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ABSTRACT: We study two new families of symmetric functions arising from a species-theoretic construction
motivated by cycle structure. For each partition of n, we define two combinatorial species, molecules, indexed
by the same partition, giving rise to two corresponding bases of the homogeneous symmetric functions of degree
n. We prove that each of these families forms a basis by exhibiting explicit cycle-index formulas and triangular
transition matrices to the power-sum basis. Using these constructions, we generalize a classical result describing
the Kronecker (Hadamard) product in the homogeneous basis to the two new settings. In particular, we show
that the categories generated by these species are closed under the Kronecker product, and that the product
of two basis elements expands with nonnegative integer coefficients. Our results provide a new combinatorial
framework for studying the Kronecker product and suggest avenues toward interpreting its structure constants.
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1. Introduction

The Kronecker product of symmetric functions and its notoriously difficult structure constants for the Schur
basis is a central problem in algebraic combinatorics (see [8] for the study of the complexity of this problem).
This paper explores this problem through the lens of combinatorial species, where other natural bases yield
positive and computable, though still mysterious, coefficients. Let V and W be two representations of the
general linear group GL,(C), with respective characters xy and xw. The tensor product V @ W is itself a
representation of GL,(C), whose character is given by:

(xv *xw)M) =xv(M) - xw(M), forall M e GL,

where the product on the right is complex number multiplication. This product x is the famous Kronecker
product of symmetric functions. A central problem regarding the Kronecker product arises from the basis of
Schur functions. Recall that if A is a partition of n, the Schur function s, is the character of the Weyl module
WA, and the family {s)} \Ln forms a basis of the algebra of symmetric functions. Since the tensor product
W @ W# is a representation of GL,, its character is Schur-positive; that is,

So * S5 = Zggﬁﬁsu where g/} ; € N.
m

However, finding a combinatorial interpretation of the coefficients g, 5 Temains a major open problem.
The work of A.M. Garsia and J. Remmel [6] provided a solution to an analogous question for the basis of
complete homogeneous symmetric functions {Ay}x-n:

haxhg = Y NM! b,
I

where NM" 5 counts the number of non-negative integer matrices such that the sum of the i-th row is equal to
o, the sum of the j-th column is equal to §;, and the entries of the matrix (when arranged in non-increasing
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order) form the partition p. Extending this result to other bases of the ring of symmetric functions offers new
insights into the structure of the Kronecker product. While this does not solve the open problem regarding the
Kronecker coefficients directly, it represents significant progress in this exploration. The primary contribution
of this paper is the introduction of two new basis of A,,, denoted {C,(z)},,,, and {K,(z)},,,, for which the
Kronecker coeflicients are explicit. Readers unfamiliar with the theory of symmetric functions are referred to
the classical texts [14] [19]. These new bases are the cycle index series of families of molecular species defined

as follows. For any partition o = (47*,...,i%m), we set

C, := (X"/{o)), where o is a permutation of cycle type a, denoted A(c) = «

and
Ka = Cl‘fl te Cignm.
Their corresponding cycle index series are given by

o

—~

o)

Cu(z) = ﬁ Pa(ot) (2) and Ka(z) = Cjoi(z) - Cigm (2).

ES
Il

The complete homogeneous symmetric functions provide a classical example of symmetric functions derived
from molecular species. Indeed, they can be expressed in terms of the cycle index series as follows:

ha = hx, -+ by, = ZE,, -E,, 5

where A = (A1,...,\g) is a partition, and E is the species of sets. Here, Zg denotes the cycle index series of a
species S. To emphasize the structural parallels between these basis, we simultaneously study the three families
of molecular species {Eq }arn, {Ca tarn, and {Ka }or-n, where « is a partition of n. The result of A.M. Garsia and
J. Remmel [6] corresponds to the case of {Eq }arn, recast here in the language of combinatorial species theory.
Our second main contribution is to extend this result to the basis {Cy(2z)}arn and {Ku(2)}arn by establishing
the following decomposition formulas for the x-product (the Hadamard product of species generating functions):

Ca(z)xCp(z) = Y b ,Cu(z) and Ka(z)xKp(z) = > i, K,(2).

In terms of combinatorial species, these identities translate into the existence of the following natural isomor-
phisms:
CoxCp=> bh,Cu  and KoxKg=)» jt K,

pkn pEn

To interpret this work within the framework of species theory, we introduce three subcategories of the category
of combinatorial species Esp, whose elements are positive linear combinations of E,,, C,, and K, respectively.
We denote them by

HEsp, CEsp, KEsp.

The objects within these subcategories take the form:
F=> aE, G=) bC, H=)Y dK,.
Iz H H

To provide a combinatorial proof of closure under the Hadamard product, we utilize standard results from
combinatorial species theory. This approach allows us to reformulate the proof of A.M. Garsia and J. Remmel [6]
in the language of species. The closure of the other two categories is established similarly, though in distinct
contexts. Moreover, for all » > 1, we satisfy the identity :

Ca(2)(p1) = Car(2),

where " denotes the partition obtained from « by repeating each part r times.

The paper is organized as follows. In Section 2, we review the fundamental theory of combinatorial species
and the general concept of molecular species. Section 3 is dedicated to the detailed construction and study of
the three specific families of molecules: set molecules, cyclic molecules of the first kind, and cyclic molecules of
the second kind. In Section 4, we explicitly define the associated symmetric functions {C,(z)} and {K.(z)}
and establish them as basis of the ring of symmetric functions by exhibiting triangular transition matrices to
the power-sum basis. Finally, in Section 5, we introduce the subcategories CEsp and KEsp and prove our main
result regarding their closure under the Hadamard (Kronecker) product, extending the classical framework of
A M. Garsia and J. Remmel [6].
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2. Combinatorial Species and Molecular Species

In this section, we introduce the notions of combinatorial species and molecular species. By analogy with
the structure of matter, which is an assembly of molecules, combinatorial species are finite sums of molecular
species. Beyond this fundamental property, this work demonstrates that there exist three families of molecular
species whose cycle index series form a Q-basis of the ring of symmetric functions. We begin with the formal
definition of a combinatorial species.

Definition 2.1. A combinatorial species F' is a functor from the category of finite sets and bijections B to the
category of finite sets and functions Set, i.e.

F :B — Set.

It is a procedure that constructs a set of structures F[U] from a finite set U. The elements of F[U] are called
the F-structures on U. Some classical examples include:

e the species of sets E, which assigns the set E[U] = {U} to each finite set U.
e the species of subsets P, which assigns the set
PlUI={A|ACU}
to each finite set U.
e the species of partitions Par, which assigns the set
Par[U] = {r | 7 is a partition of the set U}
to each finite set U.
e the species of permutations S, which assigns the set
S|U] = {o | o is a permutation of the set U}
to each finite set U.
e the species of simple graphs G, which assigns the set
GlU)={(U,E) | (U,E) is a simple graph with vertex set U and edge set E}
to each finite set U.

Given a finite set U, we can associate to each species F' its unlabelled version F', defined as the quotient of F [U]
by the following equivalence relation:

Vs,t e F[U], s~t < 30:U =S U, Flo]s=t.

The elements of F are called the isomorphism types of F or the unlabelled structures of F. They are obtained
by ignoring the labels of the elements in U on the F-structures. We define the cycle index series of a species F’
by

Zelpr, ) = 3 S #FIFlolloa 1, ),
n>0 €S,
where py(,) is the power sum associated with the cycle type of the permutation o. This concept was first
introduced by George Pélya to study the enumeration of objects under symmetry (see [16]). In this work, we
are particularly interested in molecular species, a specific class of species defined below. They are characterized
by having only one isomorphism type, and every species can be decomposed into a sum of products of molecular
species (see [3] [11]). Our work highlights another significant property for some of these molecular species: the
family of their cycle index series forms a QQ-basis of the ring of homogeneous symmetric functions A,,.

Definition 2.2. Let H be a subgroup of S,. We define the associated molecular species by setting, for every
finite set U,
(X"/H)[U]:{)\H|)\:[n}3—>U} where  AH ={\f|feH},

and for every bijection o : U — V,
(X"/H) o] \H = (c\)H.

The operation is the composition of functions.
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Remark 2.1. The species (X" /H) has only one isomorphism type. Indeed, since the action of H on S™/H is
transitive, for every A\ H, Ao H € (X™/H) [U] there exists a o € Sy such that \y H = (o)2) H (see [3]).

In general, we have the following results:
Example 2.1 ( [3]).
(a) Ifa = (a1, 2...,am) and Sq = S, X Say X +-+ X S, , then
(X"/Sa) =Eq, -Eq, - E,, =E,.

(b) Let o € S,. Then (X™/(0))[n] = {A(o) | X:[n] = U}. These are referred to as cyclic species of the first
kind.

(¢) Let o be a permutation whose cycle decomposition is of the form

— 41 my 1 T2 1 T
0'_0'1...0'1 0'2...0'2...O'n...0'mm

and let G, = (o} -+ 07') x (04 -+~ by x - == x (o} ---alm) where the o; are cycles of length i. We define
another molecular species by
X"/G,.

These molecular species are the fundamental objects of this work. We will later provide a more detailed
study of them. The cycle index series associated with molecular species is described by the following classical
result.

Lemma 2.1. [3] Let H K < S,. Then
(X"/H)=(X"/K) < H and K are conjugate.
Proposition 2.1. [3] The cycle index series of (X"/H) is given by

Z(xn/H) = |H| > Py

cEH
Example 2.2.
1. Let o = (a1,as -+ , ) be a partition of a nonnegative integer n. Then
m
Zxnys, = H al Z PA(o Hha = ha.
=1 UES% =1
2. Let o be a permutation of S,. Then
o(o)
Z(xn /(o)) = pr(ak)

3. Let o be a permutation whose cycle decomposition is of the form

_ 1 ry 1 T2 1 T
0'_0'1...0'1 0'2...0'2 ...Um...o'7r';77.

Then .
Zixrjan = 1 200 oty

Molecular species behave very well under operations on species.
Proposition 2.2. [3] Let H and K be two subgroups of S,, and Sy, respectively. Then:
1. (X"/H)-(X™/K) = (X" /(H x K)),

2. Ifn=m, (X"/H) x (X"/K) = eH\Zs . (X"/HNrKrb).

While both properties are indispensable to our work, the latter is crucial for establishing closure under the
Kronecker product. These two operations correspond to classical operations on symmetric functions.

Proposition 2.3 ( [3]). Let H and K be two transitive subgroups of S, and Sy, respectively. Then:
Lo Zixnymyxm /i) = Zxn/m)  Lxm /K
2. Zixn/Hyx(xm/K) = Z(xn/H)* Z(xm K) where x is the Kronecker product of symmetric functions.

We will now study these three types of molecular species in turn: set molecules, cyclic molecules of the first
kind, and cyclic molecules of the second kind.

ECA 6:3 (2026) Article #S2R19 4
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3. Molecules

This section is dedicated to the definition of the molecular species that constitute the central objects of this
work. We begin by defining set molecules, which provide the combinatorial framework for the classical results
of Garsia and Remmel. Subsequently, we introduce two new families of molecules: cyclic molecules of the first
kind and cyclic molecules of the second kind.

3.1 Set molecules

Definition 3.1. Let a = (a1, aq,...,an) be a partition of n. We define the species of lists of sets of shape a,
denoted E,, as the product of the species Eq,,Eq,, -+ ,Eq,,, i€,

E, =X"/Sq, x -+ xX"/S,, =E4, -Equ, - Eg, .
An Eg-structure on a set U of size n can be viewed as an equivalence class of sequences of words
WL W3 ... Wy = {(c1w1) (02w2) ...(omwm) | (01,02,...,0m) € Sa}
where each w; has length o; for each i € [m)].

In what follows, we will represent the E,-structure as a word to facilitate a smoother discussion of the other
molecules.

Example 3.1. Here are examples of Egsa-structures on {1,2,3,4,5,6,7,8}:

28
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3.2 Cyclic molecules of the first kind

Throughout this section, given a partition a = (a1, as,...,a ) of an integer n, we define the standard permu-
tation of shape o, denoted o, as the permutation in cycle notation obtained by filling the cycles corresponding
to the parts of a with the elements of the set [n] = {1,2,...,n} in increasing order. For example:

1. fa=(4,2,1), then n =442+ 1 =7, and the standard permutation is:

0421 = (17 2,3, 4)(57 6)(7>

2. If « =(3,3,2), then n = 3 + 3+ 2 = 8§, and the standard permutation is:

0332 = (1a 2, 3) (47 9, 6)(7a 8)

Definition 3.2. Let a = (a1, o, ...,ax) be a partition of n and o, the standard permutation of shape a. We
define the species C, of lists invariant under the subgroup generated by o, as

Co=X"/{0a).

Any permutation o of cycle type « yields a species isomorphic to C,, by Lemma 2.1, i.e., C, = X"/{c). Indeed,
two cyclic subgroups generated by permutations are conjugate if and only if the underlying permutations have
the same cycle type. A C,-structure on a set U of size n can be viewed as an equivalence class of sequences of

words [w1] [wa] ... [wp] = {o(wiws ... wy) | 0 € (64)} on U of shape a, where w; has length «;.

Example 3.2. For example, the object [153] [42] [6] = {153426,531246, 315426} = [531] [24] [6] = [315] [42] [6] is
a Csaq-structure on {1,2,3,4,5,6}.

The problem of determining geometric realizations of these species remains open and warrants further
investigation. In particular, it may benefit from approaches inspired by the work of Chiricota (see [5] and [1]).

Proposition 3.1. Let @ = (a1, s, ..., ap) be a partition of n, and let r € N. We have the following isomor-
phism of species:

Coo X" =Cyr
where o = (Q1,...,Q1,09,...,Q2, ..., Qn, ..., Q) is the partition of nr containing exactly r copies of each

part o.

ECA 6:3 (2026) Article #S2R19 5
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Proof. We construct a natural isomorphism 7 : C,r — C, 0 X7

Let U be a finite set of size nr. A C,r[U]-structure is the equivalence class (under the action of the standard
permutation of type a”) of a concatenation of m - words. We can group these as m blocks, each containing r
words of length «;. Let s € C,r[U] be such a structure:

m T

_ 1.2 ;
5= H H [wj’iwj’i .. wjo‘z]

i=1 \j=1

A (C, 0 XT)[Ul-structure is a C,-structure (a word of m ”super-letters”) where each ”super-letter” is an X"-
structure (an r-tuple of elements from U). We define the transformation Ty : Cur[U] — (C, o X7)[U] by
"transposing” the elements. The map takes the k-th element from each of the r words of length «; and groups
them into an r-tuple. This forms the k-th ”super-letter” of the new C,-structure. Formally, Ty maps s to:

m T

T T
—_ 1 2 Qi
To(s) =11 [ ITwis | { TDwia) - | ITwss
Jj=1 Jj=1

i=1 j=1

The map Ty is well-defined on equivalence classes. A C,r[U]-structure s is an equivalence class under (o,r).
The standard permutation o,- has exactly mr cycles, one for each word w; ;, and acts by cyclically shifting the
letters within each word by one position. Suppose s’ is another representative of s, so that s’ = 0%, - s for some
k € Z. Explicitly, oF, shifts the letters of each word wj,; by k positions modulo ay:

T

m
r_ KL @il ok
§ —H H[“’j,i wiiwy ;- wy |
=1

=1

Applying Ty to s, the I-th super-letter in block ¢ becomes <H§:1 w?’jl), s0:

m T s T s
n o k+1 ;g 1 k
Ty(s) = H H Wig ) H Wi H Wi | H Wi
j=1 j=1 j=1 j=1

i=1

On the other hand, 0¥ acts on Ty/(s) by cyclically shifting the super-letters within each block i by k positions

modulo «;, which also produces (H§:1 wk'H) as the [-th super-letter:

Ji
m T T T T
k - anl O o L) k
oo To(s) =L |{ TTwid" |-+ | ITwf: Wy Wji
i=1 j=1 j=1 j=1 j=1

Since Ty (s') = ok - Ty (s), the images Ty (s) and Ty (s') belong to the same equivalence class in (C, o X7)[U].
Hence Ty is independent of the choice of representative.

To prove T is a natural isomorphism, we must verify its naturality. For any bijection ¢ : U — V', we show
that Ty 0 Cyrlo] = (Cy 0 X7)[0] 0o Ty. LHS: We first apply C,r[o] to s, which permutes all labels:

Applying Ty to this new structure in V' gives:

m T T T
Ty (Carlol() = [T | | TT ol | [ TTo02 ] - { [T otws)
i=1 | \j=1 j=1 j=1
RHS: We first apply Ty to s:
Ty (s) = H H wi; H wii ] H wi
=1 j=1 j=1 j=1

The action (C, o X")[o] permutes the underlying elements within each r-tuple (each X"-structure):

s T
1 2 a;
Wi | @ H Wi | -0 H Wi
1 j=1 j=1

m T

(Cao XNo](Tu(s) =] |o

i=1 j=

ECA 6:3 (2026) Article #S2R19 6
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:I[ qua [pwp . Hdﬁp
i j=1 j=1 j=1

Since LHS = RHS, the transformation T is natural. As Ty is a bijection for all U, T is a natural isomorphism. [
In terms of series, we have the following analogous result.

Corollary 3.1. Let a = (a1, Qa,...,ay,) be a partition and r € N. We have the isomorphism
C.(z) o p] = Cyr(z).

Proof. This follows directly by passing to the cycle index series of the respective species. O

3.3 Cyclic molecules of the second kind

Let oo = (47,452, ...,i%m) be a partition of n. We define the subgroup G, of S, as
Ga = <0'7;‘71nm> X <0-(7;m71)a"”_1> X -+ X <0',L;Y1>

For example, Gus322 = ((1,2,3,4)) x ((5,6,7)(8,9,10)) x ((11,12)(13,14)).

Definition 3.3. Let o = (i{,i52,...,i%m) be a partition of n. We define the species K, of structures invariant
under the subgroup G, as
Ka - Xn/Ga - Cimam . Cim7 Ym—1 ... Cil"‘l .

1

A K,-structure is thus a sequence of C,«; -structures. While it is common to represent a product of structures

» "

J
as a tuple, in this work, we will separate these individual structures using a symbol. For example, here are

two Ko2,-structures:

o [23][15] - [4687],
[6453].

Proposition 3.2. We have

o [18][27]-
Ko =G (X)) Ciy (X*2) - Gy (X)),
Proof. Proposition 3.1 ensures that C.o; = C;;(X*7) for all j € [m]. The result then follows by substituting
. :
these Ciqj with C,;j (X%) in the definition of K,,. O

The following lemma establishes a key uniqueness property for these three families of molecular species, relating
their isomorphism class to their cycle index.

Lemma 3.1. For these families, we have the following equivalences:
1.Ex=E, & Zg, =7Zg, & A\=p.

C\=C, & Zc, :Zc“ S A=p.

Kin=K, & Zk, =7k, & A=p.

™ e e

As a consequence, the number of distinct isomorphism classes (and distinct cycle indices) in each of the
three sets {Eq tarn, {Catarn, and {Kq}tarn s equal to p(n), the number of partitions of n.

Proof. The cycle index Zg of a species S is an isomorphism invariant, so S =T = Zg = Zp. The non-trivial
part of (1), (2), and (3) is the reverse implication. We rely on the standard result (Lemma 2.1), which states
that for molecular species, X" /H = X" /K < H and K are conjugate subgroups.

(1) For Ey = X"/S), we have Ey = E, & S\ ~ S, by Lemma 2.1. The Young subgroups Sy and S,
are conjugate if and only if A = u. Separately, the cycle indices Zg, = hy (the complete homogeneous
symmetric functions) form a basis for symmetric functions of degree n, so Zg, = Zg, < hx = hy < A = p.
All three conditions are equivalent.

(2) For C) = X™/(0,), we first show it is well-defined. If o and 7 both have cycle type A, they are conjugate,
ie., 7 = gog~! for some g € S,. This implies their generated cyclic subgroups are also conjugate:
(t) = (gog™') = g(o)g~!. By Lemma 2.1, X" /(o) = X"/(r). Thus, the isomorphism class C) depends
only on A. The proof of (1) shows Zc, = Zc, < A = u is equivalent to Cy = C,, <> A = p. This relies
on the fact that the conjugacy class of a cyclic subgroup in S,, is uniquely determined by the cycle type
of its generators. Since there are p(n) such cycle types, there are p(n) such conjugacy classes.

ECA 6:3 (2026) Article #S2R19 7



Josaphat W. V. Baolahy and Benjamin Randrianirina

(3) The proof for Ky = X"/G,, follows the same logic. We assume G, is well-defined, i.e., A(0) = A\(7) =
G, ~ Gr. Then, K\ = K, & G,, ~ G,,. We also assume this happens if and only if A = u. This gives
K\ =K, & A = p, which implies Zk, = Zk, & A = p.

(4) From (1), (2), and (3), we have shown that for each family, the map A\ — Zspecies, is a bijection from the
set of partitions of n to the set of distinct cycle indices. Since the size of the set of partitions of n is p(n),
the number of distinct cycle indices in each family is p(n).

O

In other words, equality between these species is equivalent to the equality of their cycle index series. In
general, this property does not hold for arbitrary molecular species.

Remark 3.1. Although C,, and K, may share the same cycle index series for certain partitions (for instance,
Cuoa(z) = Kaoz24(2)), they are genuinely distinct families of molecular species indexed differently. The family
{Ca}tarn is indexed by the cycle type of a single permutation o, and encodes the action of the cyclic group
(04) on the set of words of shape «. The family {Kq}tarn, on the other hand, is indexed by a partition
a = (i{" - -i%m) and encodes the action of a product of cyclic groups Go = <0'Z-f1¥1> X X {g;m ), one factor for
each distinct part size. The key difference is therefore structural: C,, is controlled by a single cyclic symmetry,
while K, is controlled by independent cyclic symmetries acting on each block of equal parts. This distinction
becomes wvisible in their respective Kronecker product decompositions: the lists at the end of Section 5 for {Cy}
and {K.} differ precisely because the double coset sets (0o)\Sn/(cs) and G, \Sn/Gp have different structures,
reflecting the richer factored symmetry of K.

4. Basis of symmetric functions

In the previous section, we introduced the families of symmetric functions corresponding to the cycle index
series {Zc,, }arn and {Zk_ }arn. In this section, we prove that these families constitute Q-basis for the space of
homogeneous symmetric functions Q® A,,. Furthermore, we investigate the relationship between these new basis
and the classical ones, specifically establishing the transition matrices to the power sum, monomial, complete
homogeneous, and Schur functions (see [13] and [15]).

Definition 4.1. Let a = (a1, a9, ...,a;) = (171,452, ...,i%m) be a partition of an integer n. We associate three
symmetric functions with o, corresponding to the cycle index series of the set molecule, and the cyclic molecules
of the first and second kind, defined as follows:

e The homogeneous symmetric function

ha(Z) = ZEa = ZEQ1 . ZEa e ZE

e The cyclic symmetric function of the first kind

Ca(z) = Zc, = ﬁ >

Pag)(2)
g€(o)

where o is a permutation of cycle type o and o(c) denotes the order of the permutation o.

e The cyclic symmetric function of the second kind

Ka(z) == Zx, = Cjo1(2) - Cio2(2) - - - Ciom (2).

By Lemma 2.1, the symmetric function C,(z) does not depend on the choice of o. It is worth noting that
K, should not be confused with the Lyndon symmetric functions L, (see [19]); although related, they differ
in their power-sum expansions: the former involves the Euler totient function ¢, while the latter involves the
Moébius function p.

Proposition 4.1. We have
Ca(z) =

(1) Z ¢(k>pa(°(0)/k) (Z)
o\ k|o(o)

where a(°(9)/k) denotes the cycle type of the permutation c®@)/*  a power of .

ECA 6:3 (2026) Article #S2R19 8
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Proof. The action of () on the set of powers {o',02,---,06°°) = Id} is equivalent to the action of the
cyclic group generated by (1,2,---,0(c)) on the set {1,2,...,0(c)}. Recall that the cycle index series of

X"/{(1,2,...,0(0))) is given by .
m Z Px(h)-

he((1,2,...,0(0)))

Since these two actions are equivalent, the cycle index series of X™ /(o) is obtained by substituting the subgroup
((1,2,...,0(0))) with (o). Thus, we obtain:

1 1
Ca(z) = o) h€2<;7>10x(h) = o) Z)éf?(k)pa(ow/m-

klo(o
O

Remark 4.1. Given a permutation o of shape o, one must carefully distinguish between the notation o'”) and
a”. The partition o™ denotes the shape of the permutation o, whereas o denotes the partition obtained from

«a by repeating each part v times.

Proposition 4.2. The three sets {ha(z)}arn, {Ca(2)tarn, and {Kq(2z)}arn form Q-basis of A, @ Q, the space
of homogeneous symmetric functions of degree n.

Proof. Tt is a standard result that {h(z)}arn forms a basis of A,. We now establish this property for
{Cu(z)}oar-n and {K4(2z)}arn. Let o be a permutation of type a. We have:

Cu(z) = % Z A(K)pA(ooir/ry(2) = ¢(0(U))pa(z) + L Z aupu(z).
klo(o)

o(o) o(o) =

Observe that the transition matrix from {Cy(2)}arn t0 {Pa}arn i upper triangular with non-zero diagonal
entries. Hence, {C,(2z)}arn is a generating family of A,,. By Lemma 3.1, the cardinality of this family is equal
to p(n), which is the dimension of A,,. Similarly, we provide the proof for {K, (z)},+,. We have:

Ka(z) = Ci‘fl (Z) . Cigz (Z) R Ci;;m (Z)

1 1 1
= ———= P11 A(k)paeazyerm) =< > D(mom)m/k)
o(101) 717" p(202) %; (2%2) o(mam) % (mem)

1
= @ oGP T 2 W

p<a

We find that the transition matrix from {Ku(2)}arn t0 {Pa(2)}arn is also upper triangular with non-zero
coefficients on the diagonal. Hence, {K,(2z)}arn is a generating family of A,,. According to Lemma 3.1, the
cardinality of this family is p(n), the dimension of A,,. O

The following section investigates the relationship between these basis and other classical bases, such as
Px, my, and sy. The transition matrices relating the complete homogeneous symmetric functions to the other
standard basis are well-established and will be stated without proof.

Proposition 4.3. [15]

hu(z) =Y NMy ma(2).
A

where NMy , is the number of non-negative integer matrices such that the sum of the i-th row is equal to \;
and the sum of the j-th column is equal to p;.

Expanding a symmetric function into Schur functions addresses a fundamental problem in representation
theory, as it corresponds to the decomposition into irreducible components. The expansion of h,, is a classical
result.

Proposition 4.4. [18] [7]

where K, » is the Kostka number.

The next part of this section defines the transition matrices between the two new basis and the standard
basis.
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Corollary 4.1. The transition matriz (ax, ) from {Cq(2)}arn 0 {Da(2Z)}arn is given by

Z

o(p

oK) gp A= /B yhere Elo(w).
) = .
0 otherwise .

Proof. This follows immediately by extracting the coeflicients from the expression

! > ok
lo(u)

o(p)

Cu(z) =

Example 4.1.

1 1 1
Ca2(z) = JPrnnn + P22 + o Pa22-

The expansion of these symmetric functions into monomial symmetric functions provides generating series
for weighted colorings on n points, in accordance with Pélya’s theorem.

Lemma 4.1. [15] The transition matriz from {pa(2z)}arn to {ma(2)}arn is given by (OBx ), that is:
pH(Z) = Z OB}\,/Lm)\(Z)'
pukn
where OBy, is the number of ordered tabloid bricks of content A and shape .

In order to obtain the matrix relating {C,} to {ha}arn, We state the result for the transition {pa }arn to
{ha}arn- Let By ,, be the set of all possible Young diagrams of 1 where the rows of ;i are partitioned into
"bricks” of lengths giving the integer partition \. We define the weight of T' € B} ,,, denoted w(T'), to be the

product of the lengths of the bricks ending each row in T and let w(B, ) = >, w(T).
TGB)\VM

Lemma 4.2. [15] The transition matriz from {pa(z) }arn t0 {ha(2)}arn is given by ((=1)"W+HNw(By )L,

that is:
pu(z) = (1) HN(By ) ha(2)
AFn

Proposition 4.5. The transition matric from {Cqs(2)}arn to {ma(2z)}arn s given by
1
Do = 50 > G(k)OB om0 5
) kot

Proof. By multiplying the transition matrix (ax ,)x . from {Cq(2) }arn t0 {Pa(2) }ar-n with the transition matrix
(OBx,)xpu from {pa(2z)}arn to {ma(2)}arn, we obtain the transition matrix from {Cq(2)}arrn to {ma(z)}arn.

O
Corollary 4.2.
C.(z) = Z 0(1#) Z (k)OB, 00 /8) xmx
AFn Klo(i)
Proof. This is a direct consequence of the previous Proposition, obtained by a change of basis. O

Example 4.2.

Ca2(z) = 180m111111 + 90ma1111 + 46mazi1 + 24masg + 30ma111
+ 16mg21 + 6mgz + 8myg11 + Smygo + 2ms; + me.

Proposition 4.6. The number of C,-structures on an n-element set is equal to

1

n! 1
k)OB,, . n=—=— OB, 1n.
o) 2o ORIOB e = G5 = Gy 2 OB

klo(p)

Proof. By Pdlya’s theorem, the coefficient of mi» in the cycle index series of a species yields the number of
these structures. For the second expression, the coefficient of p1» multiplied by n! yields the count of these same
structures. O

ECA 6:3 (2026) Article #S2R19 10



Josaphat W. V. Baolahy and Benjamin Randrianirina

Consequently, we immediately obtain the following identity:

Corollary 4.3. If A\ n, we have
> $(k)OByoi /i 1n = nl.
klo(X)

Proof. This follows directly from Proposition 4.6. O

Furthermore, the cycle index series of species are always Schur-positive. Indeed, for a species F' : B — Set,
and for each n € N, the vector space CF[n] carries a natural representation of S,,. The Frobenius characteristic
of this representation is precisely the cycle index series Zp(p1,...,pn). Thus, Zp(p1,...,pn) is Schur-positive,
as it corresponds to the Frobenius characteristic of an S,,—module (see [2]). The following proposition gives the
explicit decomposition of C,(z) into Schur functions.

Proposition 4.7. The transition matriz (dx ), from {Ca}arn t0 {Satarn s given by (dx ), where:
1 1
dxp = o) > )X owm = o) > X ).
klo(k) he&(ou)
and X;\L(om/k) is the character of the Specht module S* evaluated at p(°W)/*).

Proof. The transition matrix (ax,,) from {Cq(2)}arn t0 {pa(2)}arn is given in Corollary 4.1. It is a standard
result that the transition matrix (by ;) from {pa(2)}arn to {sa(2)}arn is given by (x4)u,a, the character of the
Specht module S* evaluated at A. By multiplying (ax,,.)(bx,.), we obtain (d ). O

Proposition 4.8. We have
Cyu(z) = Frob(ch (Indf 1145, ))

and for every A - n, the multiplicity of s\ in C,(z) is

he{ou)
where x* is the irreducible character associated with S*. In particular dx,p € Z>p.

Proof. The first equality arises from the identification between the cycle index series of X™ /G and the Frobenius
characteristic of the permutation module on the cosets S,,/G. By Frobenius reciprocity,

1
<Indg"]_g, S>\>Sn = <1g,Resg"S>‘>G = — Z X)\(h).
iy
The stated formula and the integer positivity follow by setting G = (o,,). O
We consider the following example:

Example 4.3.

Ci1111(2) = s5 + 4541 + 5532 + 65311 + 55221 + 452111 + 511111,

Cu1(2z) = 55 + 541 + S32 + S311 + 28221 + S2111.
We now turn our attention to the family {K,(z)}arn-

Proposition 4.9. We have

1
Ku) =[] Y. ok)o(ka)  dlhm)py s -
=17 (k1,ka, km)
kjli;
where V(klyk2a7km)(u) = ((Zl)(zl/kl))#l ((22)(12/k2))u2 oo ((Zm)(zm/knl))#m.
Proof. This is obtained through a direct calculation:

K,,(2) = Cyir (2) - Cpeo (2) - Cpn (2)

1 1 1
=4 D (k)P m - & > b(k)pgayiarm - . D Ry o

k|iy Klia ™ Klim
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1
= H ; Z ¢(k1)¢(k’2) T ¢(km)P€-11)u1/m)pﬁz)uz/kz) "'pé:jl)(im/km
J=1 7 (ki,ka, o km)

k;li
To simplify, we denote the expression ((2'1)(2'1/’“1))’11 ((ig)(i?/k?))ﬂ2 e ((im)(im/km))um by V(F1:k2,km) (14), Hence,
we obtain the final expression. O
Corollary 4.4. The transition matriz (wx )z 0 from {Ka(2) Yarn 0 {Da(2) Yarn is given by, if A = (i7",i5°, ..., ijm),
H;nzl @ if A=V Fkzkn) (1) and  kylij for all j € [m]
Wx,u = T
0  otherwise.
Proof. The result follows by extracting the transition matrix from Proposition 4.9. O

Example 4.4.

Kyo0(2) ! + ! + = + ! + -

zZ) = — — — - — .
422 81?11111111 4]9221111 8172222 41941111 410422
Proposition 4.10. The transition matriz from {Kq(z)}arn t0 {ma(2)}arn is given by

m

1
o = H o(i;) Z P(k1)p(k2) - -+ d(km) OBy thy kv sbm) (0,2
j=1 (k1,k2,... . km)
k.7|i7

Proof. By multiplying the transition matrix (wx, )z, from {Ko(2)}arn t0 {pa(z)}arn with the transition

matrix (OB p)a,, from {pa(z)}arn to {ma(2z)}arn, we obtain the transition matrix from {K,(z)}arn to

{ma(z)}akn- O
We thus obtain the following expansion of K, into the monomial basis {Mma }arn

Corollary 4.5.

1 1
K.2)=]]=> > ok)dka) - @kim)OBy s ms.iom iy A

. 15
j=1 Abn (k1,k2,..km)
kjlig

Proof. This is a direct consequence of the previous Proposition, obtained by a change of basis. O

For example, we have:
Ki2(z) = 90ma11111 + 48mai111 + 26maoi1 + 15mage + 18msi11 + 10mge1+
4dmgz + 6mygq1 + 4myo + 2ms1 + mg

Proposition 4.11. The number of K, -structures on an n-element set is equal to

[+ 3 otk)otke) - 6k)OByw s iun

3=1 "7 pkn (k1 ko, k)
kjlij

Proof. By Pélya’s theorem, the coefficient of mi» in the cycle index series of a species yields the number of
these structures. O

Proposition 4.12. The transition matriz (tx ). from {Katarn to {sa}arn is given by:

where Xi:(o(u)/k) is the character of the Specht module S* evaluated at p(°/%),

Proof. The transition matrix (a,,) from {Cq(2)}arn t0 {pa(2)}arn is given in Corollary 4.1. It is a standard
result that the transition matrix (by ;) from {pa(2)}arn to {sa(2)}arn is given by (x4)u,a, the character of the
Specht module S* evaluated at A. Multiplying (ax,,.)(bx,.) yields (tx,.). O
Corollary 4.6. We have

K. (2) =) thusa(2).

AFn
Example 4.5.

Ku21(2) = 57+ 3552 + 2561 + 2543 + 28511 + 58421 + 28331 + 35322 + 483211 + 282221 + 254111 + S31111 + S22111-
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5. Extending Garsia—Remmel: Closure Theorems for
cyclic molecules

This section presents the principal contribution of this work: the extension of the Garsia—Remmel theorem to
the newly constructed basis, establishing the closure of C, and K, under the Kronecker product. To achieve a
comprehensive species-theoretic interpretation, we first introduce the subcategories CEsp and KEsp which house
our new basis. We begin by reformulating the classical Garsia—Remmel result within this category framework
and then proceed to establish the analogous decomposition theorems for the two cyclic basis.

Definition 5.1. We define the category HEsp whose objects are non-negative integer linear combinations of
E,, ie.,
F= ZauEu where a, € N,
pEn

and the morphisms are natural transformations (species morphisms).

Example 5.1. An example is given by
F = E3 + 2E9; + 3E11;.

This structure can be interpreted as a collection where the coefficient of each Ey term represents the number of
distinct colorings or labellings available for the Ey-structure. Specifically:

e The Ej-structure (coefficient 1) has unit multiplicity.
o The Eo;-structure (coefficient 2) admits two distinct decorations (e.g., blue or red).
e The Ej11-structure (coefficient 3) admits three distinct decorations (e.g., blue, red, or green).

In general, the coefficient of Ey acts as a multiplicity indez, indicating the number of ways the corresponding
abstract structure Ey is realized or ”decorated” within F'.

Lemma 5.1. Let n be a positive integer. For all partitions a and B of n, there exists a partition u of n such
that
SaNSg=25,.

Proof. Let 0 € S, N Sz. This means o leaves invariant both partitions of [n] associated with a and S, denoted
n® and n®. That is, for all i, € [n],

o(nf) =nf and o(n])=n/.

Thus, o(nfN Qf ) =n¢ ﬂ@f . By defining p as the partition formed by the sizes of these non-empty intersections,

M:(\ﬂ?ﬁﬂf|), we have o € S,. -

Proposition 5.1. Let n be a positive integer. For all partitions o and B of n, we have

E, xE; =) e B,
pEn

where e}, 5 = #{SaTSs € Sa\Sn/Sps | Sa NTST ™" is conjugate to S, }.

Proof. Applying a fundamental decomposition result (Proposition 2.2 from the full manuscript), we have

(X"/Sa) x (X"/Sg) = Y (X"/SanTSeT )
Soﬂ'sﬁesa\sn/sﬂ
= #{Sa7Ss € Sa\Sn/Sp | Sa NTSs7 ™" =8, } (X"/S,).
pEn

Corollary 5.1. The category HEsp is closed under the Cartesian product (or Hadamard product).
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Proof. As the Cartesian product of species is commutative and distributive (see [11] [3]), we have

> By x> bE,= Y (aabs)Es x Eg

pkn ukn a,fBFn

= Z (@abs) Z L

a,Bkn ukn

Z Z (aabs)el, sEu.

pEn a,fEn

Definition 5.2. For every finite set U, we define the set
EZﬁ[U] ={(s,t) € (Eq x Eg)[U] | Aut(s) N Aut(t) ~ S, }.
Proposition 5.2. The transformation Ef, 8" B — Set is a subspecies of the Cartesian product E, x Eg, i.e.,
Egﬁ CE, x Eg.

Proof. For any finite set U, E}, 4[U] C (Eq x Eg)[U]. We must prove that it is stable under the transport of
the structure. Let f : U — V be a bijection. For every (s,t) € E}, 4[U], we have

Aut(E,[f]s) ~ Aut(s) and Aut(Eg[f]t) ~ Aut(t).
It is clear that (E[f]s, Eg[f]t) € (Eo x Eg)[V] and that
Aut(E,[f]s) N Aut(Eg[f]t) ~ S,.
Therefore, (Eo[f]s, Eg[f]t) € Ef 4[V]. Thus, E} , is a subspecies of E, x Eg. O
Mackey’s theorem is central to our proof.

Lemma 5.2. [Mackey’s theorem for group action, see [9] [12]] Let G be a group acting transitively on sets X
and Y. Then, for every x € X and y € Y, we have the bijection

G\(X xY) — Aut(x)\G/Aut(y) : G(z, gy) — Aut(x)gAut(y).
Lemma 5.3. Let U be a finite set. For each coset AS,, € (X™/S4) [U], the automorphism group Aut(ASy) =~ S,
Proof. We have Aut(ASy) = ASaA™1 ~ S,,. O

Applying Mackey’s theorem with X = E,[n] and Y = Eg[n], and G = S,,, we have for every z € X and
y €Y, Aut(zr) ~ S, and Aut(y) ~ Sg.

Lemma 5.4. We have the bijection:
Sn\\(Ea[n] x Eg[n]) = Sa\Sn/Sp.

Corollary 5.2. The isomorphism types (or unlabeled structures) associated with Egﬁ are in bijection with

{Sa™Ss € Sa\Sn/Sp | Sa NTSsT~L = S, }.

We denote by M, g the set of matrices with coefficients in N whose row sums are oy, az,... and column
sums are f31, B2, .... Let pu be a partition of n; we denote by Mc‘:ﬁ the set of matrices A € M, g whose entries,
when sorted in decreasing order, form the partition p.

Lemma 5.5. [Corollary 4.53.8 [9]] We have the bijection

S}\\SQ/S/J £> Moy g2 SaTSs (Zij)’
where z;j 1= |ng N Tﬁf|

We define the type of the double coset So7S5 by w(Sa7S5) = p if S N 7S~ =S, and the type of the
matrix Z = (2;;) € Mo, t(Z) = p if the decreasing sequence of the entries (z;;); ; gives the partition s.

Lemma 5.6. The transformation 0 preserves the types t and w, i.e.,

t(0(Sa7Sp)) = w(SaTSs).
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Proof. Suppose that w(S, 7'55) = p, that is S, N 753771 = S,,. This implies that the multiset of sizes of the
intersecting blocks |ng* ﬂTTLJ | is prec1sely the multiset of parts of . Thus, the decreasing sequence of [n$* N T’ILB |
is equal to p. So t(0(Sa7S8)) = p = w(Sa7S3). D

Proposition 5.3. The set {Sa755 € Sa\Sn/Sp | Sa NTSsT™! = S,} is in bijection with the set of matrices
ML,
Proof. The map 6 defined in Lemma 5.5 induces a bijection from {S,7Ss € So\Swn/Ss | Sa N 7S~ = S,} to
NMP . O
Example 5.2. Here are examples of the expansion:

hag * h3g = hao11 + 2h321,

haa * haza = 2ha21111 + 2h22211 + 4h3201 + 2h3311.

Corollary 5.3 (A.M. Garsia and J. Remmel [6]). The coefficient of hy, in the product ho * hg is equal to the
cardinality of NMJ, 4

In the following, similar properties are developed for the family {C,(2z)}arn. For two partitions a and f3,
the decomposition of the Hadamard product is given by:

Ca(z) % Cp(z) = b ;Cpu(z) where bl , € N.
pEn

Definition 5.3. We define the category CEsp whose objects are non-negative integer linear combinations of the
cyclic species C,, i.e.,
F= Zaucu where a, € N,
pukEn

and whose morphisms are natural transformations (species morphisms).

Example 5.3. Let F' be an object of CEsp defined by
F = C5 4 2C33 4 2Cy;.

This object can be interpreted in the same way as in Example 5.1, where the coefficients represent the multiplicity
or number of distinct decorations available for the corresponding C,,-structure.

As in the case of set molecules, we are interested in the following family of cyclic subgroups of the symmetric

group Sp:
{<0’a>}akn-
Here, {(0,) is the cyclic subgroup generated by the standard permutation o, of cycle type a.

Lemma 5.7. Let 0, and og be two permutations. The intersection of the corresponding cyclic groups is
generated by a single permutation, i.e.,

(o) N {op) = (ou),
for some permutation o,,.

Proof. The intersection H = (0,) N (o) is a subgroup of both (o,) and (og). Since every subgroup of a cyclic
group is cyclic, H must be cyclic. Thus, H is generated by some element 7. If (7) = H, then 7 € (0,) and

€ (0p), meaning there exist integers a and b such that 7 = 0% = ¢%. Then H is isomorphic to (o,) where p
is the shape of 7. O

Proposition 5.4. Let o and B be two partitions of n. We have the decomposition,

C, xCs = Z #{(0a)m{05) € (0a)\Sn/(0p) | (0a) Nm(og)n " is conjugate to (o,)} (X™/{0oL)).
pkn
Proof. Applying Proposition 2.2 (Species Decomposition Theorem), we obtain
X"/(oa) x X" /{0p) = Z X"/ ((oa) NT(og)T™ ).
TE(0a)\Sn/(0s)

Lemma 5 ensures that the intersection of two cyclic groups is cyclic. By grouping the double cosets whose
resulting intersection is conjugate to (o,), we obtain the coefficient b, E

X" /{oa) x X" /(o) = Y #{{0a)m(05) € (0a)\Su/(06) | (0a) Nlog)m™" = (04)} (X7/(04)).

pkn
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Definition 5.4. For every finite set U of size n, we define
CZﬁ[U] = {(s,t) € (Co x Cp)[U] | Aut(s) NAut(t) ~ (o)}
Proposition 5.5. The transformation Cgﬁ :B — Set is a subspecies of the Hadamard product C, x Cg.

Proof. We verify that C, s 1s stable under the transport of the structure. Let f : U — V be a bijection. For
every (s,t) € C ﬁ[U ], since the automorphism groups are preserved under transport, we have

Aut(Cy[f]s) ~ Aut(s) and Aut(Cg[f]t) ~ Aut(¢).
It is clear that (Cu[f]s, Cs[f]t) € (Ca x Cp)[V]. Furthermore, the intersection condition is preserved:
Aut(Calf]s) N Aut(Calf1t) = (o).
Therefore, (Cy|f]s, Cg[f]t) € Cl, 4[V]. This confirms that C[ ; is a subspecies of C, x Cp. O

Applying Mackey’s theorem (Lemma 5.2) for X = C,[n| and Y = Cg[n|, with the group action G = S,,,
the automorphism groups are Aut(z) ~ (o,) and Aut(y) ~ (og). Hence, we get the following lemma as a
consequence.

Lemma 5.8. We have the bijection:

S \(Caln] x Cgln]) = (0a)\Sn/(0p)-

Proposition 5.6. The coefficient b, g is equal to the number of unlabeled structures or isomorphism types of
Cch .
B

Proof. The bijection provided by Lemma 5.8 shows that the number of unlabelled structures of C, x Cg is

equal to the cardinality of the set of double cosets (0a)\Sn/(05). The coefficient b)) ; counts the number of

double cosets (c,)m(0g) such that the stabilizer intersection (o) N7 (og)7 ! is conjugate to (o). This precisely

corresponds to the number of isomorphism types in C, x Cg whose intersection of automorphism groups is
{ou)- 0

The enumeration of double cosets is a classical problem that has attracted considerable attention in the
literature (see, e.g., [10]).

Corollary 5.4. The category CEsp is closed under the Cartesian product (Hadamard product).
Proof. As the Cartesian product of species is commutative and distributive (see [3]), we have

D a4, Cux > b Cu= > (aabs)Ca x Cg

pkEn pEn a,BFn

= Z (aabs) Z bg,ﬁcﬂ

a,Bkn pkEn

=3 ) (anbp)bl 4C,..

pEn a,BEn

Example 5.4. The following examples illustrate the decomposition for n = 6:

Co(z) » C33(z) = 38 Ci11111(2) + 6 C33(2),
Cs(z) x Cs(z) = 18 C111111(2) + 2 Ca2(z) + 2 Cs3(z) + 2 Cs(2),
Cy2(z) * Cs(2z) = 30 C111111(2).

To the best of our knowledge, a systematic enumeration of the double cosets (0,)\S,/{og) in terms of
matrix-like combinatorial objects analogous to the A.M. Garsia and J. Remmel [6] matrices NM[ ; is desirable,
but remains an open problem.

Question 5.1. Find a direct combinatorial interpretation of the coefficients ba,,@'
Here is a list of computed coefficients for n = 6:

[ C(;(Z) * C(;(Z) =18 0111111(Z) +2 CQQQ(Z) +2 ng(Z) +2 CG(Z)
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6(2) * C51(2) = 24 C111111(2)

6(z) x Ca2(z) = 30 C111111(2)

o C4(z) x Cs3(z) = 38Ci111111(2) + 6 Cs3(2)
6(z) x C222(z) = 56 C111111(2) + 8 Ca22(2)
6(2z) * C111111(2) = 120 C111111(2)

Cs1(z) * C51(z) = 28 C111111(2) + 4 Cs1(2)
e Cus(2)  Cin(2) = 44 C111111(2) + 4 Cas (2)
e Cyo(z) *xCy11(z) = 44 C111111(2) + 2Ca211(2)

o Cs3(z) * Ca3(z) = 76 C111111(2) + 12 C33(z)

o C321(z) * C321(z) = 18 C111111(2) + 2 Ca1111(2) + 2 C313(2) + 2 C321(2).

In the following, a similar property is developed for the family {K(z)}q-rn. For two partitions o and 3, the
decomposition of the Hadamard product is given by:

K.(z) *Kgs(z Z] z) where j} 5 € N.
pkEn

Definition 5.5. We define the category KEsp whose objects are non-negative integer linear combinations of
the K,, species, i.e.,
F= ZauKu where a, € N.

The morphisms in this category are natural transformations (species morphisms).

Example 5.5. Let F' be an object of KEsp defined by
F =Ky + 2K3z3 + 2Kgos.

This object can be interpreted in the same way as in Example 5.1, where the coefficients represent the multiplicity
or number of distinct decorations available for the corresponding K, -structure.

As before, we consider the family of subgroups of S,, defined by the partitions « that we have seen previously:

{Ga}a)—n'

Lemma 5.9. Let a and 3 be two partitions of n. The intersection of the corresponding product groups, GoNGg,
is itself a group of the same form G, i.e.,
GaNGg =G,

Proof. Let a = (iy*,...,i%) and 8 = (ji’l, ... 7jZ’“) be two partitions of n. The groups G, and G are internal
direct products of cyclic groups A; and B; acting on disjoint supports X; and Y}, respectively.

m

k
Go =[] A, Gs=]]B;
j=1

i=1

Let H = G, NGpg. As the intersection of abelian subgroups, H is also abelian. For any h € H, h must stabilize
the support partitions {X;};2, and {Y;}¥_,. Consequently, h must stabilize the refined partition Z;; = X; NY;.
Thus, H decomposes as an internal dlrect product:

H = HH] where H;; = HN Sz,,.
4,J

The component H;; is a subgroup of A; and B; when restricted to Z;;. Since A; and B; are cyclic groups (on
their full supports), H;; must also be cyclic, say H;; = (pi;). Since h € G, the action of h on X; has all cycles
of length dividing ¢;. Similarly, the action of i on Y; has all cycles of length dividing j;. It follows that the
cycle structure of p;; on Z;; must consist of cycles all having the same length, {;; = ord(p;;). The group H is
therefore the direct product of disjoint cyclic groups H =[], ;{ps;). By grouping these cyclic factors according
to their cycle length L,, we show that H has the structure G, for the partition p derived from these cycle
lengths. O
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Proposition 5.7. Let o, 8 be two partitions of n. We have the decomposition,

K, xKg= Z#{Gang € Go\Sn/G3| Gy m’ITGBTF_l is conjugate to G, }K,,.

pkn
Proof. Proposition 2.2 (Species Decomposition Theorem) assures us that
X"/Gox X"[Gg= Y X"/ (GanTGpr™').
TEGL\Sn /G
The preceding lemma allows us to group the terms where the intersection G, N 7G7~! is conjugate to G,,.

Since K,, = X" /G,,, we obtain:

X"/Go x X" /G =Y #{GanGs € Gu\Sn/Gp|Go N7Gan~' = G, } (X"/G,)

pEn

=Y #{GarGp € Ga\Sn/Gp|Go N7Gam™" = G, 1K,,.

pukn
O

Definition 5.6. For every finite set U of size n, we define the set of pairs of structures with a fized intersection
of automorphism groups:

KZﬂ[U} ={(s,t) € (Ko x Kp)[U] | Aut(s) N Aut(t) ~ G, }.
Proposition 5.8. The transformation Kfiﬁ :B — Set is a subspecies of the Hadamard product K, x Kg.

Proof. We verify stability under transport of structure. Let f : U — V be a bijection. For any (s,t) € K[ 5[U],
the automorphism groups are preserved:

Aut(Ko[f]s) ~ Aut(s) and  Aut(Kg[f]t) ~ Aut(t).
It is clear that

o (Ka[f]s,Kpslf]t) € (Ka x Kp)[V] and,

o Aut(K,[f]s) NAut(Ks[f]t) ~ G,..
Thus, (Ka[f]s, Ks[/]t) € K" 4[V], confirming that K" , is a subspecies of K, x Kp. O

Applying Mackey’s theorem for X = K,[n], Y = Kgn], and G = S,, the automorphism groups are
Aut(z) ~ G4 and Aut(y) ~ Gg. Hence, we get the following lemma.

Lemma 5.10. We have the bijection:
S \(Kaln] x Kg[n]) = Ga\Sy/Gs.

Proposition 5.9. The coefficient j* g s equal to the number of unlabeled structures or isomorphism types of
K" ..
a,p

Proof. The bijection in Lemma 5.10 shows that the number of unlabelled structures of K, x Kz is equal to the
cardinality of the double coset set G, \S,,/Gg. The coefficient jg’ 5 counts the number of double cosets GG

such that the stabilizer intersection G, N TGgm~! is conjugate to G,. This establishes that the coefficient j 5
is equal to the number of unlabeled structures (s, t) of K, x Kz satisfying Aut(s) N Aut(t) ~ G,,.

Corollary 5.5. The category KEsp is closed under the Cartesian product (Hadamard product).
Proof. As the Cartesian product of species is commutative and distributive (see [3]), we have

> a4, Ky x> bKy= Y (aabs)Ka x Kg

pEn ukn a,BFn

= Z (aabg) ng,BK#

a,Bkn pkn

=2 D (aabs)i 5Ky

pEn a,BEn
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Example 5.6. The following examples illustrate the decomposition for n = 6:
Ko22(2) x Kg(z) = 56 K111111(2) + 8 Ka22(2),
K42(Z) * KG(Z) =14 K111111(Z) + 2K222(Z).

As in the previous case, to the best of our knowledge, a systematic enumeration of the double cosets G,\S,,/
G in terms of matrix-like combinatorial objects remains an open problem.

Question 5.2. Find a direct combinatorial interpretation of the coefficients jgﬁ.
Here are some computed examples for n = 6:
o Kg(z) *Kq(z) = 18 Ki11111(2) + 2 Ko22(2) + 2 Ks3(2z) + 2Ke(2)
o Ks(z) x Kuo(z) = 14Ki11111(2) + 2 Koz (z)
o Ks51(2) *Ks51(z) = 28K111111(2) + 4 K51 (2)

)
o Kis(z) * Kyo(z) = 10K111111(2) + Ko1111(2) + Koo2(2) + 2 Kya(2)
o Kio(z) *Kui1(z) = 22Ki11111(2) + 2 K411 (2)
o Ks3(z) xKss3(z) = 76 K111111(2) + 12 Ks5(2)
o Ki321(2z) x Kyz(z) = 14Ki11111(2) + 2Ko1111(2)
o Ki91(z) *Ks21(2) = 18 K111111(2) + 2 Ko21111(2) + 2 K313 (2) + 2 K321 (2)
o Koo (z) x Kogo(z) = 168 Ki11111(2) + 24 Kogo(2)
o Koi111(2) x Kaz(z) = 42Ki11111(2) + 6 Kor111(2)

o Kii1111(2) * Kir1111(2z) = 720K 111111 (2).

Remark 5.1 (Combinatorial interpretation via Steggall patterns). The structure constants by, ,, = jk ,, admit
a combinatorial interpretation in terms of Steggall patterns [20]: equivalence classes of permutations of [n]
under the action of Z,, X Zy by cyclic shift of indices and translation of values modulo n. We denote by SP,
the set of all such patterns. By Cameron’s work [4], there is a canonical bijection Zn,\&, /Zn — SP,,, under
which the stabiliser size of a double coset coincides with that of the corresponding pattern.

Since every subgroup of Z, has cycle type (d"/?) for some d | n, the structure constants satisfy:

n,n

y {#{P €SP, | [Stab(P)| =d} if p= (d"/?) for some d | n,

0 otherwise.
n/d
Example 5.7. In particular, the total number of Steggall patterns is |SP,| = Zd|n bgﬁn ), which for n = 6 gives
184+ 2+ 2+ 2 = 24, consistent with the sequence A002619 in the OEIS. This corresponds to the decomposition :

Cg(z) * CG(Z) =18 Cllllll(z) +2 CQQQ(Z) +2 ng(Z) +2 CG(Z)

6. Conclusion

This work establishes a significant framework within algebraic combinatorics by introducing two novel bases for
the ring of symmetric functions, denoted {C,(z)}arn and {Kq(z)}arrn. Derived from the cycle index series of
specialized combinatorial structures—specifically, the cyclic species of the first and second kind—these families
are rigorously proven to form bases of A,. The central contribution of this paper is the study of Kronecker
stability within the subcategories CEsp and KEsp. By leveraging the theory of combinatorial species and
analyzing the subgroups (o,) and G,, we establish natural isomorphisms of species yielding the following
integral and positive decomposition formulas:

CoxCp=> b ,C, and KoxKz=> jh K,
Iz Iz

This work revisits the foundational results of A.M. Garsia and J. Remmel [6] on the Kronecker coefficients of
ha * hg, and positions the bases C, and K, as natural extensions of this framework. A key open problem in
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d=6: (1,2,3,4,5,6) (1,6,5,4,3,2)
I. .I
|| .. .. ||

d=3 o (1,2,5,6,3,4) - (1,4,3,6,5,2)
|| l.

" .
d=2 u" (1,2,6,4,5,3) " (1,3,2,4,6,5)
d=1:

= -._ Ml
" i

ReB Il Rl -

l... l. . I.... l.... l .. ....

| | l.
B 1[e fFL -.'-.

Figure 1: The 24 Steggall patterns for n = 6, classified by stabiliser size d = |Stab(P)|.

this context is the existence of a fully combinatorial interpretation of the Kronecker product in these bases.
As a partial answer to this question, we provide a combinatorial interpretation of the structure underlying the
direct product C,, x C,,, described in terms of the action of cyclic groups on the associated pattern sets. This
construction reveals a concrete model for the orbit-stabilizer decomposition in this setting and captures part of
the combinatorial structure governing Kronecker interactions in the C-basis. This research opens two primary
avenues for future exploration:

1. Combinatorial Interpretation: The most immediate challenge is to determine explicit combinatorial
interpretations for the coefficients b’ 3 and j 8 analogous to the classical problem for Schur functions.

2. Non-Commutative Extensions: A further fruitful direction is the investigation of non-commutative
versions of these symmetric functions and the exploration of their associated descent algebras. The
expansion of the Cy basis into the ribbon function basis {r,},, is given by

C)\ = E OX,uT s

pEn

where the coefficients o, are non-negative integers defined by the algebraic formula:

Oxpu = Z d/\,aKlLM e N.

atbn
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