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ABSTRACT: Let P,, be the convex hull in R™ of all parking functions of length n. Stanley found the number
of vertices and the number of facets of P,,. Building upon these results, we determine the number of faces of
arbitrary dimension, the volume, and the number of integer points of P,,.
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1. Introduction

Let S be a finite subset of Z™ C R™. When S has a combinatorial definition, there has been a lot of interest in
understanding the convex hull P = conv(S) in R”. We can ask for such information as the f-vector of P (which
encodes the number of faces of each dimension), the volume, the Ehrhart polynomial (which counts integer
points in the dilation mP where m is a positive integer), the toric h-vector, etc. A prototypical example is given
by taking S to consist of all permutations (aj,az,...,a,) of 1,2,...,;n. Then conv(S) is the permutohedron,
greatly generalized by Postnikov [2].

Here we take S to consist of all parking functions of length n. Let o = (a1, as2,...,a,) be a sequence of
positive integers a; € {1,2,...,n}, and let b < by < --- < b, be the increasing rearrangement of «. We call
a a parking function if b; < i for all i € {1,2,...,n}. There is a vast literature on parking functions and their
connections with other areas of mathematics. For an introduction, see Yan [6].

We introduce an n-dimensional polytope P,,, defined as the convex hull in R™ of all parking functions of
length n. This will be the central mathematical object of this paper. In particular, we will determine the
f-vector, the volume, and the number of integer points of this polytope. See Figure 1 for a projection (Schlegel
diagram) of Ps. It is combinatorially equivalent to “half a 3-cube,” i.e., cut a 3-cube in half by a hyperplane
whose intersection with the cube is a regular hexagon.
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Figure 1: The polytope P3

This paper arose from a problem proposed by Stanley in [5], which asks to determine
(a) the number of vertices of P,

(b) the number of (n — 1)-dimensional faces, i.e., facets, of P,,,
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(c¢) the number of integer points in P,, i.e., the number of elements of Z™ N P,,,
(d) the n-dimensional volume of P,,.

Definition 1.1. We call F' a face of a polytope P if
F=Pn{x:c-z=d}

for some c € R",d € R such that for all x € P,c-x < d where the dot - means dot product. We call a face a
vertex if it has dimension 0, an edge if it has dimension 1, and a facet if it has dimension n — 1 given that P
has dimension n.

In a private communication with the authors, Stanley proved that the vertices of P,, are the permutations
of
(..., Lk+1,k+2,...,n),
——

k ones
for 1 < k < n. This is proven in two parts. First, consider a parking function o = (ay,...,a,) for which there
is a term a; > 1 such that (aq,...,a;-1,a; + 1,a;41,...,a,) is also a parking function. It can be seen that « is
a convex combination of two other parking functions. Second, if « = (1,...,1,k+ 1,k +2,...,n) is a convex

combination of 3,y € P,, then by properties of parking functions, § = v = «, meaning « is a vertex of P,.
From these observations, the number of vertices of P, is

| 1 1 1
n! ﬁ+5+”'+ﬂ .

Stanley also showed that the defining inequalities of P,, are

1<z; <n, 1<i<n
itz <(n—-1)+n, i<j
vit+ejtrr<(n—2)+(n—1)+n, i<j<k

xi1+mi2+~-~+xin72§3—|—4+~-~+n, 1 <tg < -+ <lp_o
r14+axo+ 42, <1424+ 4n.

Thus, the number of facets is the number of these inequalities, which is equal to 2™ — 1.

From these findings arose the curiosity to find the number of faces of specified dimensions other than 0
(i.e., vertices) and n — 1 (i.e., facets). In particular, we want to find the number of 1-dimensional faces, i.e.,
edges, and more generally, the number of i-dimensional faces for 0 < i < n — 1. These numbers constitute P,,’s
f-vector. We define the f-vector of an n-dimensional polytope as the vector (fo, f1,..., fn—1), where f; is the
number of i-dimensional faces of the polytope.

Organization of the paper

In Section 2, we find the number of edges of P, by understanding which pairs of vertices create an edge and
using the formula of the number of vertices of P,, mentioned above. In Section 3, we consider the general case
of d-dimensional faces of P,,, determine their structure, and derive a formula for their number which involves
Stirling numbers of the second kind. In Section 4, we prove that the sequence {V;,} of volumes of P,, satisfies
a nice recurrence relation, and then use it to find the exponential generating function of this sequence. Lastly,
in Section 5, we show that the set of lattice points of P,, can be divided into sets of lattice points of several
permutohedrons, which have a formula given by Postnikov in [2].
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2. Edges

Theorem 2.1. The number of edges of P, is equal to

n-n! 1+1+ +1
2 1 2! n! )’

Definition 2.1. Let x be a parking function which is a vertex of Py,. Then it is a permutation of (1,...,1,k+
1L,k+2,...,n) for some unique 1 < k <n. We say that x is on layer n — k. For x = (1,1,...,1) we say that
it is on layer 0.

Proposition 2.1. If v and u are two vertices of P, such that vu is an edge, then v and u are either from
neighboring layers (differing by 1) or from the same layer.

Proof. Let c-x be the dot product cix1 + -+ - + cpxp of vectors ¢,z € R™. If vu is an edge, then there exists ¢
such that ¢-v = ¢-u > c¢-w for any vertex w of P, distinct from v and u. Since P, is invariant under coordinate
permutation, without loss of generality, we may assume ¢; < - -+ < ¢p,.

Suppose v and u are t > 2 layers apart from each other, so let v be a permutation of (1,...,1,k,k+1,...,n)
and let u be a permutation of (1,...,1,k+¢tk+¢+1,...,n), where 1 <k < k+2 < k+t < n. Since v
and u are the unique permutations of (1,...,1,k,k+1,...,n) and (1,...,1,k,k+ 1,...,n), respectively, that
maximize ¢ - z, then, by the rearrangement inequality,

v=(1,....,kk+1,....0n), u=(1,...,Lk+t,k+t+1,...,n),

and cp_q1 < ¢ < -+ < ¢p. If epyioq1 >0, then for w = (1,...,1,k+t—1,k+t...,n) € P, which is distinct
from v and u, we have ¢-w > ¢-u, a contradiction. Otherwise, if cx¢—1 < 0, we have ¢ < -+ < cpyre—1 <0, SO

cv—c-u=cplk—1) 4 cpprk+ - +erre1(k+t—2) <0,
meaning c- v < ¢-u, a contradiction. Thus, v and u are at most one layer apart from each other. O

Proposition 2.2. For each vertex v of Py, there are exactly n edges of P, with v as one of the vertices.
Equivalently, Py, is a simple polytope.

Proof. Suppose v is on layer n — k. Since P,, is invariant under coordinate permutation, without loss of
generality, we may assume v = (1,...,1,k+ 1,...,n). Let vu be an edge of P, then there exists ¢ € R"
such that c-v = c¢-u > ¢-w for any vertex w of P,, distinct from v and w. By the rearrangement inequality,
¢ < g1 <o <cpforany 1 <i<k.

If w is on the same layer as v, then u is a permutation of (1,...,1,k+1,...,n) distinct from v. If ¢x41 <0,
then changing the (k4 1)-st coordinate of v from k+1 to 1 will give another vertex w of P,, for which c-w > c¢-v,
a contradiction. Thus, 0 < cg41 < -+ < ¢p. 2 <k <nandc¢ >0 for some 1 < ¢ <k, then changing the
i-th coordinate of v from 1 to k will give another vertex w of P, for which ¢-w > ¢- v, a contradiction. Thus,
c¢; < 0for1<i<kifk>2 This means for k > 2, we have uy = --- = ug = 1.

Also, we have at most one pair of equal coefficients among cg,...,c,. Otherwise, by interchanging the
corresponding coordinate values of v we would get a total of > 3 distinct vertices x of P, (including v) for
which cx = cv = cu, a contradiction. At the same time if we have no such pairs, then cx < cpy1 < -+ < Cp,
and then cv > cu, a contradiction. Therefore, we have exactly one pair of equal coefficients among cy, ..., ¢,
and since ¢ < -+ < ¢, they have to be neighboring. This means u differs from v by exactly one swap of two
neighboring coordinates (j,j + 1) where k+1<j<n—-1for2<k<n—-1l,andk=1<j<n-—1for k=1
Hence, there are at most n — k — 1 same layer edges with v if 2 < k < n — 1, at most n — 1 same layer edges
with v if £ =1, and 0 same layer edges with v if k = n.

In fact, each of these edges can be achieved by choosing ¢ the following way. For k = 1, let

0<ca < <¢j=cj1 < - <cpforsomek=1<j7<n—-1
For k > 2, let
== <0< 1 < <cj=cj1 < - <cpforsomek+1<j5<n—-1

Suppose u is 1 layer apart from v. Then 2 = v is the only permutation of (1,...,1,k+1,...,n) maximizing
c-x. Then ¢; < ¢gy1 < -+ < ¢ for any 1 < ¢ < k. Therefore, if £ > 2 and u is a permutation of
(1,..., 1,k k+1,...,n), then (ugs1,...,un) = (k+1,...,n) and thus (u,...,ux) is one of the k permutations
of (1,...,1,k). Hence, there are at most k edges vu with u one layer above v (i.e., on layer n — k+ 1) for k > 2.
In fact, each of these edges can be achieved by choosing ¢ such that ¢; < 0 for indices 1 < i < k with u; = 1,
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¢; = 0 for the index 1 <4 < k with u; = k, and 0 < ¢x41 < ...c,. Note that if £k = 1, then v is on the highest
layer (layer n — 1), so there are no edges uv such that u is 1 layer above v.

Again, since ¢; < ¢g41 < -+ < ¢y, for any 1 < i < k, we have that if ¥ < n and u is a permutation of
(1,...,1,k+2,...,n) then it has to be exactly (1,...,1,k+2,...,n). Hence, there is at most 1 edge vu such
that u is one layer below v (i.e. on layer n — k — 1) for k < n. In fact, this edge can be achieved by choosing ¢
such that ¢; < 0 for 1 <7 < k and ¢xy1 = 0. Note that if £ = n, then v is on the lowest layer (layer 0), so there
are no edges uv such that u is 1 layer below v.

Thus, adding up u-on-same-layer, u-layer-above, and u-layer-below edges vu, we get that for 2 < k <n—1,
there are (n —k — 1) + k + 1 = n edges with v as one of the vertices. For k = 1, there are (n — k) +0+1=n
edges with v as one of the vertices. For k = n, there are 0 + k + 0 = n edges with v as one of the vertices. [

Proof of Theorem 2.1. By Proposition 2.2, the graph of P, is an n-regular graph with

1 1 1
—nl = - _
V—n.(1!+2!+ +n!>

vertices. Therefore, P, has % edges. O

3. Faces of higher dimensions

In this section, we generalize this approach to understand the nature of faces of higher dimension. More
specifically, we will prove the following theorem.

Theorem 3.1. Let f,_s be the number of (n — s)-dimensional faces of P, for s from 0 to n. Then,

Jn—s = Z (Tvzl)(s_m)'s(n—m+l,8—m+1)7
m=0,m#1

where S(n, k) are the Stirling numbers of the second kind.

For each ¢ € R™, let F. be the set of points x € P,, such that ¢ -z is maximized (for x € P,,). Each face of
P, is equal to F, for some ¢ € R™. Also, denote the set of vertices of P,, lying in F. by V(F,).

For each ¢, define an ordered partition (B_1, By,...,By) of {1,2,...,n}, where B_; is the set of indices i
such that ¢; < 0, By is the set of indices 4 such that ¢; = 0, and B; is the set of indices ¢ such that ¢; is the j-th
smallest positive value among the coordinates of ¢. Let ; = |B;| for j = —1,0,1,... k.

Lemma 3.1. The face F. is determined by the ordered partition (B_1, By ..., Bi) described above. Each face
of Py, can be uniquely defined by an ordered partition (B_1, Bo, -+ , Bi) that does not satisfy l_1 =0,lp =1 or
l1=0,lp=0,l; =1.

Proof. Consider a vertex v of P, that maximizes c - v. By the rearrangement inequality and the structure of
vertices of P, it is clear that v; = 1 for ¢ € B_;. Also, (v;)iep, is a permutation of (1,...1,7+1,...,1_1 + o)
for some j € [I_1,1_1 + lo], and (v;):ep, is a permutation of (I_y +1lp+ -+ +li—1 + 1,011 +lo+ -+ 11 +
2, g +1lo+ -+ 11+ ;) for each i from 1 to k.

From this conclusion, if I_; = 0 and ly = 1, we can change the zero coordinate of ¢ to —1, and the set V(F,)
will not change. Also, if [_1 =0, lp = 0, and B; = {i}, we can change the value of ¢; to —1, and V(F.) will
not change. So we do not consider (B_1, Bo,...,Bg) with iy =0and lp =1orl_1 =0,1p =0, and l; = 1.
Other than that, from the conclusion of the previous paragraph, different ordered partitions define different
V(F.)’s. O

Lemma 3.2. The dimension of F, is equal ton —k —1_1.
Proof. Let d be the dimension of F,. Then d = dim(aff(V(F,))). If d = n then clearly F, = P, and ¢ = 0, so
indeed n — k —1_y = n = d. Now suppose d < n. Then 0 ¢ aff(V(F.)), so dim(aff(V(F,) U {0})) = d + 1.It

is clear that dim(aff(V(F,) U {0})) is the dimension of the vector space W spanned by the vectors from 0 to
points in V(Fp).

For each j from 1 to k, consider Bj = {iy, 2, .. ,ilj}. Let V; be the set of [; — 1 vectors v in R™ which are
the permutations of (1,—1,0,...,0) having v;, = 1,v;,,, = —1, for some 1 < k < 1; — 1. Also, let ¥ be the
set of Iy vectors e; in R™ which are the permutations of (1,0,0,...,0) having value 1 at one of the coordinates

with index i € By.
Take a vector w from 0 to some point of V(F,). Consider the set S = (U?:o V,») Uw of

k k
o+ (Li—1)+1=Y lLi—k+l=n—14-k+1

i=1 =0
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vectors. We will prove that S spans W.

For any x € V(F.), consider the vector a = z —w — ZiGBo (z; —w;)e;. Clearly, a; =0 for ¢ € B_; U By, and
for each 0 < j <k, if By = {iy,42,...,1;, }, then fol:l a;,, = 0. Then (a;,,ai,, . .. 7ai1j) is a linear combination
of

(1,-1,0,...,0),(0,1,—1,0,...,0),...,(0,...,0,1,—1).

Therefore, a is a linear combination of vectors in Ule Vi. Thus, z = a +w+ Y ;cp (¥i — w;i)e; is a linear
combination of vectors in S, so S spans W.
Also, S is linearly independent. If it is not, then there is a linear combination 3 of vectors in S such that

B=bw+ > bw=0
veS\{w}

and not all of the b, and b are zero. If [_; > 0, then for all i € B_;, we have 0 = 3; = bw;, so b=10. If £ > 0,
then B; is nonempty, so

0= 8

1€B1
= Z bwz + Z bU’Ui
i€B, veS\{w}
1€B; 1€B1 veS\{w}
=b Z w; + Z by Z V;
1€B1 veS\{w} i€B1
=b> wi+ Y b0
i€B1 veS\{w}
i€ By

Therefore, b = 0. Since d < n, we have [y < n, so either [_; > 0 or kK > 0. In both cases b = 0. But then
(b1, ..y bp—i_,—k) #0, s0 Uf:o V; is linearly dependent, which is clearly not true.

Thus, S spans W and is linearly independent, which means it is a basis of W. Thus d + 1 = dim(W) =
[S|=n—-Il_1—-k+1,s0o0d=n—k—1_. O

Proof of Theorem 3.1. To find the number f,_s of (n — s)-dimensional faces we need to find the number of
different ordered partitions (B_1, By, ..., Bg) of {1,...,n} such that [; >0fori>1landn—s=n—k—1_4,
ie., s =k+1_1, not satisfying [_1 =0,lg =1orl_; =0,lg =0,l; = 1. For convenience, we will denote {_; by
m in further computations. We have s = k + m, so m takes values from 0 to s.

For each m from 0 to s, we first choose m elements for B_. Then, if [j = 0, we partition the remaining
n — m elements into & = s — m nonempty ordered groups. If [ > 1, we partition the remaining n — m
elements into £k + 1 = s — m + 1 nonempty ordered groups. Thus we have the corresponding Stirling numbers
of the second kind multiplied by the number of permutations of the groups because those are ordered. Note
that since we do not consider ¢ with m =11 =0andlp =1lorm =1_1 =0,10p =0, and [} = 1, we
need to subtract the number of such partitions. So we subtract n-k!-S(n—1,k) = (}) - s!- S(n —1,s) and
n-(k=1)!Sn—1,k—=1)=(})-(s—1)!-S(n—1,s —1). Therefore,

Jn—s = Z (;) ((s=m)!-Sn—m,s—m)+(s—m+1)-S(n—m,s—m+1))

S (;) (s—m)-Sn—m+1,5—m+1)

O

To use this formula to find the number of edges of P,, we take n — s = 1, so s = n — 1. Then since
S(a,a—1) = @ for any positive integer a,

fi= "i:l <n)~(n—m—1)!~S(n—m+1,n—m)

m
m=0,m#1
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_ ¥ (n).(n_m_l)!,<nm+1><nm>
#1

m 2
m=0,m
B Tf nl-(n—m+1)
- [
m=0,m#1 2m!
n—1 n—1 n—1
B nl-n n! Z n!
- 1 1) I
= 2ml L= 2(m—1)! — 2m
n n—1 n' n—2 TL' n—1 n'
o) Xt g,
n n!
=—(V-1
AU s Tpm 3
_nv
=5

where V is the number of vertices of P,, and is equal to n! (% + % 4+ 4+ %) This again proves Theorem 2.1.

4. Volume

To find the volume of P,,, we split the polytope into n-dimensional pyramids with facets of P, not containing
I=(1,...,1) as base and point I as vertex. There are 2" —n — 1 such pyramids. Now we will derive a recursive
formula for the volume of P, as a sum of volumes of these pyramids.

Theorem 4.1. Define a sequence {Vy,}n>0 by Vo =1 and V,, = Vol (P,,) for all positive integers n. Then

yo_1 ”f <n> (n— k)" F(n+k— Dy,

n k 2

for allm > 2.
In the proof of this theorem we will use the following “decomposition lemma”.

Proposition 4.1 ([1, Proposition 2]). Let Ki,...,K, be some conver bodies of R™ and suppose that
Kn_my1,-.., Ky, are contained in some m-dimensional affine subspace U of R™. Let MVy denote the mixed
volume with respect to the m-dimensional volume measure on U, and let MV be defined similarly with respect
to the orthogonal complement U+ of U. Then the mized volume of K1,..., K,

MV(Klv s 7Kn—maKn—m+1a .- -aKn) =
1
TMVUJ_ (I(i7 “ee 7K':17m)MVU(Kn7m+l7 “ee 7K’I’L>7

()

where K1,...,K! . denote the orthogonal projections of K1, ..., Kn_,, onto UL, respectively.

Proof of Theorem 4.1. Fach pyramid has a base which is a facet F' with points of P,, satisfying the equation
T+ 2+ Fa, =n—k+1)+n—k+2)+---+(n—-1)+n

for some k € {1,2,...,n —2,n} and distinct 41 < -+ < 4.

Let {j1,72,---dn-k} = {1,2,...,n} — {i1,42,...,ix}. Let P/_, be the polytope containing all points z’
such that z;, = 0 for all p € {i1,i2,...,ix} and for some z € F', z;, = x;, for all p € {41, j2,...,Jn—r}. Then
P! _. is an (n — k)-dimensional polytope with the following defining inequalities:

1§x;p§n—k, 1<p<n-—k

af +af <(n—k—1)+(n—k),1<p<qg<n—k

/ /
St +a, <n—k=2)+(n—k-1)+(n-k),1<p<g<r<n-—k

!

Zj

!/ /
jpl jPQ
/
Jp1

_|__|_(L-I

IPp—f—

+a et <142+3+44+ (n—k).
JP2 JPn—k

. L S3+44-+(n—k), 1<pi<pp<--<pppa2<n—k

T
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This means P/, _, is congruent to P,,_j, so Vol,_,(P/,_,) = Vol (Pn—r) = Va—k.

Let Q be the polytope containing all points 2’ such that for all p € {ji1,j2,...,jn—r}, we have 7, = 0, and
for some x € F, we have z;, = x,, for all p € {i1,i2,...,ir}. Then the coordinate values (v; ,zj,,..., 2} ) of
vertices of Q. are the permutations of (n—k+1,n—k+2,...,n), meaning Q,, is a (k—1)-dimensional polytope
congruent to the permutohedron of order k which has (k — 1)-dimensional volume k*~2v/k.

Thus, F' is a Minkowski sum of two polytopes P/, and @ which lie in two orthogonal subspaces of R".

Therefore, by Proposition 4.1, the (n — 1)-dimensional volume of F is equal to
Z MV(KP17KP2""7KPn):ank‘kk_z\/g7

where Ky = P/ _, and Ky = Q. Then the volume of Pyr(I, F'), the pyramid with F' as a base and I as a
vertex, is equal to

1 1
ZhVOl(F) = —hpVi_p - K*2VE,
n n

where
B = 1+ +1—((n—k+1)+(n—k+2)+---+(n—-1)+n)] k2n—-—k—1)
g T+ +1 2k

is the distance from point I to the face F'. Thus,

k(2n—k—1) b2 1 k@2n—k-1)
Ny k= R
Wk k n 2

Since Vo =1 and V; = 0, we get for n > 2,

n—2
. 1 n /4;(271 — k- 1) k—2 1 TL(TL — 1) n—2
Vo = n (Z (k) 2 B Vaok | + n 2

Vol(Pyr(I, F)) = % . =2V, .

k=1
n—1 n—
n n—=~k 2 n 2
k=2
R S N e e Ul T VI
n k 2 b
k=0
O
For n =1,2,...,8 this formula gives the volume values 0, %, 4, %, 492, 58%:35, 129237, %.

Proposition 4.2. Let f(z) = >, -, %m” be the exponential generating function of {Vp}n>o0. Let g(z) =
n—1 -

D> @™ be the exponential generating function of {n""},>1. Then

n!

o) = o B
Proof. Tt is known that g(z) = ze9®), so
g(x) = ) 4 g (@)er@ = 1D 4 g(aygf () (¥
x
From Theorem 4.1,
Vo Rk ko) Ve
T 2(n — k)! k!
k=0
_"Zl (n—k)" " n—k+2k-1) Vi
poars 2(n —k)! k!
B "_1} (TL _ k)nfk E f (TL* k)nfkflk E B "_1} (TL _ k)nfkfl E
2 (n—k)! kKl = (n—k)! k=2 (n—k)! k-
Therefore,
1
f'(z) = 59'(@)f(2) + (@) f'(2) = 5_g(2) f (2)
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Then
F@)(1 = 9(e) = 5 (2 (@) = 9@ f@) | = -ogla)g(@0)f(@) = 59(a)g () @)
" @ @) < 1) _ alg ()
f(@) = W g ) 9 f(@).
Thus, f(x) = ce/ oo . Tt is clear that ¢ = 1, so f(z) = e/ M O

5. Lattice Points

In this section we determine the number of integer points in P,,.

Proposition 5.1. Let P, s be the set of points x in Py, satisfying x1 + -+ x5, = S. For each integer S from

n+1 to M there is a unique pair of positive integers (r,k) such that 2 <r <k+1,

14+ 14r+(k+2)+---+n=S,
—_——

k ones

and the set of vertices of Pp.s is the set of permutations of (1,...,1,r,k+2,...,n). For the case S = n, the
set of vertices of Pr.n is just one vertex (1,...,1).

Proof. 1t is clear that if S = n, then the only point = in P, g satisfies ; = --- =z, = 1. For this case we can
say k =n and r is unnecessary.

Sincel+---+1<1+---+14+n<---<1424---+4n, for each S from n + 1 to % there is a unique
k < (n—1) such that

T+ 41+ 42+ 4n<S<l+-+1+(k+1)+- +n
Then0<S—(1+---+14+(k+2)+---+n) <k, so take
r=1+8—-(1+--+1+((k+2)+ - +n)

for which 1 <r <k+1. Thenindeed 1 +---+1+r+(k+2)+---+n=2=5.
Suppose there is another (', k') such that 1+---+1+7" 4+ (' +2)+---+n=S5. If kK <k, then

Lot (K +2)+ <1+ 1+ R+ D)+ (K +2)+--+n
<1441+ (k+2)+-+n
<1+ +1+4r+(k+2)+-- +n,

a contradiction. Thus, k > k’. Similarly, k¥’ > k, so k = k’, from where it is clear that r = r’.

Now we will prove that set of vertices of P, g is the set of permutations of (1,...,1,7,k +2,...,n). Let
a = (a1,...,an) be a vertex of P, g. Since P, g is invariant under coordinate permutation, we may assume
a1 <0 <l

If there is no 1 < k < n such that ay < k, then clearly a; =i for all 1 <i <n. In thiscase k=1, r =2, and
a is indeed a permutation of (1,...,1,rk+2,...,n) = (1,2,...,n). Otherwise, take the greatest 1 < k <mn
such that ar < k. Then a = (a1,...,a5,k+1,...,n).

Case 1: a;p = ai_1. Suppose ¢ = a,, = ---=ay < k—1 and a,,—1 # ¢. Then

_am+-~-+ak<m+-~-+k_m+k
 k-m+1 ~ k-m+1 2

Suppose ¢ > 1. Then there exists € > 0 such that € < Z5™(k — j + 1) for each j from m + 1 to k. Consider
T = (A1, ey Qa1 G — €, Q1 e -+ s Qo1 Ok + €, Qlt 1y« -« )

Forany m+1<j <k,

k j — i+ k
i+ L) =L

aj+...+ak+ezc(k—j+1)+€§ 9 9 2

=it tk
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This means x satisfies all the defining inequalities of P,,, so € P,, 5. Therefore,

!
r = (a17'-'7am717am+67am+17'-';ak717ak _eaak+17'-'7an)

is also in P, g since it is just a permutation of z. But then a = %x + %x’, so a is not a vertex of P, s if ¢ > 1.
Therefore, ¢ = 1, and since 1 < a; < - < ax = ¢ =1, we have a; = - = ar = 1 and S =

1+--4+1+(k+1)+--4+n,so0 (r,k) = (k+ 1,k) and a is indeed a permutation of (1,...,1,r,k+2,...,n).

Case 2: ap > ap_1. Then, since ar_1 > 1, we have a > 2. Suppose ¢ = a,, = - = ap_1 < ar < k — 1 and
Gm—1 7 c¢. Then

p -+ ag—1  Qp + -+ ag—1 + A — Qg

€= k—m o k—m
< m+--+k—ap im+k)(k—m+1)—ag
- E—m h kE—m ’

Suppose ¢ > 1. For any j from m + 1 to k,

(Gt R) = (o + o) = 2GRk — 4 1) ek~ ) — o
sm+k)(k—m+1)—a

> G+ =g+ 1) - (k=)

k—m ok
R B R e =
1 .
> e m =g - o 2R )
YR

Then there exists € > 0 such that e < (j +---+ k) — (a; + - - + ax) for each j from m + 1 to k. Consider
= (a1, ey Qme1y G = €, g1y e - ey A1, Ok F €, Qg 1y -« Gp).
Forany m+1<j<k,a;+---+ap+e<j+---+k. This means x satisfies all the defining inequalities of P,
so x € Pps. Also,
:C/ = (a17 ey Qm—1, Ay + € am41y---,Ak—-1,0k — €, k41, - - 7an)
is also in P, g. But then a = %33 + %x’, so a is not a vertex of P, g if ¢ > 1.

Therefore, ¢ = 1 and since 1 < a1 < --- < ar_1 =c =1, we have ay = --- = ax_1 = 1. Then § =
1+ 4+1+ap+(k+1)+- - -+k, where 2 < r = a;, < k, so a is indeed a permutation of (1,..., 1,7 k+1,...,n). O

Thus, we have that P, s is a permutohedron with permutations of (1,...,1,r, k+2,...,n) as its vertices. In
the case S =n, P, s is a permutohedron consisting of one point (1,...,1). In other words, P, g is the convex
hull of all permutations of vector (x1,...,x,), where

(L,...,L,rk+2,...,n) if S>n,
('rlv . 7xn) = .
(1,...,1) it S=n.
Let N(P) denote the number of integer points in a polytope P. Then,

n(n—1)
2

N(P,) = Z N(Pn,S)'

S=n
From [2, Section 4], P, s is a generalized permutohedron P, _1(Y) with Y7 = y ;| for any I C [n] and
Y1 =T1
Y2 =22 — 11

Y3 = x3 — 2T + 1

n—1 n " n—1
0o ) 1 )it n—1)*"

Therefore by [2, Theorem 4.2], we have proved the following result.

Yn =

VN
3
\
[t
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n(n—1)

Theorem 5.1. We have N(P,) = 5.2 N(Pn,s), where

N(Py.s) = i1)1 S Vs Ys, L)

The summation is over ordered collections of subsets Si,...,Sp—1 C [n] such that for any distinct iy, ..., i, we
have |S;; U---US;, | > k+1, and

{HYI’“} = (Vg + Dlemd TT v, where Y1 = Y(¥ +1)...(Y +a-1).
T I#£[n]

The numbers N (P,) for 1 < n < 8 are given by (1,3, 17, 144, 1623, 22804, 383415, 7501422).

6. Further questions

What other properties of P,, might be worth investigating? Here are two possibilities.

(a) Because P, is a simple polytope (Proposition 2.2), its dual P} is simplicial. Thus P;; has an h-vector
(ho, hi,...,hy) which is a symmetric (h; = h,,—;), unimodal sequence of positive integers satisfying

”hil 11 1
P SR TR §
=0

the number of facets of P;; (or vertices of P,) [3]. Is there a simple generating function, combinatorial
formula, etc., for the numbers h;?

(b) Is there a formula for the Ehrhart polynomial (e.g., [4, §4.6.2]) i(P,, m) generalizing Theorem 5.1 (the
case m = 1)?
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