , σm) ∈ Sα}

where each wi has length αi for each i ∈ [m].

In what follows, we will represent the Eα-structure as a word to facilitate a smoother discussion of the other
molecules.

Example 3.1. Here are examples of E332-structures on {1, 2, 3, 4, 5, 6, 7, 8}:

� 134 528 57 = 143 582 57 = 413 825 75 = · · · ,

� 528 134 57 = 258 143 57 = 825 314 75 = · · · .

3.2 Cyclic molecules of the first kind

Throughout this section, given a partition α = (α1, α2, . . . , αk) of an integer n, we define the standard permu-
tation of shape α, denoted σα, as the permutation in cycle notation obtained by filling the cycles corresponding
to the parts of α with the elements of the set [n] = {1, 2, . . . , n} in increasing order. For example:

1. If α = (4, 2, 1), then n = 4 + 2 + 1 = 7, and the standard permutation is:

σ421 = (1, 2, 3, 4)(5, 6)(7)

2. If α = (3, 3, 2), then n = 3 + 3 + 2 = 8, and the standard permutation is:

σ332 = (1, 2, 3)(4, 5, 6)(7, 8).

Definition 3.2. Let α = (α1, α2, . . . , αk) be a partition of n and σα the standard permutation of shape α. We
define the species Cα of lists invariant under the subgroup generated by σα as

Cα = Xn/⟨σα⟩.

Any permutation σ of cycle type α yields a species isomorphic to Cα by Lemma 2.1, i.e., Cα = Xn/⟨σ⟩. Indeed,
two cyclic subgroups generated by permutations are conjugate if and only if the underlying permutations have
the same cycle type. A Cα-structure on a set U of size n can be viewed as an equivalence class of sequences of
words [w1] [w2] . . . [wm] = {σ(w1w2 . . . wm) | σ ∈ ⟨σα⟩} on U of shape α, where wi has length αi.

Example 3.2. For example, the object [153] [42] [6] = {153426, 531246, 315426} = [531] [24] [6] = [315] [42] [6] is
a C321-structure on {1, 2, 3, 4, 5, 6}.

The problem of determining geometric realizations of these species remains open and warrants further
investigation. In particular, it may benefit from approaches inspired by the work of Chiricota (see [5] and [1]).

Proposition 3.1. Let α = (α1, α2, . . . , αm) be a partition of n, and let r ∈ N. We have the following isomor-
phism of species:

Cα ◦Xr = Cαr

where αr = (α1, . . . , α1, α2, . . . , α2, . . . , αm, . . . , αm) is the partition of nr containing exactly r copies of each
part αi.

ECA 6:3 (2026) Article #S2R19 5
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Proof. We construct a natural isomorphism T : Cαr → Cα ◦Xr.
Let U be a finite set of size nr. A Cαr [U ]-structure is the equivalence class (under the action of the standard

permutation of type αr) of a concatenation of m · r words. We can group these as m blocks, each containing r
words of length αi. Let s ∈ Cαr [U ] be such a structure:

s =

m∏
i=1

 r∏
j=1

[w1
j,iw

2
j,i . . . w

αi
j,i]


A (Cα ◦Xr)[U ]-structure is a Cα-structure (a word of m ”super-letters”) where each ”super-letter” is an Xr-
structure (an r-tuple of elements from U). We define the transformation TU : Cαr [U ] → (Cα ◦ Xr)[U ] by
”transposing” the elements. The map takes the k-th element from each of the r words of length αi and groups
them into an r-tuple. This forms the k-th ”super-letter” of the new Cα-structure. Formally, TU maps s to:

TU (s) =

m∏
i=1

 r∏
j=1

w1
j,i

 r∏
j=1

w2
j,i

 . . .

 r∏
j=1

wαi
j,i


The map TU is well-defined on equivalence classes. A Cαr [U ]-structure s is an equivalence class under ⟨σαr ⟩.
The standard permutation σαr has exactly mr cycles, one for each word wj,i, and acts by cyclically shifting the
letters within each word by one position. Suppose s′ is another representative of s, so that s′ = σk

αr · s for some
k ∈ Z. Explicitly, σk

αr shifts the letters of each word wj,i by k positions modulo αi:

s′ =
m∏
i=1

 r∏
j=1

[wk+1
j,i · · ·wαi

j,iw
1
j,i · · ·wk

j,i]

 .

Applying TU to s′, the l-th super-letter in block i becomes
(∏r

j=1 w
k+l
j,i

)
, so:

TU (s
′) =

m∏
i=1

 r∏
j=1

wk+1
j,i

 · · ·

 r∏
j=1

wαi
j,i

 r∏
j=1

w1
j,i

 · · ·

 r∏
j=1

wk
j,i

.
On the other hand, σk

α acts on TU (s) by cyclically shifting the super-letters within each block i by k positions

modulo αi, which also produces
(∏r

j=1 w
k+l
j,i

)
as the l-th super-letter:

σk
α · TU (s) =

m∏
i=1

 r∏
j=1

wk+1
j,i

 · · ·

 r∏
j=1

wαi
j,i

 r∏
j=1

w1
j,i

 · · ·

 r∏
j=1

wk
j,i


Since TU (s

′) = σk
α · TU (s), the images TU (s) and TU (s

′) belong to the same equivalence class in (Cα ◦Xr)[U ].
Hence TU is independent of the choice of representative.

To prove T is a natural isomorphism, we must verify its naturality. For any bijection σ : U → V , we show
that TV ◦Cαr [σ] = (Cα ◦Xr)[σ] ◦ TU . LHS: We first apply Cαr [σ] to s, which permutes all labels:

Cαr [σ](s) =

m∏
i=1

 r∏
j=1

[
σ(w1

j,i)σ(w
2
j,i) . . . σ(w

αi
j,i)

]
Applying TV to this new structure in V gives:

TV (Cαr [σ](s)) =

m∏
i=1

 r∏
j=1

σ(w1
j,i)

 r∏
j=1

σ(w2
j,i)

 . . .

 r∏
j=1

σ(wαi
j,i)


RHS: We first apply TU to s:

TU (s) =

m∏
i=1

 r∏
j=1

w1
j,i

 r∏
j=1

w2
j,i

 . . .

 r∏
j=1

wαi
j,i


The action (Cα ◦Xr)[σ] permutes the underlying elements within each r-tuple (each Xr-structure):

(Cα ◦Xr)[σ](TU (s)) =

m∏
i=1

σ
 r∏

j=1

w1
j,i

σ

 r∏
j=1

w2
j,i

 . . . σ

 r∏
j=1

wαi
j,i


ECA 6:3 (2026) Article #S2R19 6
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=

m∏
i=1

 r∏
j=1

σ(w1
j,i)

 r∏
j=1

σ(w2
j,i)

 . . .

 r∏
j=1

σ(wαi
j,i)


Since LHS = RHS, the transformation T is natural. As TU is a bijection for all U , T is a natural isomorphism.

In terms of series, we have the following analogous result.

Corollary 3.1. Let α = (α1, α2, . . . , αm) be a partition and r ∈ N. We have the isomorphism

Cα(z) ◦ pr1 = Cαr (z).

Proof. This follows directly by passing to the cycle index series of the respective species.

3.3 Cyclic molecules of the second kind

Let α = (iα1
1 , iα2

2 , . . . , iαm
m ) be a partition of n. We define the subgroup Gα of Sn as

Gα = ⟨σiαm
m

⟩ × ⟨σ(im−1)
αm−1 ⟩ × · · · × ⟨σi

α1
1
⟩.

For example, G43322 = ⟨(1, 2, 3, 4)⟩ × ⟨(5, 6, 7)(8, 9, 10)⟩ × ⟨(11, 12)(13, 14)⟩.

Definition 3.3. Let α = (iα1
1 , iα2

2 , . . . , iαm
m ) be a partition of n. We define the species Kα of structures invariant

under the subgroup Gα as
Kα = Xn/Gα = Cimαm ·Cim−1

αm−1 . . .Ci1α1 .

AKα-structure is thus a sequence ofCi
αj
j
-structures. While it is common to represent a product of structures

as a tuple, in this work, we will separate these individual structures using a ”·” symbol. For example, here are
two K224-structures:

� [23] [15] · [4687],

� [18] [27] · [6453].

Proposition 3.2. We have
Kα = Ci1(X

α1) ·Ci2(X
α2) · · ·Cim(Xαm).

Proof. Proposition 3.1 ensures that C
i
αj
j

= Cij (X
αj ) for all j ∈ [m]. The result then follows by substituting

these C
i
αj
j

with Cij (X
αj ) in the definition of Kα.

The following lemma establishes a key uniqueness property for these three families of molecular species, relating
their isomorphism class to their cycle index.

Lemma 3.1. For these families, we have the following equivalences:

1. Eλ = Eµ ⇔ ZEλ
= ZEµ

⇔ λ = µ.

2. Cλ = Cµ ⇔ ZCλ
= ZCµ ⇔ λ = µ.

3. Kλ = Kµ ⇔ ZKλ
= ZKµ

⇔ λ = µ.

4. As a consequence, the number of distinct isomorphism classes (and distinct cycle indices) in each of the
three sets {Eα}α⊢n, {Cα}α⊢n, and {Kα}α⊢n is equal to p(n), the number of partitions of n.

Proof. The cycle index ZS of a species S is an isomorphism invariant, so S = T =⇒ ZS = ZT . The non-trivial
part of (1), (2), and (3) is the reverse implication. We rely on the standard result (Lemma 2.1), which states
that for molecular species, Xn/H = Xn/K ⇔ H and K are conjugate subgroups.

(1) For Eλ = Xn/Sλ, we have Eλ = Eµ ⇔ Sλ ≃ Sµ by Lemma 2.1. The Young subgroups Sλ and Sµ

are conjugate if and only if λ = µ. Separately, the cycle indices ZEλ
= hλ (the complete homogeneous

symmetric functions) form a basis for symmetric functions of degree n, so ZEλ
= ZEµ ⇔ hλ = hµ ⇔ λ = µ.

All three conditions are equivalent.

(2) For Cλ = Xn/⟨σλ⟩, we first show it is well-defined. If σ and τ both have cycle type λ, they are conjugate,
i.e., τ = gσg−1 for some g ∈ Sn. This implies their generated cyclic subgroups are also conjugate:
⟨τ⟩ = ⟨gσg−1⟩ = g⟨σ⟩g−1. By Lemma 2.1, Xn/⟨σ⟩ = Xn/⟨τ⟩. Thus, the isomorphism class Cλ depends
only on λ. The proof of (1) shows ZCλ

= ZCµ ⇔ λ = µ is equivalent to Cλ = Cµ ⇔ λ = µ. This relies
on the fact that the conjugacy class of a cyclic subgroup in Sn is uniquely determined by the cycle type
of its generators. Since there are p(n) such cycle types, there are p(n) such conjugacy classes.
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(3) The proof for Kλ = Xn/Gσλ
follows the same logic. We assume Gσλ

is well-defined, i.e., λ(σ) = λ(τ) =⇒
Gσ ≃ Gτ . Then, Kλ = Kµ ⇔ Gσλ

≃ Gσµ
. We also assume this happens if and only if λ = µ. This gives

Kλ = Kµ ⇔ λ = µ, which implies ZKλ
= ZKµ

⇔ λ = µ.

(4) From (1), (2), and (3), we have shown that for each family, the map λ 7→ ZSpeciesλ is a bijection from the
set of partitions of n to the set of distinct cycle indices. Since the size of the set of partitions of n is p(n),
the number of distinct cycle indices in each family is p(n).

In other words, equality between these species is equivalent to the equality of their cycle index series. In
general, this property does not hold for arbitrary molecular species.

Remark 3.1. Although Cα and Kα may share the same cycle index series for certain partitions (for instance,
C422(z) = K224(z)), they are genuinely distinct families of molecular species indexed differently. The family
{Cα}α⊢n is indexed by the cycle type of a single permutation σα, and encodes the action of the cyclic group
⟨σα⟩ on the set of words of shape α. The family {Kα}α⊢n, on the other hand, is indexed by a partition
α = (iα1

1 · · · iαm
m ) and encodes the action of a product of cyclic groups Gα = ⟨σi

α1
1
⟩× · · ·×⟨σiαm

m
⟩, one factor for

each distinct part size. The key difference is therefore structural: Cα is controlled by a single cyclic symmetry,
while Kα is controlled by independent cyclic symmetries acting on each block of equal parts. This distinction
becomes visible in their respective Kronecker product decompositions: the lists at the end of Section 5 for {Cα}
and {Kα} differ precisely because the double coset sets ⟨σα⟩\Sn/⟨σβ⟩ and Gα\Sn/Gβ have different structures,
reflecting the richer factored symmetry of Kα.

4. Basis of symmetric functions

In the previous section, we introduced the families of symmetric functions corresponding to the cycle index
series {ZCα

}α⊢n and {ZKα
}α⊢n. In this section, we prove that these families constitute Q-basis for the space of

homogeneous symmetric functions Q⊗Λn. Furthermore, we investigate the relationship between these new basis
and the classical ones, specifically establishing the transition matrices to the power sum, monomial, complete
homogeneous, and Schur functions (see [13] and [15]).

Definition 4.1. Let α = (a1, a2, . . . , ak) = (iα1
1 , iα2

2 , . . . , iαm
m ) be a partition of an integer n. We associate three

symmetric functions with α, corresponding to the cycle index series of the set molecule, and the cyclic molecules
of the first and second kind, defined as follows:

� The homogeneous symmetric function

hα(z) := ZEα
= ZEa1

· ZEa2
· · ·ZEak

.

� The cyclic symmetric function of the first kind

Cα(z) := ZCα
=

1

o(σ)

∑
g∈⟨σ⟩

pλ(g)(z)

where σ is a permutation of cycle type α and o(σ) denotes the order of the permutation σ.

� The cyclic symmetric function of the second kind

Kα(z) := ZKα
= Ci

α1
1
(z) ·Ci

α2
2
(z) · · ·Ciαm

m
(z).

By Lemma 2.1, the symmetric function Cα(z) does not depend on the choice of σ. It is worth noting that
Kα should not be confused with the Lyndon symmetric functions Lα (see [19]); although related, they differ
in their power-sum expansions: the former involves the Euler totient function ϕ, while the latter involves the
Möbius function µ.

Proposition 4.1. We have

Cα(z) =
1

o(σ)

∑
k|o(σ)

ϕ(k)pα(o(σ)/k)(z)

where α(o(σ)/k) denotes the cycle type of the permutation σo(σ)/k, a power of σ.
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Proof. The action of ⟨σ⟩ on the set of powers {σ1, σ2, · · · , σo(σ) = Id} is equivalent to the action of the
cyclic group generated by (1, 2, · · · , o(σ)) on the set {1, 2, . . . , o(σ)}. Recall that the cycle index series of
Xn/⟨(1, 2, . . . , o(σ))⟩ is given by

1

o(σ)

∑
h∈⟨(1,2,...,o(σ))⟩

pλ(h).

Since these two actions are equivalent, the cycle index series of Xn/⟨σ⟩ is obtained by substituting the subgroup
⟨(1, 2, . . . , o(σ))⟩ with ⟨σ⟩. Thus, we obtain:

Cα(z) =
1

o(σ)

∑
h∈⟨σ⟩

pλ(h) =
1

o(σ)

∑
k|o(σ)

ϕ(k)pα(o(σ)/k) .

Remark 4.1. Given a permutation σ of shape α, one must carefully distinguish between the notation α(r) and
αr. The partition α(r) denotes the shape of the permutation σr, whereas αr denotes the partition obtained from
α by repeating each part r times.

Proposition 4.2. The three sets {hα(z)}α⊢n, {Cα(z)}α⊢n, and {Kα(z)}α⊢n form Q-basis of Λn⊗Q, the space
of homogeneous symmetric functions of degree n.

Proof. It is a standard result that {hα(z)}α⊢n forms a basis of Λn. We now establish this property for
{Cα(z)}α⊢n and {Kα(z)}α⊢n. Let σ be a permutation of type α. We have:

Cα(z) =
1

o(σ)

∑
k|o(σ)

ϕ(k)pλ(σo(σ)/k)(z) =
ϕ(o(σ))

o(σ)
pα(z) +

1

o(σ)

∑
µ<α

aµpµ(z).

Observe that the transition matrix from {Cα(z)}α⊢n to {pα}α⊢n is upper triangular with non-zero diagonal
entries. Hence, {Cα(z)}α⊢n is a generating family of Λn. By Lemma 3.1, the cardinality of this family is equal
to p(n), which is the dimension of Λn. Similarly, we provide the proof for {Kµ(z)}µ⊢n. We have:

Kα(z) = Ci
α1
1
(z) ·Ci

α2
2
(z) · · ·Ciαm

m
(z)

=
1

o(1α1)
p1α1

1

o(2α2)

∑
k|2

ϕ(k)p(2α2 )(2/k) · · · 1

o(mαm)

∑
k|m

p(mαm )(m/k)

=
1

o(1)o(2) · · · o(m)
pα +

∑
µ<α

aµpµ.

We find that the transition matrix from {Kα(z)}α⊢n to {pα(z)}α⊢n is also upper triangular with non-zero
coefficients on the diagonal. Hence, {Kα(z)}α⊢n is a generating family of Λn. According to Lemma 3.1, the
cardinality of this family is p(n), the dimension of Λn.

The following section investigates the relationship between these basis and other classical bases, such as
pλ, mλ, and sλ. The transition matrices relating the complete homogeneous symmetric functions to the other
standard basis are well-established and will be stated without proof.

Proposition 4.3. [15]

hµ(z) =
∑
λ

NMλ,µmλ(z).

where NMλ,µ is the number of non-negative integer matrices such that the sum of the i-th row is equal to λi

and the sum of the j-th column is equal to µj.

Expanding a symmetric function into Schur functions addresses a fundamental problem in representation
theory, as it corresponds to the decomposition into irreducible components. The expansion of hµ is a classical
result.

Proposition 4.4. [18] [7]

hµ(z) =
∑
λ⊢|µ|

Kλ,µsλ(z).

where Kµ,λ is the Kostka number.

The next part of this section defines the transition matrices between the two new basis and the standard
basis.
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Corollary 4.1. The transition matrix (aλ,µ) from {Cα(z)}α⊢n to {pα(z)}α⊢n is given by

aλ,µ =

{
ϕ(k)
o(µ) if λ = µ(o(µ)/k) where k|o(µ).
0 otherwise .

Proof. This follows immediately by extracting the coefficients from the expression

Cµ(z) =
1

o(µ)

∑
k|o(µ)

ϕ(k)pµ(k) .

Example 4.1.

C422(z) =
1

4
p11111111 +

1

4
p221111 +

1

2
p422.

The expansion of these symmetric functions into monomial symmetric functions provides generating series
for weighted colorings on n points, in accordance with Pólya’s theorem.

Lemma 4.1. [15] The transition matrix from {pα(z)}α⊢n to {mα(z)}α⊢n is given by (OBλ,µ)λ,µ, that is:

pµ(z) =
∑
µ⊢n

OBλ,µmλ(z).

where OBµ,λ is the number of ordered tabloid bricks of content λ and shape µ.

In order to obtain the matrix relating {Cα} to {hα}α⊢n, we state the result for the transition {pα}α⊢n to
{hα}α⊢n. Let Bλ,µ, be the set of all possible Young diagrams of µ where the rows of µ are partitioned into
”bricks” of lengths giving the integer partition λ. We define the weight of T ∈ Bλ,µ, denoted w(T ), to be the
product of the lengths of the bricks ending each row in T and let w(Bµ,λ) =

∑
T∈Bλ,µ

w(T ).

Lemma 4.2. [15] The transition matrix from {pα(z)}α⊢n to {hα(z)}α⊢n is given by ((−1)l(µ)+l(λ)w(Bλ,µ))λ,µ,
that is:

pµ(z) =
∑
λ⊢n

(−1)l(µ)+l(λ)w(Bλ,µ)hλ(z)

Proposition 4.5. The transition matrix from {Cα(z)}α⊢n to {mα(z)}α⊢n is given by

qλ,µ =
1

o(µ)

∑
k|o(µ)

ϕ(k)OBµ(o(µ)/k),λ

Proof. By multiplying the transition matrix (aλ,µ)λ,µ from {Cα(z)}α⊢n to {pα(z)}α⊢n with the transition matrix
(OBλ,µ)λ,µ from {pα(z)}α⊢n to {mα(z)}α⊢n, we obtain the transition matrix from {Cα(z)}α⊢n to {mα(z)}α⊢n.

Corollary 4.2.

Cµ(z) =
∑
λ⊢n

1

o(µ)

∑
k|o(µ)

ϕ(k)OBµ(o(λ)/k),λmλ.

Proof. This is a direct consequence of the previous Proposition, obtained by a change of basis.

Example 4.2.

C42(z) = 180m111111 + 90m21111 + 46m2211 + 24m222 + 30m3111

+ 16m321 + 6m33 + 8m411 + 5m42 + 2m51 +m6.

Proposition 4.6. The number of Cµ-structures on an n-element set is equal to

1

o(µ)

∑
k|o(µ)

ϕ(k)OBµ(o(λ)/k),1n =
n!

o(µ)
=

1

o(µ)

∑
g∈⟨λ⟩

OBg,1n .

Proof. By Pólya’s theorem, the coefficient of m1n in the cycle index series of a species yields the number of
these structures. For the second expression, the coefficient of p1n multiplied by n! yields the count of these same
structures.
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Consequently, we immediately obtain the following identity:

Corollary 4.3. If λ ⊢ n, we have ∑
k|o(λ)

ϕ(k)OBλ(o(λ/k)),1n = n!.

Proof. This follows directly from Proposition 4.6.

Furthermore, the cycle index series of species are always Schur-positive. Indeed, for a species F : B → Set,
and for each n ∈ N, the vector space CF [n] carries a natural representation of Sn. The Frobenius characteristic
of this representation is precisely the cycle index series ZF (p1, . . . , pn). Thus, ZF (p1, . . . , pn) is Schur-positive,
as it corresponds to the Frobenius characteristic of an Sn–module (see [2]). The following proposition gives the
explicit decomposition of Cα(z) into Schur functions.

Proposition 4.7. The transition matrix (dλ,µ)λ,µ from {Cα}α⊢n to {sα}α⊢n is given by (dλ,µ)λ,µ, where:

dλ,µ =
1

o(µ)

∑
k|o(µ)

ϕ(k)χλ
µ(o(µ)/k) =

1

o(µ)

∑
h∈⟨σµ⟩

χλ(h).

and χλ
µ(o(µ)/k) is the character of the Specht module Sλ evaluated at µ(o(µ)/k).

Proof. The transition matrix (aλ,µ) from {Cα(z)}α⊢n to {pα(z)}α⊢n is given in Corollary 4.1. It is a standard
result that the transition matrix (bλ,µ) from {pα(z)}α⊢n to {sα(z)}α⊢n is given by (χµ

λ)µ,λ, the character of the
Specht module Sµ evaluated at λ. By multiplying (aλ,µ)(bλ,µ), we obtain (dλ,µ).

Proposition 4.8. We have

Cµ(z) = Frob
(
ch
(
IndSn

⟨σµ⟩1⟨σµ⟩

))
and for every λ ⊢ n, the multiplicity of sλ in Cµ(z) is

dλ,µ = ⟨Cµ(z), sλ(z)⟩ =
1

o(µ)

∑
h∈⟨σµ⟩

χλ(h),

where χλ is the irreducible character associated with Sµ. In particular dλ,µ ∈ Z≥0.

Proof. The first equality arises from the identification between the cycle index series of Xn/G and the Frobenius
characteristic of the permutation module on the cosets Sn/G. By Frobenius reciprocity,

⟨IndSn

G 1G, S
λ⟩Sn = ⟨1G,Res

Sn

G Sλ⟩G =
1

|G|
∑
h∈G

χλ(h).

The stated formula and the integer positivity follow by setting G = ⟨σµ⟩.

We consider the following example:

Example 4.3.

C11111(z) = s5 + 4s41 + 5s32 + 6s311 + 5s221 + 4s2111 + s11111,

C41(z) = s5 + s41 + s32 + s311 + 2s221 + s2111.

We now turn our attention to the family {Kα(z)}α⊢n.

Proposition 4.9. We have

Kµ(z) =

m∏
j=1

1

ij

∑
(k1,k2,··· ,km)

kj |ij

ϕ(k1)ϕ(k2) · · ·ϕ(km)pV (k1,k2,...,km)(µ).

where V (k1,k2,...,km)(µ) =
(
(i1)

(i1/k1)
)µ1

(
(i2)

(i2/k2)
)µ2 · · ·

(
(im)(im/km)

)µm
.

Proof. This is obtained through a direct calculation:

Kµ(z) = Ci
µ1
1
(z) ·Ci

µ2
2
(z) · · ·Ciµm

m
(z)

=
1

i1

∑
k|i1

ϕ(k)p(iµ1
1 )(i1/k) ·

1

i2

∑
k|i2

ϕ(k)p(iµ2
2 )(i2/k) · · ·

1

im

∑
k|im

ϕ(k)p(iµm
m )(im/k)
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=

m∏
j=1

1

ij

∑
(k1,k2,··· ,km)

kj |ij

ϕ(k1)ϕ(k2) · · ·ϕ(km)pµ1

(i1)(i1/k1)p
µ2

(i2)(i2/k2) · · · pµm

(im)(im/km)

To simplify, we denote the expression
(
(i1)

(i1/k1)
)µ1

(
(i2)

(i2/k2)
)µ2 · · ·

(
(im)(im/km)

)µm
by V (k1,k2,...,km)(µ). Hence,

we obtain the final expression.

Corollary 4.4. The transition matrix (wλ,µ)λ,µ from {Kα(z)}α⊢n to {pα(z)}α⊢n is given by, if λ = (iλ1
1 , iλ2

2 , . . . , iλm
m ),

wλ,µ =

{∏m
j=1

ϕ(kj)
ij

if λ = V (k1,k2,...,km)(µ) and kj |ij for all j ∈ [m]

0 otherwise.

Proof. The result follows by extracting the transition matrix from Proposition 4.9.

Example 4.4.

K422(z) =
1

8
p11111111 +

1

4
p221111 +

1

8
p2222 +

1

4
p41111 +

1

4
p422.

Proposition 4.10. The transition matrix from {Kα(z)}α⊢n to {mα(z)}α⊢n is given by

lλ,µ =

m∏
j=1

1

o(ij)

∑
(k1,k2,...,km)

kj |ij

ϕ(k1)ϕ(k2) · · ·ϕ(km)OBV (k1,k2,...,km)(µ),λ

Proof. By multiplying the transition matrix (wλ,µ)λ,µ from {Kα(z)}α⊢n to {pα(z)}α⊢n with the transition
matrix (OBλ,µ)λ,µ from {pα(z)}α⊢n to {mα(z)}α⊢n, we obtain the transition matrix from {Kα(z)}α⊢n to
{mα(z)}α⊢n.

We thus obtain the following expansion of Kµ into the monomial basis {mα}α⊢n
Corollary 4.5.

Kµ(z) =

m∏
j=1

1

ij

∑
λ⊢n

∑
(k1,k2,...,km)

kj |ij

ϕ(k1)ϕ(k2) · · ·ϕ(km)OBV (k1,k2,...,km)(µ),λmλ.

Proof. This is a direct consequence of the previous Proposition, obtained by a change of basis.

For example, we have:

K42(z) = 90m111111 + 48m21111 + 26m2211 + 15m222 + 18m3111 + 10m321+

4m33 + 6m411 + 4m42 + 2m51 +m6

Proposition 4.11. The number of Kµ-structures on an n-element set is equal to

m∏
j=1

1

ij

∑
µ⊢n

∑
(k1,k2,...,km)

kj |ij

ϕ(k1)ϕ(k2) · · ·ϕ(km)OBV (k1,k2,...,km)(µ),1n .

Proof. By Pólya’s theorem, the coefficient of m1n in the cycle index series of a species yields the number of
these structures.

Proposition 4.12. The transition matrix (tλ,µ)λ,µ from {Kα}α⊢n to {sα}α⊢n is given by:

tλ,µ =

m∏
j=1

1

ij

∑
(k1,k2,...,km)

kj |ij

ϕ(k1)ϕ(k2) · · ·ϕ(km)χλ
V (k1,k2,...,km)(µ)

where χλ
µ(o(µ)/k) is the character of the Specht module Sλ evaluated at µ(o(µ)/k).

Proof. The transition matrix (aλ,µ) from {Cα(z)}α⊢n to {pα(z)}α⊢n is given in Corollary 4.1. It is a standard
result that the transition matrix (bλ,µ) from {pα(z)}α⊢n to {sα(z)}α⊢n is given by (χµ

λ)µ,λ, the character of the
Specht module Sµ evaluated at λ. Multiplying (aλ,µ)(bλ,µ) yields (tλ,µ).

Corollary 4.6. We have

Kµ(z) =
∑
λ⊢n

tλ,µsλ(z).

Example 4.5.

K421(z) = s7 + 3s52 + 2s61 + 2s43 + 2s511 + 5s421 + 2s331 + 3s322 + 4s3211 + 2s2221 + 2s4111 + s31111 + s22111.
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5. Extending Garsia–Remmel: Closure Theorems for
cyclic molecules

This section presents the principal contribution of this work: the extension of the Garsia–Remmel theorem to
the newly constructed basis, establishing the closure of Cα and Kα under the Kronecker product. To achieve a
comprehensive species-theoretic interpretation, we first introduce the subcategories CEsp and KEsp which house
our new basis. We begin by reformulating the classical Garsia–Remmel result within this category framework
and then proceed to establish the analogous decomposition theorems for the two cyclic basis.

Definition 5.1. We define the category HEsp whose objects are non-negative integer linear combinations of
Eµ, i.e.,

F =
∑
µ⊢n

aµEµ where aµ ∈ N,

and the morphisms are natural transformations (species morphisms).

Example 5.1. An example is given by

F = E3 + 2E21 + 3E111.

This structure can be interpreted as a collection where the coefficient of each Eλ term represents the number of
distinct colorings or labellings available for the Eλ-structure. Specifically:

� The E3-structure (coefficient 1) has unit multiplicity.

� The E21-structure (coefficient 2) admits two distinct decorations (e.g., blue or red).

� The E111-structure (coefficient 3) admits three distinct decorations (e.g., blue, red, or green).

In general, the coefficient of Eλ acts as a multiplicity index, indicating the number of ways the corresponding
abstract structure Eλ is realized or ”decorated” within F .

Lemma 5.1. Let n be a positive integer. For all partitions α and β of n, there exists a partition µ of n such
that

Sα ∩ Sβ = Sµ.

Proof. Let σ ∈ Sα ∩ Sβ . This means σ leaves invariant both partitions of [n] associated with α and β, denoted
nα and nβ . That is, for all i, j ∈ [n],

σ(nα
i ) = nα

i and σ(nβ
j ) = nβ

j .

Thus, σ(nα
i ∩nβ

j ) = nα
i ∩nβ

j . By defining µ as the partition formed by the sizes of these non-empty intersections,

µ = (|nα
i ∩ nβ

j |), we have σ ∈ Sµ.

Proposition 5.1. Let n be a positive integer. For all partitions α and β of n, we have

Eα ×Eβ =
∑
µ⊢n

eµα,βEµ,

where eµα,β = #{SατSβ ∈ Sα\Sn/Sβ | Sα ∩ τSβτ
−1 is conjugate to Sµ}.

Proof. Applying a fundamental decomposition result (Proposition 2.2 from the full manuscript), we have

(Xn/Sα)× (Xn/Sβ) =
∑

SατSβ∈Sα\Sn/Sβ

(
Xn/Sα ∩ τSβτ

−1
)

=
∑
µ⊢n

#{SατSβ ∈ Sα\Sn/Sβ | Sα ∩ τSβτ
−1 = Sµ} (Xn/Sµ) .

Corollary 5.1. The category HEsp is closed under the Cartesian product (or Hadamard product).
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Proof. As the Cartesian product of species is commutative and distributive (see [11] [3]), we have∑
µ⊢n

aµEµ ×
∑
µ⊢n

bµEµ =
∑

α,β⊢n

(aαbβ)Eα ×Eβ

=
∑

α,β⊢n

(aαbβ)
∑
µ⊢n

eµα,βEµ

=
∑
µ⊢n

∑
α,β⊢n

(aαbβ)e
µ
α,βEµ.

Definition 5.2. For every finite set U , we define the set

Eµ
α,β [U ] = {(s, t) ∈ (Eα ×Eβ)[U ] | Aut(s) ∩Aut(t) ≃ Sµ}.

Proposition 5.2. The transformation Eµ
α,β : B → Set is a subspecies of the Cartesian product Eα ×Eβ, i.e.,

Eµ
α,β ⊂ Eα ×Eβ .

Proof. For any finite set U , Eµ
α,β [U ] ⊂ (Eα × Eβ)[U ]. We must prove that it is stable under the transport of

the structure. Let f : U → V be a bijection. For every (s, t) ∈ Eµ
α,β [U ], we have

Aut(Eα[f ]s) ≃ Aut(s) and Aut(Eβ [f ]t) ≃ Aut(t).

It is clear that (Eα[f ]s,Eβ [f ]t) ∈ (Eα ×Eβ)[V ] and that

Aut(Eα[f ]s) ∩Aut(Eβ [f ]t) ≃ Sµ.

Therefore, (Eα[f ]s,Eβ [f ]t) ∈ Eµ
α,β [V ]. Thus, Eµ

α,β is a subspecies of Eα ×Eβ .

Mackey’s theorem is central to our proof.

Lemma 5.2. [Mackey’s theorem for group action, see [9] [12]] Let G be a group acting transitively on sets X
and Y . Then, for every x ∈ X and y ∈ Y , we have the bijection

G\\(X × Y ) → Aut(x)\G/Aut(y) : G(x, gy) 7→ Aut(x)gAut(y).

Lemma 5.3. Let U be a finite set. For each coset λSα ∈ (Xn/Sα) [U ], the automorphism group Aut(λSα) ≃ Sα.

Proof. We have Aut(λSα) = λSαλ
−1 ≃ Sα.

Applying Mackey’s theorem with X = Eα[n] and Y = Eβ [n], and G = Sn, we have for every x ∈ X and
y ∈ Y , Aut(x) ≃ Sα and Aut(y) ≃ Sβ .

Lemma 5.4. We have the bijection:

Sn\\(Eα[n]×Eβ [n]) → Sα\Sn/Sβ .

Corollary 5.2. The isomorphism types (or unlabeled structures) associated with Eµ
α,β are in bijection with

{SατSβ ∈ Sα\Sn/Sβ | Sα ∩ τSβτ
−1 = Sµ}.

We denote by Mα,β the set of matrices with coefficients in N whose row sums are α1, α2, . . . and column
sums are β1, β2, . . .. Let µ be a partition of n; we denote by Mµ

α,β the set of matrices A ∈ Mα,β whose entries,
when sorted in decreasing order, form the partition µ.

Lemma 5.5. [Corollary 4.3.8 [9]] We have the bijection

Sλ\Sn/Sµ
θ−→ Mα,β : SατSβ 7→ (zij),

where zij := |nα
i ∩ τnβ

j |.

We define the type of the double coset SατSβ by w(SατSβ) = µ if Sα ∩ τSβτ
−1 = Sµ and the type of the

matrix Z = (zij) ∈ Mα,β , t(Z) = µ if the decreasing sequence of the entries (zij)i,j gives the partition µ.

Lemma 5.6. The transformation θ preserves the types t and w, i.e.,

t(θ(SατSβ)) = w(SατSβ).
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Proof. Suppose that w(SατSβ) = µ, that is Sα ∩ τSβτ
−1 = Sµ. This implies that the multiset of sizes of the

intersecting blocks |nα
i ∩ τnβ

j | is precisely the multiset of parts of µ. Thus, the decreasing sequence of |nα
i ∩ τnβ

j |
is equal to µ. So t(θ(SατSβ)) = µ = w(SατSβ).

Proposition 5.3. The set {SατSβ ∈ Sα\Sn/Sβ | Sα ∩ τSβτ
−1 = Sµ} is in bijection with the set of matrices

Mµ
α,β.

Proof. The map θ defined in Lemma 5.5 induces a bijection from {SατSβ ∈ Sα\Sn/Sβ | Sα ∩ τSβτ
−1 = Sµ} to

NMµ
α,β .

Example 5.2. Here are examples of the expansion:

h42 ⋆ h33 = h2211 + 2h321,

h44 ⋆ h332 = 2h221111 + 2h22211 + 4h3221 + 2h3311.

Corollary 5.3 (A.M. Garsia and J. Remmel [6]). The coefficient of hµ in the product hα ⋆ hβ is equal to the
cardinality of NMµ

α,β.

In the following, similar properties are developed for the family {Cα(z)}α⊢n. For two partitions α and β,
the decomposition of the Hadamard product is given by:

Cα(z) ⋆Cβ(z) =
∑
µ⊢n

bµα,βCµ(z) where bµα,β ∈ N.

Definition 5.3. We define the category CEsp whose objects are non-negative integer linear combinations of the
cyclic species Cµ, i.e.,

F =
∑
µ⊢n

aµCµ where aµ ∈ N,

and whose morphisms are natural transformations (species morphisms).

Example 5.3. Let F be an object of CEsp defined by

F = C5 + 2C32 + 2C221.

This object can be interpreted in the same way as in Example 5.1, where the coefficients represent the multiplicity
or number of distinct decorations available for the corresponding Cµ-structure.

As in the case of set molecules, we are interested in the following family of cyclic subgroups of the symmetric
group Sn:

{⟨σα⟩}α⊢n.
Here, ⟨σα⟩ is the cyclic subgroup generated by the standard permutation σα of cycle type α.

Lemma 5.7. Let σα and σβ be two permutations. The intersection of the corresponding cyclic groups is
generated by a single permutation, i.e.,

⟨σα⟩ ∩ ⟨σβ⟩ = ⟨σµ⟩,
for some permutation σµ.

Proof. The intersection H = ⟨σα⟩ ∩ ⟨σβ⟩ is a subgroup of both ⟨σα⟩ and ⟨σβ⟩. Since every subgroup of a cyclic
group is cyclic, H must be cyclic. Thus, H is generated by some element τ . If ⟨τ⟩ = H, then τ ∈ ⟨σα⟩ and
τ ∈ ⟨σβ⟩, meaning there exist integers a and b such that τ = σa

α = σb
β . Then H is isomorphic to ⟨σµ⟩ where µ

is the shape of τ .

Proposition 5.4. Let α and β be two partitions of n. We have the decomposition,

Cα ×Cβ =
∑
µ⊢n

#{⟨σα⟩π⟨σβ⟩ ∈ ⟨σα⟩\Sn/⟨σβ⟩ | ⟨σα⟩ ∩ π⟨σβ⟩π−1 is conjugate to ⟨σµ⟩} (Xn/⟨σµ⟩) .

Proof. Applying Proposition 2.2 (Species Decomposition Theorem), we obtain

Xn/⟨σα⟩ ×Xn/⟨σβ⟩ =
∑

τ∈⟨σα⟩\Sn/⟨σβ⟩

Xn/
(
⟨σα⟩ ∩ τ⟨σβ⟩τ−1

)
.

Lemma 5 ensures that the intersection of two cyclic groups is cyclic. By grouping the double cosets whose
resulting intersection is conjugate to ⟨σµ⟩, we obtain the coefficient bµα,β :

Xn/⟨σα⟩ ×Xn/⟨σβ⟩ =
∑
µ⊢n

#{⟨σα⟩π⟨σβ⟩ ∈ ⟨σα⟩\Sn/⟨σβ⟩ | ⟨σα⟩ ∩ π⟨σβ⟩π−1 = ⟨σµ⟩} (Xn/⟨σµ⟩) .
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Definition 5.4. For every finite set U of size n, we define

Cµ
α,β [U ] = {(s, t) ∈ (Cα ×Cβ)[U ] | Aut(s) ∩Aut(t) ≃ ⟨σµ⟩}.

Proposition 5.5. The transformation Cµ
α,β : B → Set is a subspecies of the Hadamard product Cα ×Cβ.

Proof. We verify that Cµ
α,β is stable under the transport of the structure. Let f : U → V be a bijection. For

every (s, t) ∈ Cµ
α,β [U ], since the automorphism groups are preserved under transport, we have

Aut(Cα[f ]s) ≃ Aut(s) and Aut(Cβ [f ]t) ≃ Aut(t).

It is clear that (Cα[f ]s,Cβ [f ]t) ∈ (Cα ×Cβ)[V ]. Furthermore, the intersection condition is preserved:

Aut(Cα[f ]s) ∩Aut(Cβ [f ]t) ≃ ⟨σµ⟩.

Therefore, (Cα[f ]s,Cβ [f ]t) ∈ Cµ
α,β [V ]. This confirms that Cµ

α,β is a subspecies of Cα ×Cβ .

Applying Mackey’s theorem (Lemma 5.2) for X = Cα[n] and Y = Cβ [n], with the group action G = Sn,
the automorphism groups are Aut(x) ≃ ⟨σα⟩ and Aut(y) ≃ ⟨σβ⟩. Hence, we get the following lemma as a
consequence.

Lemma 5.8. We have the bijection:

Sn\\(Cα[n]×Cβ [n]) → ⟨σα⟩\Sn/⟨σβ⟩.

Proposition 5.6. The coefficient bµα,β is equal to the number of unlabeled structures or isomorphism types of

Cµ
α,β.

Proof. The bijection provided by Lemma 5.8 shows that the number of unlabelled structures of Cα × Cβ is
equal to the cardinality of the set of double cosets ⟨σα⟩\Sn/⟨σβ⟩. The coefficient bµα,β counts the number of

double cosets ⟨σα⟩π⟨σβ⟩ such that the stabilizer intersection ⟨σα⟩∩π⟨σβ⟩π−1 is conjugate to ⟨σµ⟩. This precisely
corresponds to the number of isomorphism types in Cα × Cβ whose intersection of automorphism groups is
⟨σµ⟩.

The enumeration of double cosets is a classical problem that has attracted considerable attention in the
literature (see, e.g., [10]).

Corollary 5.4. The category CEsp is closed under the Cartesian product (Hadamard product).

Proof. As the Cartesian product of species is commutative and distributive (see [3]), we have∑
µ⊢n

aµCµ ×
∑
µ⊢n

bµCµ =
∑

α,β⊢n

(aαbβ)Cα ×Cβ

=
∑

α,β⊢n

(aαbβ)
∑
µ⊢n

bµα,βCµ

=
∑
µ⊢n

∑
α,β⊢n

(aαbβ)b
µ
α,βCµ.

Example 5.4. The following examples illustrate the decomposition for n = 6:

C6(z) ⋆C33(z) = 38C111111(z) + 6C33(z),

C6(z) ⋆C6(z) = 18C111111(z) + 2C222(z) + 2C33(z) + 2C6(z),

C42(z) ⋆C6(z) = 30C111111(z).

To the best of our knowledge, a systematic enumeration of the double cosets ⟨σα⟩\Sn/⟨σβ⟩ in terms of
matrix-like combinatorial objects analogous to the A.M. Garsia and J. Remmel [6] matrices NMµ

α,β is desirable,
but remains an open problem.

Question 5.1. Find a direct combinatorial interpretation of the coefficients bµα,β.

Here is a list of computed coefficients for n = 6:

� C6(z) ⋆C6(z) = 18C111111(z) + 2C222(z) + 2C33(z) + 2C6(z)
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� C6(z) ⋆C51(z) = 24C111111(z)

� C6(z) ⋆C42(z) = 30C111111(z)

� C6(z) ⋆C33(z) = 38C111111(z) + 6C33(z)

� C6(z) ⋆C222(z) = 56C111111(z) + 8C222(z)

� C6(z) ⋆C111111(z) = 120C111111(z)

� C51(z) ⋆C51(z) = 28C111111(z) + 4C51(z)

� C42(z) ⋆C42(z) = 44C111111(z) + 4C42(z)

� C42(z) ⋆C411(z) = 44C111111(z) + 2C2211(z)

� C33(z) ⋆C33(z) = 76C111111(z) + 12C33(z)

� C321(z) ⋆C321(z) = 18C111111(z) + 2C21111(z) + 2C313(z) + 2C321(z).

In the following, a similar property is developed for the family {Kα(z)}α⊢n. For two partitions α and β, the
decomposition of the Hadamard product is given by:

Kα(z) ⋆Kβ(z) =
∑
µ⊢n

jµα,βKµ(z) where jµα,β ∈ N.

Definition 5.5. We define the category KEsp whose objects are non-negative integer linear combinations of
the Kµ species, i.e.,

F =
∑
µ⊢n

aµKµ where aµ ∈ N.

The morphisms in this category are natural transformations (species morphisms).

Example 5.5. Let F be an object of KEsp defined by

F = K42 + 2K33 + 2K222.

This object can be interpreted in the same way as in Example 5.1, where the coefficients represent the multiplicity
or number of distinct decorations available for the corresponding Kµ-structure.

As before, we consider the family of subgroups of Sn defined by the partitions α that we have seen previously:

{Gα}α⊢n.

Lemma 5.9. Let α and β be two partitions of n. The intersection of the corresponding product groups, Gα∩Gβ,
is itself a group of the same form Gµ, i.e.,

Gα ∩Gβ = Gµ.

Proof. Let α = (ia1
1 , . . . , iam

m ) and β = (jb11 , . . . , jbkk ) be two partitions of n. The groups Gα and Gβ are internal
direct products of cyclic groups Ai and Bj acting on disjoint supports Xi and Yj , respectively.

Gα =

m∏
i=1

Ai, Gβ =

k∏
j=1

Bj .

Let H = Gα ∩Gβ . As the intersection of abelian subgroups, H is also abelian. For any h ∈ H, h must stabilize
the support partitions {Xi}mi=1 and {Yj}kj=1. Consequently, h must stabilize the refined partition Zij = Xi∩Yj .
Thus, H decomposes as an internal direct product:

H =
∏
i,j

Hij , where Hij = H ∩ SZij
.

The component Hij is a subgroup of Ai and Bj when restricted to Zij . Since Ai and Bj are cyclic groups (on
their full supports), Hij must also be cyclic, say Hij = ⟨ρij⟩. Since h ∈ Gα, the action of h on Xi has all cycles
of length dividing ii. Similarly, the action of h on Yj has all cycles of length dividing jj . It follows that the
cycle structure of ρij on Zij must consist of cycles all having the same length, lij = ord(ρij). The group H is
therefore the direct product of disjoint cyclic groups H =

∏
i,j⟨ρij⟩. By grouping these cyclic factors according

to their cycle length Lv, we show that H has the structure Gµ for the partition µ derived from these cycle
lengths.

ECA 6:3 (2026) Article #S2R19 17



Josaphat W. V. Baolahy and Benjamin Randrianirina

Proposition 5.7. Let α, β be two partitions of n. We have the decomposition,

Kα ×Kβ =
∑
µ⊢n

#{GαπGβ ∈ Gα\Sn/Gβ |Gα ∩ πGβπ
−1 is conjugate to Gµ}Kµ.

Proof. Proposition 2.2 (Species Decomposition Theorem) assures us that

Xn/Gα ×Xn/Gβ =
∑

τ∈Gα\Sn/Gβ

Xn/
(
Gα ∩ τGβτ

−1
)
.

The preceding lemma allows us to group the terms where the intersection Gα ∩ τGβτ
−1 is conjugate to Gµ.

Since Kµ = Xn/Gµ, we obtain:

Xn/Gα ×Xn/Gβ =
∑
µ⊢n

#{GαπGβ ∈ Gα\Sn/Gβ |Gα ∩ πGβπ
−1 = Gµ} (Xn/Gµ)

=
∑
µ⊢n

#{GαπGβ ∈ Gα\Sn/Gβ |Gα ∩ πGβπ
−1 = Gµ}Kµ.

Definition 5.6. For every finite set U of size n, we define the set of pairs of structures with a fixed intersection
of automorphism groups:

Kµ
α,β [U ] = {(s, t) ∈ (Kα ×Kβ)[U ] | Aut(s) ∩Aut(t) ≃ Gµ}.

Proposition 5.8. The transformation Kµ
α,β : B → Set is a subspecies of the Hadamard product Kα ×Kβ.

Proof. We verify stability under transport of structure. Let f : U → V be a bijection. For any (s, t) ∈ Kµ
α,β [U ],

the automorphism groups are preserved:

Aut(Kα[f ]s) ≃ Aut(s) and Aut(Kβ [f ]t) ≃ Aut(t).

It is clear that

� (Kα[f ]s,Kβ [f ]t) ∈ (Kα ×Kβ)[V ] and,

� Aut(Kα[f ]s) ∩Aut(Kβ [f ]t) ≃ Gµ.

Thus, (Kα[f ]s,Kβ [f ]t) ∈ Kµ
α,β [V ], confirming that Kµ

α,β is a subspecies of Kα ×Kβ .

Applying Mackey’s theorem for X = Kα[n], Y = Kβ [n], and G = Sn, the automorphism groups are
Aut(x) ≃ Gα and Aut(y) ≃ Gβ . Hence, we get the following lemma.

Lemma 5.10. We have the bijection:

Sn\\(Kα[n]×Kβ [n]) → Gα\Sn/Gβ .

Proposition 5.9. The coefficient jµα,β is equal to the number of unlabeled structures or isomorphism types of

Kµ
α,β.

Proof. The bijection in Lemma 5.10 shows that the number of unlabelled structures of Kα ×Kβ is equal to the
cardinality of the double coset set Gα\Sn/Gβ . The coefficient jµα,β counts the number of double cosets GαπGβ

such that the stabilizer intersection Gα ∩ πGβπ
−1 is conjugate to Gµ. This establishes that the coefficient jµα,β

is equal to the number of unlabeled structures (s, t) of Kα ×Kβ satisfying Aut(s) ∩Aut(t) ≃ Gµ.

Corollary 5.5. The category KEsp is closed under the Cartesian product (Hadamard product).

Proof. As the Cartesian product of species is commutative and distributive (see [3]), we have∑
µ⊢n

aµKµ ×
∑
µ⊢n

bµKµ =
∑

α,β⊢n

(aαbβ)Kα ×Kβ

=
∑

α,β⊢n

(aαbβ)
∑
µ⊢n

jµα,βKµ

=
∑
µ⊢n

∑
α,β⊢n

(aαbβ)j
µ
α,βKµ.
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Example 5.6. The following examples illustrate the decomposition for n = 6:

K222(z) ⋆K6(z) = 56K111111(z) + 8K222(z),

K42(z) ⋆K6(z) = 14K111111(z) + 2K222(z).

As in the previous case, to the best of our knowledge, a systematic enumeration of the double cosets Gα\Sn/
Gβ in terms of matrix-like combinatorial objects remains an open problem.

Question 5.2. Find a direct combinatorial interpretation of the coefficients jµα,β.

Here are some computed examples for n = 6:

� K6(z) ⋆K6(z) = 18K111111(z) + 2K222(z) + 2K33(z) + 2K6(z)

� K6(z) ⋆K42(z) = 14K111111(z) + 2K222(z)

� K51(z) ⋆K51(z) = 28K111111(z) + 4K51(z)

� K42(z) ⋆K42(z) = 10K111111(z) +K21111(z) +K222(z) + 2K42(z)

� K42(z) ⋆K411(z) = 22K111111(z) + 2K411(z)

� K33(z) ⋆K33(z) = 76K111111(z) + 12K33(z)

� K321(z) ⋆K42(z) = 14K111111(z) + 2K21111(z)

� K321(z) ⋆K321(z) = 18K111111(z) + 2K21111(z) + 2K313(z) + 2K321(z)

� K222(z) ⋆K222(z) = 168K111111(z) + 24K222(z)

� K21111(z) ⋆K42(z) = 42K111111(z) + 6K21111(z)

� K111111(z) ⋆K111111(z) = 720K111111(z).

Remark 5.1 (Combinatorial interpretation via Steggall patterns). The structure constants bµn,n = jµn,n admit
a combinatorial interpretation in terms of Steggall patterns [20]: equivalence classes of permutations of [n]
under the action of Zn × Zn by cyclic shift of indices and translation of values modulo n. We denote by SPn

the set of all such patterns. By Cameron’s work [4], there is a canonical bijection Zn\Sn/Zn
∼−→ SPn, under

which the stabiliser size of a double coset coincides with that of the corresponding pattern.
Since every subgroup of Zn has cycle type (dn/d) for some d | n, the structure constants satisfy:

bµn,n =

{
#
{
P ∈ SPn | |Stab(P )| = d

}
if µ = (dn/d) for some d | n,

0 otherwise.

Example 5.7. In particular, the total number of Steggall patterns is |SPn| =
∑

d|n b
(dn/d)
n,n , which for n = 6 gives

18+2+2+2 = 24, consistent with the sequence A002619 in the OEIS. This corresponds to the decomposition :

C6(z) ⋆C6(z) = 18C111111(z) + 2C222(z) + 2C33(z) + 2C6(z)

6. Conclusion

This work establishes a significant framework within algebraic combinatorics by introducing two novel bases for
the ring of symmetric functions, denoted {Cα(z)}α⊢n and {Kα(z)}α⊢n. Derived from the cycle index series of
specialized combinatorial structures—specifically, the cyclic species of the first and second kind—these families
are rigorously proven to form bases of Λn. The central contribution of this paper is the study of Kronecker
stability within the subcategories CEsp and KEsp. By leveraging the theory of combinatorial species and
analyzing the subgroups ⟨σα⟩ and Gα, we establish natural isomorphisms of species yielding the following
integral and positive decomposition formulas:

Cα ⋆Cβ =
∑
µ

bµα,βCµ and Kα ⋆Kβ =
∑
µ

jµα,βKµ.

This work revisits the foundational results of A.M. Garsia and J. Remmel [6] on the Kronecker coefficients of
hα ⋆ hβ , and positions the bases Cα and Kα as natural extensions of this framework. A key open problem in
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d = 6: (1, 2, 3, 4, 5, 6) (1, 6, 5, 4, 3, 2)

d = 3: (1, 2, 5, 6, 3, 4) (1, 4, 3, 6, 5, 2)

d = 2: (1, 2, 6, 4, 5, 3) (1, 3, 2, 4, 6, 5)

d = 1:

Figure 1: The 24 Steggall patterns for n = 6, classified by stabiliser size d = |Stab(P )|.

this context is the existence of a fully combinatorial interpretation of the Kronecker product in these bases.
As a partial answer to this question, we provide a combinatorial interpretation of the structure underlying the
direct product Cn ×Cn, described in terms of the action of cyclic groups on the associated pattern sets. This
construction reveals a concrete model for the orbit-stabilizer decomposition in this setting and captures part of
the combinatorial structure governing Kronecker interactions in the C-basis. This research opens two primary
avenues for future exploration:

1. Combinatorial Interpretation: The most immediate challenge is to determine explicit combinatorial
interpretations for the coefficients bµα,β and jµα,β , analogous to the classical problem for Schur functions.

2. Non-Commutative Extensions: A further fruitful direction is the investigation of non-commutative
versions of these symmetric functions and the exploration of their associated descent algebras. The
expansion of the Cλ basis into the ribbon function basis {rµ}µ|=n is given by

Cλ =
∑
µ|=n

σλ,µrµ,

where the coefficients σλ,µ are non-negative integers defined by the algebraic formula:

σλ,µ =
∑
α⊢n

dλ,αKα,µ ∈ N.
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